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FUNDAMENTALS OF THE KINETIC THEORY OF MULTICOMPONENT
EMULSIONS

OCHOBBI KHHETUYECKOI TEOPMU MHOTOKOMITOHEHTHbBIX M YJIbCHUi1

Prof., Dr. Tech. Sci. Firsov A.N.
Peter the Great St. Petersburg Polytechnic University — St. Petersburg, Russia
E-mail: anfirs@yandex.ru

Abstract. The paper proposes a mathematical model for describing the dynamics of multicomponent emulsions, based on ideas and
methods of the kinetic theory of gases. The methodological basis of the proposed theory is the ideas and methods of the theory of integral

kinetic equations.

Keywords: MULTICOMPONENT EMULSIONS, KINETIC THEORY, MATHEMATICAL MODEL, INTEGRAL KINETIC

EQUATIONS

1. Introduction

In some practically important situations (such as the

movement of oil through a well), one has to deal with the problem
of the motion of a viscous fluid, inside which there are small
inclusions in the form of gas bubbles, droplets of water, solid
particles, etc. In this paper, we shall consider the case of
emulsions®. This means that, on the one hand, the entire "mixture"
(i.e., the liquid plus inclusions) can be considered as a continuous
medium, and on the other hand, that in a small element of the
volume of the medium there are "sufficiently many sufficiently
small particles”. In this connection, it seems quite natural to apply
the statistical approach in the above-mentioned problem in the spirit
of the kinetic theory of gases. However, the theoretical results
known to the author in this direction [1 - 7] are connected with
concrete (and rather simple) physical models, which does not allow
us to sufficiently cover the problem of the motion of emulsions and
give its closed mathematical formulation.
We see the main goal of the work, just in order to give a sufficiently
general and precise mathematical formulation of this problem,
which allows, in particular, to understand the place and role of some
simplifying assumptions. From a methodological point of view, the
author followed the basic ideas developed by the Leningrad school
of aerodynamics of rarefied gas [8], founded by S. V. Vallander.

2. Statement of the problem of modeling
multicomponent emulsions based on a kinetic
approach

So, we will consider a viscous liquid, inside which there is a
very large number of small "particles” (gas bubbles, drops of other
liquids, etc.). The fact that these inclusions are emulsions means, in
particular, that the whole mixture (liquid plus inclusions) - from a
macroscopic point of view - can be considered as a continuous
medium? In this connection, it becomes necessary to distinguish
three scales of smallness of distances (and volumes). The first of
them corresponds to the concept of a small (elementary, physically
infinitesimal) volume of a mixture in the hydrodynamic sense. This
is the volume within which, on the one hand, the hydrodynamic and
thermodynamic quantities related to the mixture as a continuous
medium can be regarded as identical, and on the other hand, in
which there are a sufficient number of inclusion particles, so that

! The presence of gas bubbles essentially distinguishes the problem
of the motion of emulsions from the problem of the motion of
suspensions; the latter was quite well developed from different
points of view [1 - 7].

2 In order to distinguish the emulsion mixture as a continuous
medium from the actual liquid, in which all these inclusions are
found, we shall call the latter "basic liquid".

the latter can be applied a statistical approach.

The second scale corresponds to the concept of a small (from
the hydrodynamic point of view) volume of the main fluid. This
volume, generally speaking, is of a lower order than the previous
one, and its linear dimensions are of the order of the average
distance between the particles.

The third scale corresponds to the dimensions of the inclusion
particles themselves. These dimensions will be assumed to be small
of a higher order than the average distances between the particles.

As the basic elementary volume, it is natural to take an
elementary volume corresponding to the first of the mentioned
scales of smallness. Hydrodynamic and thermodynamic quantities
characterizing the state of the main fluid will be understood as
averaged over such an elementary volume.

Finally, we assume that the inclusion particles have a
spherical shape and form a set for which one can use the
assumptions commonly used in the definition of the concept of
"rarefied gas" (the pairing of collisions, the negligibly small
duration of the collision time in comparison with the time of free
motion, etc., see, for example, [9]).

The nature of the interaction of particles with each other and
with the main fluid requires special consideration. Here we will
focus on those aspects of this interaction that are essential for the
purposes of this article.

It is known that the gas bubbles differ significantly from the
other particles (droplets of liquid, solid particles, etc.), both in terms
of their individual properties and the effect on the dynamics of the
mixture as a whole. First, this difference is manifested in the fact
that the dimensions of gas bubbles can change during their free
movement inside the main liquid. This change is due to a change in
the temperature and pressure of the main fluid and, as a result, the
temperature and pressure of the gas inside the bubbles. With a great
degree of certainty, we can assume that at any time the gas inside
the bubble is in thermodynamic equilibrium with the surrounding
liquid (this means that the temperature and pressure of the gas and
liquid are coincide). Thus, the radius r of the bubble is related to the
temperature T and pressure p of the main liquid by formula

1
F_[3mRT 3 1)
47 up
Where m - is the mass of gas in the bubble, U - the molecular

weight of the gas, R - the universal gas constant. In the general
case, we can assume that r is a given function of m, T, p and M.

The change in the size of the bubble also results the fact that
the mixture (as a continuous medium) cannot be regarded as an
incompressible fluid, even if the base liquid is incompressible.

The next feature of bubbles is the possibility of their
emergence from "nothing" (for example, as a result of chemical
reactions occurring in the main liquid), and as a result of their
spontaneous decay. The latter, in the simplest case, can be



considered reliably occurring as a result of reaching a certain
limiting bubble radius ry.

Interaction of particles with each other is simply their direct
collision. In this case, however, a phenomenon such as the fusion of
two bubbles or droplets, as well as their crushing are possible. We
assume that when two bubbles (or droplets) collide, either their
merging is possible, or because of the collision, the number of
particles does not change (that is, it remains equal to two), and in
the collision of two particles of different types (a bubble with a
droplet, etc.), these particles change only the velocities.

3. Basic properties of models and connection
with problems of the theory of transfer

We now introduce the basic functions that we shall deal with
below, and indicate some of their properties. We will mark the type
of particle (bubble, drop, solid particle, etc.) by the indexes j, j, k.

etc., taking integral values. The number of values of these indices is
obviously finite.
For brevity, we introduce the following terminology. We say

that some particle of the type | there is a particle of type
(i, X, U, m), if this particle is reliably located at the point of space
with a radius vector x(xl,xz,x3), has a speed u(ul,uzlu‘?)
and mass m, and that this particle is of type
(i, X,dx,u,du, m,dm), if its spatial coordinates are enclosed in
the interval [Xk,xk +ka], k =1,2,3, the projection of the

velocities in the gaps I:uk , uk + duk :I , k=1,2,3, and the mass

in the gap [m, m + dm]-
By the distribution function of the particles of the variety i
we shall call the function fi (X, u, m,t) , having the property that

the quantity fi(x, u, m,t)dxdudm gives (up to small higher
order) the mathematical expectation of the number of particles of
type (i,x,dx,u,du,m,dm) at the moment t. As in [9], it is
gasy to see that fidxdudm there is also a probability of detecting

one particle in volume dxdudm.
Let us denote by pi(k)(x, u, m,t) a function possessing the

property that the quantity Pi(k)(x, u, m,t)dt, k=23,.. isa

probability of decay of a particle into K parts over a period of time
from T to t+dt, if this particle at the time moment t was

authentically of the type (i, X, U, m).

Let's denote by a)ik (u, m|ul,m1) the density of
mathematical expectation (in the space of variables (ul, ml)) of
the number of particles of the type (i,ul, du, m,, dml) , obtained

as a result of authentically decay into k parts of a particle of the
type (i,u, m).
Let us set

T (xu,m,tju,m)=PY (x,u mt)ef (umlu,m) @
The following properties of functions a)ik u 'I:ik are obvious:

o' (u,mju,, m,) =0mpr m, >m @3)
'I:i“(x,u,m,t|ul,ml)=O mpu M, =M 4

f“"ik(“’m|upml)oluldml =k, (5)
0
kiﬁﬁk(x u,m,t|u,, m )du,dm, =P (x,u, mt) (6)
=2 0

P (xu,mt)= kZ:'P' (x,u,m,t)

gives, obviously, the probability of decay per unit time of a particle
of the type (i, X, U, m) at the time t. Here and below, if the

region of integration is not indicated, we mean the entire space R®.
We note that, since the quantity P*) / P is the probability

of decay of a particle of the type ( X, U, m) in K parts provided
that some decay has occurred rellably, the value

T, ZP (u,mlu,, m,
gives the density of mathematlcal expectation of the number of
particles of type (i,x,ul,dul,ml,dml), in the space of

variables (u m ) as a result of a reliable decay of a particle of the

™)
)

(x,u,m,tu,m )= X, U, mt)@

type (i, X, u, m).
By virtue of (3)
Ti(xumt|u1,m)=0m2m- ®)
We denote by T (X u,,U,,m;,m, |u m) the density of
mathematical expectation (in the space of variables (u, m)) of a
number of particles of type (k, X,u,du, m, dm), obtained as a
result of a reliable collision of particles of types ( X, U, m ) and

(J. X, u,, m,). We note that under the assumptions made in §2

Tijk =0 in the following cases:

ni=j, k=i;

i J, K=1,];

=], k=i, m=m;
Hi#j, k=], m=m,
5i=j=k, m>m+m,.
Thus, 'Iij.k are nontrivial only for:
a)i=j=k;

bizj, k=ijoiz]j, k=].

In the cases b) and c) an expression for Tijk must contain
factors of the form 5(m—m1) or 5(m_m2), so that in these

cases

TITuk(qul,uz,ml,m2|u,m)du dm=1 ®)
0

Of particular interest is the case a), since here it is necessary
to take into account the possibility of merging two particles of one

kind. For brevity, we denote Tiii =T,. Let h(x,u;,u,,m,m,) is
a probability of merging two reliably colliding particles of types
(i, %, u;, m) and (i, x, u,, m, ). and B (u,,u,,m,, m,|u,m)
is the probability density (in space (u,m)) of the fact that a
particle, which as a result of a reliable fusion of these particles, will



have the type (i,x,u,du,m,dm). We note at once that the
R

expression for P should contain a multiplier 5(m _(m1 + mz)).

It's obvious that

0

”f’idu dm=1 (10)

0
Let's further :(u1,u21ml1m2|u,m) is the density of
mathematical expectation (in the space of variables (u,m))
number of particles of type (i, X,u,du, m, dm), resulting from
a reliable collision (without merging) of particles of the type
(i, X, Uy, m1) and (i, X, Uy, mz). For T, (by the assumptions of
§3) we have

”f dudm=2 ()
In this way, i
T, (XU, Uy, my, my Ju,m) = hy (X, uy,u,,m,m, ) B (U, uy,my, my[u,m) =
=(1-h)T; (uy,u,,m,m,|u,m) (12)
From (10) and (11) we obtain
[T dudm=2-h (13)

0

Suppose, finally, that the function Hi (X, u, m,t) is such
that the quantity Hidxdudmdt is a mathematical expectation of
the number of particles of type (i, X,dx,u,du, m, dm), arising

during a period of time from t to t + dt as a result of processes
not associated with collisions and particle decays (for example, as a
result of chemical reactions in the main liquid).

We note that all the quantities introduced above can depend
(as on the parameters) on the macroscopic characteristics of the
main liquid at the corresponding point and at the corresponding
instant of time.

In concluding this section, we introduce several functions
that are important for the future, connected with the free motion of
an individual particle of sort | .

Let at the moment { the particle under consideration is of
the type (i, X, U, m). Then the equation of its motion in the main

fluid  (pressure, velocity, density and temperature are
p(X,t),V(X,t),p(X,t),T(X,t) respectively) in  the

presence of acceleration of gravity g, will have the form

X(Z') = u(r),
U(T) = g _%pvi (m’ pT’Tr)+%Fc(oi3p (m’vﬂ pr’TT’Vr’u(Z-)) =
=G;(m, p,.T..v,,.u(r)). (14)

These equations must be solved under conditions
X(7) =% u(r)
Here we introduce the following notation:
. du

=u. (15)

7=t

dr
V. - denotes the volume of the particle under consideration, FESEP -
denotes the force of resistance to movement of a particle in the main
fluid. In the simplest case, for FLS,L one can use the Stokes
formula

;o po=p(X(z).7); T.=T(x(z).7); v, =v(x(z).7); R (X, u, m,t,t+5)=exp —TQi(xS),u“),m,U)da

F(,(oigp =67nra,(v—-u ), (16)

Where 77 - denotes dynamic viscosity of the main fluid; I' -

particle radius; ai=1, if it is a solid particle, and

a— E 2n+3 ifitisa drop or a gas bubble (here 77 - dynamic
'3+ n

viscosity of a liquid (gas) forming a droplet (bubble)).

Further, we denote by

"= (r;x,u,mt), u=y(r;xumt) @
the solution of problem (14) - (15). Clearly,

xW=x, u=u (18)
For each fixed 7 functions (18) give a diffeomorphism of
the phase space (x, u) into itself. We denote by
D" = Dfi)(x, u, m, ) Jacobian
D — D(¢,.v1) (19)
: D(x,u)

In particular, an element of the volume of the phase space
dxi')dui') is associated with an element dxdu by the relation

dxVdu” = ‘ Dfi)‘dxdu (20)

We also note that Dt(i) =1.

4. Derivation of integral kinetic equations of the
theory of multicomponent emulsions

The principle of the derivation of a system of integral
kinetic equations for functions f, basically does not differ from

usual [9, 10]. We, therefore, indicate here only the necessary
changes.

4.1. Probability of free movement.
Let Q,(x,u, m,t) is the probability of collision or decay

per unit time of the particle, which at the moment t authentically
had the type (i, X, U, M).

For Qi we have the expression

Q (% u, m,t):Zﬁ f. (% u,, mg,t)(r(” +r3(j))|u3—u|du3dm3+
i

+P (%, u, m,t), (21)

where r(i), rs(j) - denote radii of particles (i,x,u,m) and

(i)

(j,x, u3,m3) respectively. We emphasize that I''" u rg(j)
depend, generally speaking, on X,t,m (mg) - see the formula

Q.
Let's further R, (x, u, mt,t+ s) is a probability of a free

(without collision and decay) motion during the time from t to t+s
of a particle, which at the moment t authentically had the type

(i, X, u, m). Then
(22)

[e3

We note that when the expression (21) is substituted into
(i) (i) (i) (i)
(22), ', 1r;*’ should be replaced by I'_*~, rgﬂ .
4.2.Birth function.
We denote by (ﬁi(x, u, m,t) the birth function of



particles of sort | ,
the quantity

that is, a function possessing the property that

dn{’ = ¢ (x, u, m,t)dxdudmdt
is a mathematical expectation of the number of particles of type
(i, X,dx,u, du, m,dm), born within a period of time from t to
t+S. Clearly,
dn{’ = dn{") + dn" + dn{",
where dnl(i) is a mathematical expectation of the number of
particles of this type, born as a result of collisions, dngi) -bornasa

result of decay, a dngi) - arising from other causes.
Using the notation of the preceding section, we obtain
dn{) =

—dxdudmdt” (%, uy, m,t)P (X, Uy, m

dn{) =11, (x, u, m,t)dxdudmdt.

The expression for dn(i)
ZHH\U ~u(n

xTj (%, Uy, Uy, my, m[u, m) du,du,dm,dm, +”f (%, uy, m,t)P (%, Uy, my,t)x

has the usual form [10]. In this way,

(x,u,mt) +r(k) (%, Uy, m,t) fi (%, Uy, My t) x

T, (x,ul,ml,t\u,m)duldml+Hi(x,u,m,t)
(23)
The system of integral kinetic equations for f; is output in
the standard way [9], and has the form (in the absence of
boundaries®)
t

f.(x,u,mt)= fi(xfoi), ug), m,to)xexp{—jQi(xgi),ugi), m,q)dq:lx
t
x|Df0i)|+jf¢i (xﬁ”, u), m,r)xexp[—j[Qi (xg”, ul), m,q)dq}|Dfi)|dr.
ty T (24)
Here t; <t - is arbitrary time moment.

A simple technique analogous to that used in [11] and
consisting in the passage to the limit t — to, enables us to obtain

from (24) the following system of integro-differential equations

GUATRAINCCAN NP 1Y

1
ot OX ou

Where G; is given by the relation (14) and all functions are taken at

the point (X, u, m,t)-

(2%)

5. Analysis of the relationship between the
macroparameters of the mixture and the main
liquid

If given p(X,t), v(x,t), T(x,t) then equations (24)
together with equalities (21), (23) form a closed system. However,
in practice it is difficult to determine the quantities characterizing
the main liquid. On the other hand, (in particular, experimentally)

values pc(x,t),vc(x,t), TC(X,t),pC(X,t)' characterizing the

pressure, velocity, temperature, and density of the mixture as a
continuous medium, can be found. Therefore, in order to close the
system of equations, it is necessary to add the relations connecting

% In practically interesting problems, we can assume that there are
no solid boundaries in the mixture, or on them the functions f; are
given.

L OT, (%, my, tu,m)du,dm;;

f,p., V., T.,p.,p, Vv, T,p. Letsdo it In the future, it

will be more convenient to use the value of the internal energy
density instead of the temperature. So, let E(X,t) - is a density

(per unit mass) of the internal energy of the main fluid. EC(X,I) -

density (per unit mass) of the internal energy of the mixture (as a
continuous medium) and € - density (per unit mass) of the internal

energy of the substance (gas, liquid) in the particle of the variety i .

With the assumptions made in 83, we can assume

thate, =, ( p,T). Let dx - a certain elementary volume of the

mixture (see §3) adjacent to the point X . Obviously,
dx=d,x+d,x,

where dlx - is a part of the volume dx, occupied by particles, and

dzx - part of the volume dX, occupied by basic fluid.

We have
dlx:de”Vi(m, p.v.T)f (x u mt)dudm
io

where Vv, - is a volume of a particle of a variety i.

The mass of the particles inside dX will be equal
dM =X p, [ [V, f, dudm =dx}" [ [m f; dudm,
i 0 i 0

where P - is a density of matter in the corresponding particle.

The mass of the main liquid inside dX is equal, hence,

d,M = dx,o(l— ZTIVi f dudmj'
i 0

Thus, for the density of the mixture we obtain

p.(x,t)= p—Z(ﬁ—ljﬂm f. dudm
i pi 0 (26)
Let us turn to the expression for the macroscopic velocity of
the mixture v, (x,t) . We use the formula
dK, =V, p, dx,
where dK _ - is the amount of motion of the mixture inside dx.
Taking into account that dK, is composed of the amount of motion

of the particles and the main fluid, we obtain
1 1% "
=—|pvll-> —||mf, dudm]+ mu f. dudm }
Pci: [ Zpi }U Z'r“ (27)

To find the expression for E, note that the total energy of
the mixture inside dx is made up of the kinetic and internal
energies of the particles and the main fluid. Carrying out the
corresponding calculations, we obtain

E.=U./p —V12, (28)
Where U, - is the bulk density of the total energy of the mixture:
Ep k
U =Ep- (—— J me, f, dudm+ (29)
Zi: €.0; !J..[

2 100 0 2
+%[1—Z;£jm f, dudm ]+Z£j% f, dudm

Formulas (26) - (29) give the required additional relations
for the closure of the system of equations (24).

6. Concluding remarks

Let us now make a few general remarks.

1. Equations (24), (25) are externally similar to the known
kinetic equations for gas mixtures [10], but their content is largely
different. In particular, under the assumption that there are no
collisions between the particles in the problem under consideration,



the right-hand side of (25) does not vanish:

¢ - fQ :j_[ (%, My, )R (%, g, my,t)
. ° (30)
xT, (x,ul,ml,t|u,m)du1dm1+Hi(x,u,m,t)—

—f,(x,u, m,t)P(x,u, mt)

2. «Equilibrium solution» (that is, a solution that does not
depend on x,t) plays a somewhat different role in the problem
under study than in the kinetic theory of gases. This is because the
dependence on the coordinate is laid inside the very essence of the
problem: macro parameters p(X,t), T(x,t) etc. a priori are
changing over x very quickly.

The latter means that solutions close to equilibrium are of

little interest from a practical point of view, and therefore the
equilibrium solutions themselves are of little interest. They,

however, can be considered as limiting (at |x|—>oo) function

values fi; so the equilibrium solutions can be used mainly in the

formulation of boundary value problems in unbounded domains.
On the other hand, stationary solutions may be the most
interesting from a practical point of view.
3. In the problem of the motion of emulsions, the viscosity
of the main liquid plays an important role, and, generally speaking,

it can not be neglected. Indeed, if we neglect the term () in (14),
conp

then any freely moving particle, after a sufficiently long time, will
have an arbitrarily high velocity. Consequently, it may turn out that
luf,|[x|,t > f 0.
but it is unreasonable.
4. In general case, theoretical search of functions P| , 'fi,Tik

etc., defined in 83, is a very difficult task and is currently hardly
feasible. In this connection, in our opinion, the role of experimental
studies in this direction increases.

We indicate, however, the formula for P (x, u, m,t) in
the event that the decay of a particle of a variety i occurs if and only
if its radius reaches a certain limiting value I’O(i) . As already
mentioned, we can assume that r = 0, ( p(X,t),T (X,t), m)_

Let

)= (p.T.1")
is such that
= 9( p,T,méi))-

Then
-1
P (xumt)=u-| 24P 00T )06 5(m-m))
op ox T ox J|om

5. In the previous sections we did not take into account the
possibility of the proper rotation of the inclusion particles.
Accounting for this possibility does not cause fundamental
difficulties in the sense of deriving the basic equations, but the
solution (in particular, numerical) of these equations is significantly
complicated because of the increase in the number of independent

variables for functions fi. On the other hand, in the broad class of

practically interesting cases, the assumption of the absence of
proper rotation of spherical particles is justified [1, 2].
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Abstract: Fast growing market of 10T devices revealed a number of complex problems. Among these problems, there is a problem of data
losses caused by data package losses or delays while its transition from sensor to server. As anticipated, there are a number of businesses
relying on easy opportunity to build real-time monitoring systems using modern software and loT hardware solutions. Although the growing
reliability of contemporary communication networks one can find the problem of making decision about lost or delayed data packages.
Current research is dedicated to building an algorithm for compensation of gaps in data series to support real-time monitoring systems with
appropriate artificially generated values. Cases of applicability of the algorithm were also studied and discussed.

Keywords: DATA LOSSES, DATA SERIES, TIME SERIES, IOT, COMPENSATION ALGORITHM

1. Introduction

An loT growth allowed designing some new platforms for
supporting business both with surveillance tools and analytics
software applications. Three key features of such platforms are:

e Device — a remote computer like Raspberry Pi or any of its
alternatives [1] or some custom hardware device that may
include a set of sensors (business solution may consist of a
whole network of such devices).

e Internet — any kind of Internet wireless connection via Wi-Fi,
GPRS, 3G/4G or anything else supplied with mobile network
[2] (business solution may combine different types of Internet
service providers to establish connection).

e Cloud - any popular 10T platform [3] to store and process big
data.

If one adds some software solution to provide data analytics to
that 10T platform than it becomes a powerful business tool
supporting real-time monitoring. There is a number of companies
developing their own platforms or exploiting powerful cloud
services to provide their client with such platform as a reliable
business solution.

However, practical use of such system reveals some serious
problems. One of most important problem is the problem of lost or
delayed data packages. It is obvious that real-time monitoring faces
vulnerability to data losses. The data losses or at least delays in
package deliveries via Internet over mobile networks is an ordinary
problem. Such data losses may cause fake alerts about hardware
failures or, otherwise, hide a real failure or a critical state. This
means the correct functioning of the whole solution requires some
reliable analytical decision about current state of remote device.

2. Prerequisites and means for solving the problem

Let us assume that data packages should come to server within a
fixed period of time t,. This can be any value appropriate for
particular business logic. For example, it can be a quarter of an
hour — receiving packages every 15 minutes. Again, depending on
observed business area we can define a critical time for monitoring
and accuracy of alerts. Now we will not discuss the accuracy of data
and the actual method or frequency of sensors gathering some
values. Thus, we assume that each one sensor gives us a single
value across the period of t,. This value is sent to our server within
a single data package (there can be a set of values — one for each
sensor in the remote device).

As we analyze some value, than we can assume a range of
“good” and “bad” values for normal state and failure state. For
example, the range Vpmin <V < Vmax €an be defined to indicate normal
state and values outside of this range can be considered as failure
state. For the purpose of analysis of the need of invoking an alert,
we can simplify these values to Boolean value: TRUE for normal
state, FALSE for failure state. We also need one more value to

indicate missing value (package
appropriate one for that state.

loss)— NULL can be an

Next, we are to define the number of lost packages to consider
device to go offline and the size of a “window” to display the
current state in the real-time monitoring system. The exact values
depend on peculiarities of observed processes and can be defined
experimentally. For the purpose of our research, let us assume these
values (Nogiine and Nyindow) t0 be interdependent:

Nottine / Nwindow = K € (0, 1] 1)

The k value can describe system sustainability or vulnerability to
data losses (with consider to the “window” width). k=1 means
sustainable system, and k—0 means vulnerable system. To be clear
we can consider the k value as a measure of customer requirement
of data losses vulnerability.

The easiest conditions to make decision about system state
(normal or failure) are in case with no data losses. We can use
simple probability calculation to find whether system should
indicate normal state (ny,e and ne,s are the numbers of TRUE and
FALSE values among all Nyingow Values in the “window” of
observation, so that Nyindow = Ntrue + Nralse):

Nirve / Nuindow = 1 = Nfatse / Nuingow > 0.5 2

Condition “> 0.5” is expected to be strict to be sure that most
values indicates the normal state. Table 1 lists some common
examples for definition of state indicator according to analysis of
sensor values within predefined “window” (Nyjindow = 8)-

Table 1: Examples of state definition in case without data 10sses (Nwinaow=8).

Set of values

State indicator
Failure
Failure
Failure

Normal

In case of data losses, it looks unclear how to make a reliable
decision about current state. On one hand, uncertainty can be
ignored, but this will yield mistakes in indication the state. On the
other hand, replacement of lost data with artificially generated value
is possible, but we cannot be definitely sure about accuracy of the
result. Table 2 shows examples of situations, when data loss
obstructs ability to indicate system state.

Table 2: Examples of uncertainty caused by data losses (Nuingow=8, F—
FALSE, T - TRUE, N — NULL).

State indicator Set of values
Unknown
Unknown
Unknown
Unknown
Unknown

Unknown
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There is a number of algorithms based on calculation of some
kind of average values— arithmetic mean or moving average
[4, p.153]. However, such approach usually uses only previous data
and does not “cover” gaps. Considering trends in data series with
moving average “on-the-fly” can be a good method to replace data
losses of the last package. Nevertheless, we cannot rely on several
artificially generated values to cover new loss. The best way is to
store gaps (for example, as a NULL values) and use some other
algorithm to cover gaps later.

Another way to fill in the gap is to use some regression model
or prediction technique [5, p.279]. For example, one may use simple
linear regression or logistic regression model to cover gaps in our
time series. Trying to make it better, we can even use polynomial or
spline regression models [6, p.166]. Considering these methods, one
can mention a high complexity for its implementation. This means
that these methods will not fit the requirement of “on-the-fly” data
processing, particularly in case of “big data” volumes.

Finally, we can define a couple of requirements for constructing
an appropriate algorithm to cover gaps in time series caused by data
losses:

o Simplicity — the algorithm should be easy to implement and fast
enough to be used “on-the-fly”.

o Reliability — the algorithm should give a reliable approximation
for each lost value as the most probable value.

3. Solution of the examined problem

First, we are to determine key concept for the algorithm, to fit
all above mentioned requirements and limitations: a lost package
value can be replaced with a dominant value of neighbouring
packages. Both with a common sense of this concept we should
assume to keep the quantitative majority concept of eq. (2). In the
case of missing values presented with its number n,, we can
rewrite (2) as

Ntrue / (Nwindow - r]null) =1- Nfalse / (Nwindow_ r]null) > 05 (3)

Here, the number of values in the “window” fits the condition
Nuindow = Nrue + Nfatse + Nna- We  should  also  mention, that
Nnunt < Nosriine 1S the rule to consider device staying online. Now we
can search the way to determine that dominant value to cover gap.

Second, we are to determine known patterns of data losses
presented in terms of Boolean values and most appropriate
replacement for each missing value. Table 3 lists examples of
patterns containing three packages (these cases are obvious
according to eq. (3)).

Table 3: Example of 3-package pattern (F — FALSE, T— TRUE, N — NULL).

Replacement Set of values (X for F or T)
N—>X N | X X
N—>X X N | X
N—X X | x| N

Next, in Table 4, we list examples of patterns containing four
packages (these patterns were formed excluding the subset of
patterns similar to smaller patterns in Table 3).

Table 4: Example of 4-package pattern (F — FALSE, T— TRUE, N — NULL).

State indicator Set of values (X for F or T and Y for Not{X})

N—->X N

N—>X

z
X[ XX
Z| X X]| X

N—>X

N—>X
N—>X
N—>X X X N

Here and in further patterns, we use a general extension to the
right rule — “first step right, next step left” — and in case of reaching
the border of the “window” we can use extension to the free border
(left or right accordingly). The rule of extension allows us find
easily the dominant value to fit the majority concept. It is important
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here to remember, that we place packages like time series — from
the left to the right. This assumption means we have latest values
closer to the right border of the “window” and this is why we
should use extension to the right rule. Therefore, this is how we
accomplish not only implementation of majority concept, but also
consider the influence of the latest state (unlike to most of moving
average algorithms).

In some cases a “collision” can happen — the state of emerging
new gap instead of value during extension procedure and reaching
both borders of the “window”. The collision state means repetitive
need of extension while gap cover is impossible. To avoid such
difficulties in case of collision we use propagation rule — “replace
all nulls with major value (if can be found) or last value (if there is
no major value), when number of meaning values exceeds number
of nulls” — and in case of majority of nulls, we can consider device
to be offline.

4. Results and discussion

Now let us formalize description of the algorithm for
compensation of gaps in data series:

1. Define a “window” width Nyingow With respect to Ngine and
transition to “offline” state.

2. Use (2) to make decision when there are no gaps.

3. Following extension to the right rule — “first step right, next
step left” — use (3) to make decision when there are gaps.

4. Use propagation rule — “replace all nulls with major or last
value, when number of meaning values exceeds number of
nulls” — in case of a “collision”.

Such kind of algorithm allows covering all the gaps. It is simple
enough to be used the same easily both at back-end or front-end
solutions to supply appropriate values in customer’s real-time 10T
based monitoring system. Certainly, it is more likely to utilize the
algorithm at front-end to lower the load of servers.

For the purpose of greater accuracy, one can choose between
different kinds of moving averages (as a common solution for
considering missing values), regressions models (as a common
predictive solution) and various approximation techniques (like
polynomial or spline).

5. Conclusion

The described algorithm for compensation of data losses fits all
requirements of implementation simplicity and reliability. The level
of computation efforts and complexity of the algorithm are relevant
to arithmetic mean calculations. Simultaneously, the algorithm
considers latest values (unlike the moving average techniques). The
influence of latest values is crucial for indicating current system
state. Considering the initial conditions for the problem and a
specific time series, the algorithm appears to be the most adequate
and reasonable solution.
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Abstract: Pseudo-random number generators (PRNG) based on irrational numbers are proposed elsewhere. They generate random
numbers using digits of real numbers which decimal expansions neither terminate nor become periodic and practically their decimal
expansion has infinite period. Using that algorithm, we generate sequences of random numbers and then we check their randomness with
statistical tests from Diehard battery. Our main idea is to check is there a difference in the randomness of the generated sequences if digits of
any irrational non- transcendental number (like v2,+/3,/5, ... ) are used versus the case when digits of a transcendental number (like 7z or
e) are used. In our experiments we use about 3-10 digits of a given non-periodic irrational or transcendental number. Many experiments
were done and all generated sequences by proposed PRNG based on irrational numbers passed the Diehard tests very well. We may
conclude that there is not a significant difference in the randomness of the generated sequences in the both cases (irrational non-

transcendental versus irrational transcendental number).

Keywords: PRNG, IRRATIONAL NUMBERS, TRANSCENDENTAL NUMBERS, STATISTICAL TESTS, DIEHARD BATERY,

RANDOMNESS

1. Introduction

Pseudo-random number generator (PRNG) is an algorithm
which generates a long sequence of numbers ry, r,, ... which are
elements of a given set of numbers and the distribution of generated
numbers ry, I, ... is supposed to be uniform.

A sequence of obtained random numbers ry, 1, ... should have
two important properties: uniformity (i.e., they are equally probable
everywhere) and independence (i.e., the current value of a random
variable does not depend on the previous values).

In practice, we cannot construct an ideal PRNG, since the way
we are building the mechanism is not a random one, but in fact it is
completely determined by an initial value. This affects the
uniformity and independence of the produced sequences and ry, Iy,

. and that is why the word "pseudo” is used and we have to
measure the randomness of the obtained sequences.

A good random number generator should have some additional
qualities as large period and small order computational complexity.

This paper is organized as follows. In Section 2 we give a
background and overview of related works. In Section 3 we explain
basic ideas for construction of our generator of pseudo random
numbers [2], basic principles for usage of statistical tests from
Diehard battery and then we present the algorithm for the generator.
The obtained results are given in Section 4. In Section 5, some
conclusions are made.

2. Background and overview of related works

In this section we present some historical facts recall on
L'Ecuyer (2017) in [4] about PRNGs which use irrational numbers.

The inspiration for using successive digits of 7, e or any other
transcendental number in order to generate a random number
sequence is an old idea.

For example, Metropolis et al. (1950) in [6] succeeded to
compute 2000 decimals of z and e and confirmed that these
sequences pass elementary statistical tests. This testing was
extended to the first 10000 decimals by Pathria (1962) (in [7]) and
to 100000 decimals by Esmenjaud-Bonnardel (1965) (in [3]), and
all of these sequences very well pass elementary statistical tests.

Till now, many sequences of digits of z have been obtained and
tested and many papers have discussed this idea. The world record
in 2016 was 22 459 157 718 361 decimal digits of 7, computed in
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about four months by Peter Trueb using an algorithm of
Chudnovsky and Chudnovsky (1989) (in [1]), Bellard’s formula,
and the Y-Cruncher multi-threaded software (Yee, 2017) (in [9]).
However, to give good reason that the successive digits of z (or any
other given irrational number) in a given base b can be taken as
random sequence, it should be good to know that this sequence of
digits is uniformly distributed in base b, i.e., that each of the b
possible digits appears with frequency 1/b (on average) in the
infinite sequence. For 7, practical counting over several digits
suggests that this is true, but there is no known proof of it.

However, the property of uniform distribution of the digits of
any given irrational number is not sufficient; we need to have the
uniform distribution of the pairs, triplets, and so on.

In the latest years, there are some trials to design a PRNG using
digits of any irrational number since irrational numbers have
decimal expansions that neither terminate nor become periodic,
practically their decimal expansion has infinite period. In [8],
Rogers and al. (2015) proposed an algorithm for pseudo-random 5-
digit numbers using the digits of z and made some visual and
statistical analyses for goodness of proposed generator.

In [2], the author proposed a new algorithm for generating
pseudo-random numbers using digits of any irrational number. The
randomness of obtained sequences of numbers is checked by some
statistical tests and the test results are very well.

In this our paper, the main work is: using algorithm proposed in
[2], to check is there a difference in the randomness of the

generated sequences, if digits of any irrational non- transcendental
number (like v2,+/3,/5, ... or the golden ratio ¢ = 1+2—‘/g) are used

versus the case when digits of a transcendental number (like 7 or e)
are used.

3. PRNG based on digits of irrational numbers

3.1 The main idea in the algorithm— n-tuples

We will explain the ideas for designing a PRNG using digits of
an irrational number ([2]), by example digits of 7 In this example,
we will use sequential n-tuples, for example 10-tuples of digits from
the decimal expansion of 7z Using some database we will take |



digits of z In the next step, decimal 10-digit number from every 10-
tuple is generated.

If we take the obtained 10-digit number (which is obtained
directly from the 10-tuple) then its value is in the range 0 <=
number <10'° and we need to check if the number is greater than
max (maximal allowed generated number). If it is true, we have to
omit the obtained number and continue with checking the next 10-
tuple. The 10-tuples are taken without overlapping.

But, we will improve the previous idea if we scale the obtained
10-digit number (which is obtained directly from the 10-tuple) from
the range 0 <= number <10% in the range 0 <= number < 2%, In
this way, there is no need to check if the scaled number is greater
than max. Note that if the sequence of generated number is uniform
then the scaled sequence will be uniform on the set {0,1,...,max}.

These steps from the last idea will be repeated until we obtain |
numbers.

3.2 Input parameters and the algorithm

In order to produce different sequences, each time when we
started generating of a new sequence, we must initialize the
beginning pointer to an arbitrary digit of the chosen irrational
number. The position of the beginning pointer will be an input
parameter. Also, the input parameter will be the length n of digits
(n-tuples) for generating of each number in the sequence (in the
previous example, we choose n = 10). Let stress that we compute
the digits of any irrational number using package Mathematica.

Algorithm

[1] Choose an irrational number which digits will be used for
generating random numbers.

[2] Set the length n of digits for generating of each number in
the sequence, the position s of the beginning pointer (the first digit
where the generating starts), the length | of generated sequence and
the maximum max of the generated numbers.

[3] Let counter=0.
[4] Until counter <=I do

[4.1] Use slice size of n digits to generate a number r.
T

[4.2] Scale r « [m . max].

[4.3] Put pointer position s < s + n.

[4.4] counter = counter + 1.

We will notice that software realization of this algorithm and
many experiments were done using package Mathematica.

3.5. Diehard tests

Nowadays there are a lot of tests for randomness and all of them
measure the difference between the generated pseudo-random
sequences and the theoretically supposed ideal random sequence.
We say that a PRNG passes a test if the random sequences produced
by that PRNG pass the test with a probability near to 1. We can
classify PRNGs depending of the tests they have passed. So, for
obtaining a better classification we should have many different
tests.

Over several years, George Marsaglia [5] has developed
Diehard tests as a battery of statistical tests for measuring the
quality of a random number generator. This battery was published
in 1995. It consists of 15 statistical tests, and it is a comprehensive
set of statistical tests for PRNG and serves as some kind of litmus
for checking and certification of PRNG. If a PRNG passes Diehard
statistical tests, then it can be used in deeper scientific researches.
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The Diehard battery consists of Birthday Spacings Test,
Overlapping 5-Permutation Test (OPERM-5), Binary rank tests,
31x 31 Binary Matrix, 32 x 32 Binary Matrix, 6 x 8 Binary Matrix,
Bitstream Test, Test OQSO (Overlapping quadruples sparse
occupancy test), Test DNA, Count the 1's Test for specific bytes,
Parking test, Minimum Distance Test, 3D Spheres Test, Squeeze
Test, Overlapping Sums Test, Runs Test and Craps Test.

We will note that the most of the tests in Diehard return a p-
value, which should be uniform on [0,1) if the input file contains
truly independent random bits. Those p-values are obtained by p =
F(X), where F is the assumed cumulative distribution function of
the sample (random variable X) — often normal. But that assumed F
is just an asymptotic approximation, for which the fit will be worst
in the tails. Therefore p < 0.025 or p > 0.975 means that the PRNG
has "failed the test at the 0.05 level".

4, Results obtained from Diehard tests and
discussion

Diehard tests have requirements with precise format of the
numbers whose randomness they test. Explicitly, the file of the
numbers should be a binary file of a hexadecimal integer
nonnegative numbers with approximately 11 MB size. There should
be ten numbers in each row, about 2 870 000 numbers in the file
and the maximum number in the file should be max = 2% — 1.

As we mentioned previously, some of Diehard tests give p-
value, and some of them are performed several times and the result
from these tests is the ratio of the number of passed tests and the
total number of tests. Therefore, we presented the results in
separated tables depends on the kind of test output.

In the next tables we will present some of the obtained results of
Diehard tests applied to the sequences generated by our proposed
algorithm in [2].

In Table 1, we present the percentage of passed Diehard test for
14 sequences generated by our PRNG using different irrational
numbers or same irrational number with different initial pointer s or
with different initial length n. The bold line in the table separates
the sequences obtained from the digits of non-transcendent
irrational numbers from them obtained from the digits of
transcendent irrational numbers. Note that almost all sequences pass
more than 90% of the Diehard test. Exception is only the sequence
obtained using the digits from the sin 1, where the percentage of
passed tests is between 80%and 90%, but it is satisfactory.

Table 1 Success of Diehard tests

Time for Success
Irrational Seq. n s sequence ) of
number | number generation (in Diehard
sec.) tests
1) Seq. 1 10 1 630 91 %
V2 Seq. 2a 10 2 670 99 %
V2 Seq.2b | 10 1 678 98 %
V3 Seg.3a | 10 6 636 97 %
V3 Seq.3b [ 12 | 2 653 92 %
7 Seq. 4a 10 6 654 99 %
V7 Seq.4b | 10 | 3 662 91 %
sin 1 Seg. 5a 10 2 351 85 %
sin 1 Seq. 5b 10 4 478 87 %
sin 1 Seg. 5¢ 9 4 529 86 %
T Seq. 6 10 8 485 94 %
e Seq. 7a 10 2 586 90 %
e Seq. 7b 10 1 577 94%
In2 Seq. 8 10 3 627 95 %

In Table 2 and Table 3, we present the results from Diehard
tests obtained from sequences generated from the digits of non-



transcendent numbers. In Table 2, we give the results of Diehard
test which output is p-value and in Table 3, the results when the
output is the ratio of the number of passed tests and the total
number of tests. The red (bold) values in the tables mean that the
sequence does not pass the corresponding test.

Table 2: Results from Diehard tests applied on the sequences generated by
PGNG when irrational number is non-transcendental. Obtained p-values
are presented

In Table 4 and Table 5, we present the results from Diehard
tests obtained from sequences generated from the digits of
transcendent irrational numbers.

Table 4: Results from Diehard tests applied on the sequences generated by
PGNG when irrational number is transcendental. Obtained p-values are
presented

Seq. Seq. Seq. Seq. Seq. Seq. Seq. Seq.
name 1 2a 2b 3a 3b 4a 4b
Irr.
number ) V2 V2 V3 V3 V7 V7
p-value
Birthday
Spacings | 010 | 087 | 037 | 040 | 023 | 015 | 034
test
OPERM- | 015 | 082 | 008 | 091 | 029 | 03L | 0093
5 014 | 012 | 057 | 080 | 070 | 072 | 049
Binary- 1 44 | 085 | 078 | 032 | 068 | 032 | o073
31 test
Binary- | 79 | 036 | 032 | 086 | 064 | 072 | 046
32 test
Binary-
st | 089 [ 0971 | 054 | 082 | 083 [ 057 | 009
gt‘:::rtn 055 | 091 | 064 | 024 | 036 | 052 | 023
ot 068 | 028 | 068 | 023 | 028 | 050 | 070
Pat;';'tng 048 | 030 | 073 | 030 | 018 | 038 | 0977
Minim.
Distance | 099 | 009 | 082 | 057 | 0004 | 051 | 032
test
i 088 | 096 | 074 | 092 | 028 | 047 | 015
Spheres ) ' ' ) ' ' '
s?:setze 0004 [ 071 | O | 045 | 053 | 096 | 017
o-tsegm 042 | o031 | 050 | 003 [ 030 | 445 | 026
012 | 085 | 096 | 012 | 047 | 080 | 065
muntest | 080 | 069 | 014 | 002 | 068 | 052 | 031
039 [ 019 | 034 | 082 | 078 | 087 | 082
086 | 027 | 061 | 040 | 040 | 091 | 056
Craps | 049 | 092 | 026 | 024 | 039 | 075 | 099
test 081 | 024 | 041 | 003 | 092 | 030 | 024

Seq. Seq. Seq. Seq. Seq. Seq. Seq. Seq.
name 5a 5b 5¢c 6 7a 7b 8
Irr. . . .
number sin1 sin 1 sin 1 V4 e e In 2
p-value
Birthday
Spacings | 040 | 005 | 017 | 056 | 003 | 008 | 024
test
OPERM- | 098 | 005 | 020 | 068 | 095 | 019 | 057
5 094 | 073 | 099 | 032 | 027 | 099 | 049
Binary-
alien | 033 | 066 [ 041 | 077 | 049 | 081 | 099
Binary- | 460 | 061 | 062 | 065 | 072 | 032 | 064
32 test
Binary-
st | 018 | 022 | 089 | 055 | 031 | 016 | 014
gt‘:::rtn 040 | 001 | 087 | 043 | 090 | 080 | 080
ot 026 | 034 | 003 | 031 | 045 | 051 | 004
Pat;';'tng 0006 | 019 | 098 | 071 | 027 | 034 | 069
Minim.
Distance | 092 | 003 | 055 | 001 | 035 | 086 | 072
test
i 049 | 009 | 099 | 086 | 078 | 046 | 015
Spheres ' ' ) ' ) ' )
s?:setze 014 | 084 | 061 | 027 | 087 | 066 | 085
O'tz_:'v' 099 | 0003 | 036 | 031 | 061 | 052 | 082
053 | 025 | 076 | 010 | 042 | 036 | 025
Runtest | 008 | 093 | 034 | 061 | 074 | 028 | 065
097 | 039 | 084 | 013 | 097 | 039 | 044
052 | 0013 | 021 | 073 | 048 | 071 | 051
Craps | 015 | 005 | 071 | 045 | 099 | 086 | 046
test 035 | 058 | 060 | 067 | 099 | 083 | 064

Table 3: Results from Diehard tests applied on the sequences generated by
PGNG when irrational number is non-transcendental. No. of passed tests /

Table 5: Results from tests in Diehard battery, when irrational number is
transcendental. Results are given with No. of passed tests / No. of total tests.

No. of total tests are presented Seq. Seq. Seq. Seq. Seq. Seq.
name 5a 5b 5¢ St 7a 7b St
Seq. Seq. 1 Seq. Seq. Seq. Seq. Seq. Seq. I - - -
n:ime 2a 2b 3a 3b 4a 4b " sin1 sinl sin 1 V4 e e In2
.
number ® V2 V2 V3 V3 V7 V7 No. of passed tests / total tests
No. of passed tests / total tests Bit
B stream | 19/20 | 19/20 | 19/20 | 16/20 | 18/20 | 20/20 | 19/20
! test
stream | 20/20 | 19/20 | 20/20 | 19/20 | 20/20 | 20/20 | 20/20
. OPSO | 19/23 | 21/23 | 20/23 | 20/23 | 21/23 | 21/23 | 23/23
OPSO | 23/23 | 22/23 | 18/23 | 21/23 | 17/23 | 21/23 | 22/23 OQSO | 27/28 | 28/28 | 25/28 | 28/28 | 27/28 | 27/28 | 24/28
DNA
OQSO | 26/28 | 28/28 | 28/28 | 28/28 | 25/28 | 25/28 | 28/28 . s0i31 | 3031 | 2031 | 3131 | 301 | 2631 | 3wa1
DNA
test 31/31 | 28/31 | 28/31 | 31/31 | 30/31 | 30/31 | 31/31 Count
Bytes | 20/25 | 24/25 | 23/25 | 25/25 | 23/25 | 23/25 | 24/25
Count test
Bytes | 23/25 | 23/25 | 22/25 | 23/25 | 24/25 | 24/25 | 24/25
test

From the last two tables, we can conclude that the generated
sequences passed almost all Diehard tests.
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Analyzing the results from Table 4 and Table 5, we can
conclude that the sequences generated from the digits of
transcendent irrational numbers also passed almost all Diehard tests.
As we concluded from Table 1, exception is only the sequence
obtained using the digits from the sin 1, where the results are a little




bit worse, but these sequences also passed more of the considered
tests.

5. Conclusions

In this paper, we generate sequences using PRNG based on
digits of different irrational numbers. Our goal is to check if the
kind of irrational numbers (non-transcendent or transcendent) has
influence to the randomness of generated sequences. Our
expectations were that the transcendent numbers will give better
results than non-transcendent ones, but the results reject our
expectations. They confirm that almost all tested irrational numbers
are good for using in our PRNGs and there is not a significant
difference in the randomness of the generated sequences in the both
cases.
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Abstract: In the present work, we are discussing the Klein--Gordon equation describing relativistic spinless particles evolving in the
(stationary) magnetar's crust. With the wave function expressed in terms of Mathieu's functions, we compute first-order transition
amplitudes, pointing out the role of the strong magnetic induction in transitions to states which may be characterized by values of the

model's parameters in instability bands.
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MAGNETARS

1. Introduction

In 1992, Duncan and Thompson introduced the term of magnetar
for a type of neutron star with massively boosted magnetic fields
whose decay powers the emission of high-energy electromagnetic
radiation [1]. The configuration of the background field inside has
been extensively worked out and is not unique. Inspired by some
previous investigations [2-4], we are assuming a radial magnetic
induction, parallel to the surface of a plane slab with finite thickness
in the z-direction.

As for the matter content, in the magnetar's crust and core, one may
expect the existence of various particles, including boson
condensates, which might have a significant influence on the star
properties. In this respect, the kaons are seen as best candidates,
besides nucleons and leptons [5, 6].

In the present work, we are extending our previous results on
boson's wave function, solution to the Klein-Gordon equation [3, 4].
Thus, within a perturbative approach, we are discussing special
cases for parameters' ranges which are leading to non-trivial
quantization laws and to a favored distribution of the magnetic field
inside the crust, corresponding to a high probability of transitions.

With reference to the Mathieu’s equation, challenging aspects that
surround the interest around it and its solutions are more and more
invoked as a solid motivation as these manifest in a rich manner,
both theoretically — mostly, from algebraic point of view — and
practically, i.e. from the applicative side. Concerning the latter, the
range of physical situations in which Mathieu functions appear is
extremely extended, from elastic wave equations worked in
elliptical boundary geometries as it is the case of resonators or
waveguides, the motion of quantum particles in a periodic type
potential or the stability of floating vessels for harmonious coherent
waves of various frequencies and swings [7], to some modern
applications as the physics of a capacitor microphone,
ferromagnetic substance manifesting elastic oscillations [8], the
particle’s behavior in different systems of electromagnetic traps [9]
or the quantum dynamics of the electrons within the free electron
lasers (FEL) [10].

From algebraic point of view, manipulating Mathieu functions is
not at all an easy task. The algebra behind the Mathieu functions is
extremely intricate, still admitting a range of unsolved mathematical
and computational issues. For instance, if we take into account the
convergence of Mathieu functions, some authors report slow
convergence or the lack of convergence of specific representations
of Mathieu functions [11]. Some codes [12], which led to results

with single-precision accuracy (7 decimal places), proved to
respond negatively to the action of extending them to get a double-
precision accuracy (15 decimal places).
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An ardent area of research on Mathieu functions focuses on
deriving expressions for the dependence of the Characteristic
Exponent y on the Mathieu equation parameters, a, 5 . Due to the
physical significance of the Characteristic Exponent, which proves
to be intimately connected to the wavelike nature of the physical
phenomena modelled by the Mathieu equation, finding relations of

the formy=y(a ,8) constitutes an outstanding mathematical
approach. In literature, relations of this type written in power series
of g, can be found both for integer [13, 14] and noninteger values
of y [15].

We point out that the literature is pretty rich in treating specific
algebraic aspects of Mathieu functions and the main difficulties
within the computational analysis [16, 17, 18, 19, 20].

To put it concisely, developing packages for calculating Mathieu
functions and operating with them represents an instigation for the
modern research being an open territory for algebraic and
computational explorations.

2. Magnetic field configuration in the crust

Let us consider, besides the vertical inductionB,, a radial
component parallel to the surface of the slab and vanishing at z=0
and z=L, of the form B, =b(t)sin(xz) [3, 4]. Working in

cylindrical coordinates, the potential component

2

(1) A, ——exp{—%t}cos(xz)

is generating the following electromagnetic field configuration

E,= 6A¢ C?(’exp{ }cos( z)
B, = A"’ = Boexp{—;t}sm(xz)

N N
2 BZ—pA(p— exp{ ot}cos(xz)

Kp

which also satisfy the Maxwell equations.

In the following, we are assuming that the time variable is much
less the characteristic time, tU z'=0'/1c2 0 1Myr, which is

comparable to the average Ohmic timescale, so that the exponential
function in (2) can be set to one. However, soon after the crust


mailto:marina@uaic.ro

forms, the magnetic field is freezing and such objects can be treated
as being stationary, with poloidal and toroidal fields of the same
order of magnitude [21, 22].

In order to study the semi-classical behavior of the charged scalar
field, we start with the Klein-Gordon equation

@) [n”DiDj—mg]@:o,

where the gauge derivatives are expressed in terms of the four-
potential components as D; = &; —igA .

For the essential component

By
4 =—cCo0s(xz),
@ Ay =~ -cos(xz)
the Klein-Gordon equation, in cylindrical coordinates,
[4-27
with the variables separation

5) b= ¢(p,z)eim"’e‘i“" ,
leads to the following differential equation for ¢(p.z),

2 2 2
©) Sl %}Zz_f{wz_mg_%_(%] COSZ(KZ)})

_ _2magB,
K

2iq

2 2 42
—-my |P=—4, —+ A D,
] p ?op 7%

cos(xz)¢

By identifying the potential operator

@ V= _ 2maBy
Kp

the equation (6) gets the standard form employed in the Perturbation
Theory, I5¢ =V¢,where g=y +y.

cos(xz),

The zero-order equation
2 2

li(pa_‘”]+a—‘/2/+ wz—mg—m—z—[%J cos’ (kz) |y =0

pop\’ Op oz P K

for w(p.2)=F(p)T(z), splits into the following system

2
dp? p dp p’
(8) _d2T+ pz_l By 2—1 By 2cos(chz) T=0. (b
dz? o2l « 2\«

The first equation in (8) is satisfied by the Bessel functions

©  Fu(p)=n(Po).vith P=o? —m§ —p?

while the second one can be identified with the Mathieu-type
equation [23]

(10)
of parameters

y"+[a—2ﬁcos(25)}y =0,
P; 1(qBo
(11) a=-L_=

K2 J ﬁ"[i&j’

and variable ¢ =«z . The general solutions of the equation (10),

K

(12) T(a, B, {)={MathieuCla, B, {|, MathieuS [a, B, {]}

have been discussed in detail in our previous papers [3, 4],
especially with respect to their stability. In general, the Mathieu's
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functions are of the form f(z)0 eiyzu(z), where the Mathieu

Characteristic Exponent (MCE), », may be real or imaginary,
depending on the values of the model parameters.

Nevertheless, we find worth stressing some interesting
mathematical properties of these solutions. Thus, the even and odd
solutions, can be written as the Fourier series [23]

(13.a)  MathieuC =ce,, = Z

=0

(B)cos(2j¢)

(13b) MathieuS = se,,;, = Z B (
j=1

In explicit calculations, one may employ the periodic expressions of

the Mathieu’s functions (13.a), valid in the first order in S

(B)sin((2+1)¢)

cey (z.8) ZAZJ cos (2jz)

j=0

T[ ;|_+‘]0 \/_exp —iz )+JO(\/_exp iz )J
12 [1—§cos 22 }

)cos(2jz) = A +2A3j (B)
=1

Ny | R

ce, (Z,/)’) = ZAZchos(ij) = Ag +A22(:0s(2z)+
=0

+ZA2 (1) (
- _+E[J2 (\/Eexp (—iZ))+J2 (\/Eexp(iZ))J

~ cos(22)+%(3—cos(4z))+

)cos (J+])z)

where Jn(J[_faxp(iiz)) are the Bessel functions and we have used

the formulas [24]

-2 () R B2
Ag:ﬁy A :é

3. First-order transition amplitude
With the wave function

(14) n=Jm (PO)T (0, .0)™e ™™,

one may compute the one may compute the azimuthal current
density component, of quantum origin, which is sustaining the
magnetization current,

|q * * 2 2
_;(V/maq)l//m_l//ma(pl//m)_zq |l//m| Ago

= 2q12[Tf {m qxocos( )}.

i, =



In the transition amplitude

A= J‘(//Tant//mpdpd(pdzdt =

Adzmb
-,

(15)
where b=qB,, the first integral can be written in terms of the
hypergeometric function F;, as [23]

(16)

= JOme (P'p)‘]m (Pp)dp
PY' I'(m+1/2)

1P 11 PY [
:—' - F12 —,m+—,m+1, -
P\P) Jzr(m+1) “|2" 2 P
with P’>P. Once we fix the quantum number m, the integral
above is expressed as a combination of EllipticE and EllipticK

functions, of variable (P/P')*.

The second integral in (15), i.e.

@ 1,= IT* (oc', A Kz)cos(Kz)T(a, B, Kz)dz,

should be analyzed for specific ranges of the particle momentum
along Oz.

For small values of the parameter f, the theory of the Mathieu's
functions is well understood. The characteristic values a,(f)are
important since they yield periodic solutions and they separate the
regions of stability. The resonance condition o, ~n® leads to the

momentum quantization relation

2
+—,
22

and to a quantized variable in the Bessel functions (9), i.e.

nx?

~
~

(18) ps

_mg_i_,,
2i?

For the particle momentum along Oz in the first band of instability

— 2

2K2.

(19) P?

2 2
3b

(20) <x? +=,

4K
the imaginary part of the MCE comes into play, Im(y)0 /2,
being responsible for the exponentially growing of the oscillatory
wave functions.
By inspecting the stability chart of the Mathieu's functions, one can
notice that, for increasing S, the stable regions situated between
the characteristic curves a,(8) become more and more narrow

and their width is decreasing exponentially to practically discrete
eigenvalues. For A >1, one has a broad resonance and the

solutions (12) are oscillating (along Oz) much faster than the
electromagnetic field components, the ratio between the frequencies

being ﬁ: b/(z;cz) .
In the case of a magnetar, whose magnetic field is extremely strong,

By 010" —10% (T), the parameter /2, proportional to the square

of the magnetic induction, gets very large values. Thus, for
O<a<p,ie.

b>
—5<p;<
2K

one has to use the following asymptotic expansion for the
characteristic values [25]

(21)
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(22) ay = —2B+2(2n+1)[B .

In our case, the above relation turns into

b b

=K—2|:(2n+1)—?:|,

leading to the Landau-type quantization law for the particle
momentum along Oz

(23) o

(24) pZ ~(2n+1)b,
and to a quantized variable in the Bessel functions computed with

(25)

P?=w? —md —(2n+1)b.

1.0

0.5

0.0
i

fig. 1 The absolute value of (17) as a function of b=b/ K2

In the figure 1, for the transition between n=2 and n'=n+1, we
are giving, in dimensionless units, the graphical representation of
the absolute value of (17), as a function of the parameter
b=b/«x*b, characterizing the strength of the magnetic field
inside the crust, for a given «. For both «, and a,,, positive
quantities computed with (23), one may notice the peaks separated
by zero minima, corresponding to high probabilities and zero
probabilities, respectively.

Let us point out that, for an electron with the momentum along Oz
given by (24), the distance between the corresponding energy levels

is W =[2hqBoc? [ 1.06 (MeV), for Bo=10%(T). This ultra-
relativistic particle promoted from the level with n=0 to the one

with n=1 can produce, by de-excitation photons which will
directly convert to electron-positron pairs.

Thus, one may compute only transitions between n=0 and n'=1,
for which the characteristic values are given by

b b b b
T T Ly
K,'2|: 2}{2} “ K,'ZI: 2K2:|

and one can find similar peaks and minima as in the figure 1.

(26)

~
~

For p— o, the oscillatory behavior of the Mathieu functions
happen in a shrinking neighborhood of xz={= n/2+0(ﬁ*]/2) .In

explicit calculations, it is very useful to express the Mathieu
function MathieuC[a,, 8, ¢] in terms of parabolic cylinder

functions and their derivatives, of variable t=2JﬁcosC , with
h=4/p,as[25]



MathieuC ~ C, {Dn (t)ZA‘—Et)m,; 1>

where

B, (1)
he }

n 1
D/=-D, ,—=D.,,, C, =
n 2 n-1 2 n+1 n 2(n!)2

and the first terms of the polynomials A (t) and Bg(t)

2
Ay=1, Al(t):;—:gcoszé,
1r3s s
Bl(t):z—s[t —(2n+1)t]~ cos°¢

4, Conclusions

Within a perturbative approach, in the present paper, we are dealing
with the Klein-Gordon equation, describing the bosons evolving in
the (stationary) magnetar's crust, endowed with the electromagnetic
configuration (2). The solution to the zero-order equation, expressed
in terms of Bessel and Mathieu functions, is used for computing
first-order transition amplitudes, for physically important ranges of
model's parameters.

The width of the resonance bands are solely controlled by the
parameter S in (11), which is characterizing the magnitude and the
distribution of the magnetic field inside the crust.

A special attention is given to ultra-relativistic particles in ultra-
strong magnetic field (f>a>0), when the particle momentum

along Oz is satisfying the quantization law (24). The probability of
the transition between two adiacent n values is discussed for
different ranges of the model's parameters b=qB, and x,

characterizing the magnitude and the distribution of the magnetic
field inside the crust. Thus, for b//c2 <2n+1, a series of peaks,
corresponding to high probabilities, can be noticed in the figure 1.

Finally, we mention that for particles moving in an ultra-strong
magnetic field so that the a parameter defined in (11) is negative,
the amplitude function is exponentially growing along Oz and there
is only a narrow interval for the particle momentum p,, i.e.

|a| < $%/2 , meaning

10 1 (Y, 1(bY

J B I — | < pz < | =

2\ k 321 \ k 2\ k

which corresponds to a stable region in the Ince-Strutt diagram [26].
The present work can be extended in several directions, as for

example to consider instead of the Klein-Gordon equation, the
Dirac equation for relativistic fermions, leading to Mathieu’s
functions of complex variable and parameters [27].

These situations are very challenging and they are rarely discussed
in literature. The existing packages written in MAPLE and
MATHEMATICA are insufficient and some routines have been
recently developed in [28]. It is worth to mention that the first study
which considered a purely imaginary £ parameter (f=is, sl )
was initiated by Mulholland and Goldstein [29] who deduced an
approximative law governing the position of branching points in
terms of a quadric growth. The authors detected the first branching
point to be. sy ~1.47 . For a more detailed analysis on the branching

(@7)

points we recommend [30, 31].
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Abstract: The paper deals with some combinations of conforming and nonconforming rectangular finite elements in order to obtain two-
sided bounds of eigenvalues, applied to second-order elliptic opertor. The aim is to use the lowest possible order finite elements. Namely, the
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1. Introduction and Preliminaries

We consider a bounded polygonal domain 2 in R? with
boundary 7"=0¢. Given an integer m>0, we use the Sobolev

space H™(£2) with a norm |- and (-,-) denotes the

"m,.()
L, (£2) - inner product.

Consider the following weak form eigenvalue model problem:
Find a number 2eR and a function ueV = H&(.Q), ||u ”00 =1

such that

a(u,v)=4(u,v), VveV, 1)

where

a(u,v):jIVu-Vvdxdy YuyveV.
0

This problem has a countable sequence of real and positive
eigenvalues 0<A4, <4, <...and the corresponding eigenfunctions

)=6; i,j=1.

Uy ,U,,... satisfy (u;,u ij ol

irMj

Let {r,} be a family of a rectangulations of €2 which satisfies

the usual regularity conditions (see [1]), i.e. there exists a constant
o>0 such that hy / py <o, where h, is the diameter of the

rectangle Ker, and p, being the diameter of the largest circle
contained in K. Then we denote h=21ax he .

ety

So, we introduce a conforming finite element space V,cV
based on the partition z,,. Then, the corresponding approximation

of (1) is: Find a number A4,eR and a function
Up € Vy | up |, , =1 such that
a(uy, vy )=4, (uy,vy ), Vv, eVy. 2

For second- and fourth-order self-adjoint elliptic operator the
eigenvalues computed using standard conforming finite element
method (FEM) are always above the exact ones. This fact comes
from minimum-maximum charachterization of the eigenvalues (see
for example [2]). So that, it is an important and nontrivial problem
to find methods giving lower bounds of the eigenvalues [3]. Herein,
we claim a contribution to this specific field. More precisely, this
paper is an extension of the authors’ research done in [4] and [5].

CONFORMING/NONCONFORMING ELEMENTS,
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EIGENVALUE

First, let us consider nine-point conforming rectangular finite
element. For any test function v and K ez, the degrees of freedom

i.[v(s)ds and

|Ij|'j

ﬁJV(X’Y)dXdY: where a;,j=1234 are the vertices and
K

which we will use are (see Fig. 1(a)) v(a;) and

1;,j=1234 are the edges of K.
Then, the finite element space V,, is defined by (see [6]):
A :{Ve H*(£2) v =span{1,x,y,xy,x2 Y22y xy? x2y? }}

We can use also eight-point serendipity conforming finite
element (see Fig. 1(b)). In this case:

A :{Ve H*(2) v =span{1,x,y,xy,x2 Y2 ,xzy,xyz}}.

//
/

()

/

®
Fig. 1 (a) 9-point rectangle; (b) 8-point serendipity rectangle

Now we introduce non-conforming finite element spaces \7h
related to the same partition z,, . We also introduce mesh-dependent
bilinear form

ap(u,v)= Y ag(u,v), uvev,

Ker,

where

aK(u,v)zijqudxdy.
K

Obviously, in case of conforming FEM, a(-,-) and a,(-, )
coincide.



The space \7h consists of Rannacher-Tourek (i.e. rotated
rot

bilinear) nonconforming finite elements denoted by Q;> (Fig.
2(a)). Its degrees of freedom are the integral values at the edges of
rectangle. An another case for construction of the space \7h is to use
the extension of Rannacher-Tourek element (so-called extended
rotated bilinear element) denoted by EQ®. The degrees of

freedom for this element are the integral values at the edges of the
rectangle and the integral value over the rectangle (see Fig. 2(b)).

/I /
/ /

() ®

nonconforming element; (b) EQ*

Fig. 2 (@) Q" nonconforming element
Let us define a so-called

operator” i,:V -V, such that

“nonconforming interpolation

a,(V—ip V.V, )=0, VveV, ¥, eV,.

®)

2. Main Result

Our result is based on determining a couple of finite element
spaces (\/h ,Vh) which verify two sided bounds of eigenvalues A
using the following algorithm:

Algorithm

1. Find (4,,u,) from (2) by means of conforming finite
element space V, ;

2. Construct nonconforming space \7h from V, by
eliminating some degrees of freedom in such a way that
after obtaining of i~huhe\7h the condition (3) to be
fulfilled;

3. Calculate the number A =a,(i u,.iu,) Wwhich

approximates the exact eigenvalues A asymptotically
from below.

The case when V,, consists of nine-point quadratic conforming

finite elements and \7h contains EQ; -elements is proved by the

authors in [4] (see Theorem 1). Later on, we will use the same
notations as in [4].

Here, our aim is to prove the validity of the algorithm when V,,

use the eight-point serendipity elements and \7h - Q-
nonconforming elements, respectively.

Thus the nonconforming finite element space is defined by (see

[6]):
A =<V€ L,(2) v :span{l,x,y,x2 —y? }}

Also, for any veV :
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J'Ev(s)ds:'fv(s)ds, 4
Ij Ij

with edges Ij,j:1,2,3,4 .

2 ~
Introducing the notation |Vh|h =a,(vy,v, ) for any v,eVvV+V,,

for our considerations, it is enough to assume the following
interpolation inequality for veV :

®)

iv—v| >Ch32,
h

The following theorem contains a main result of the paper.

Theorem 1. Let (4,,u,) be an approximation of the exact
eigenpair (2,u) obtained from (2) by means of eight-point
serendipity elements. It the inequality (5) is valid, the number

Ay=2ap(i Uy, Uy )

approximates A from below when h is small enough, so that two-
sided bounds of A are obtained:

A <A< A, (6)

Proof. We adopt the following notations for partial derivatives:

O:a—.ya .:6'

and so on.
oo Y

Let v, e\7h and veV . Then

a, (i[]v—v,vh ): > J.J'V('i;v—v)-Vvh dxdy
Ker, K

U]

=3 f (ax(ﬂjv—v)éxvh+6y(ihv—v)6yvh)dxdy.

Ker, K

We choose K, to be a fixed reference rectangle. Then the result
on arbitrary Kez, will be transformed from K, using an affine
transformation.

The equations of the edges of K, are:

_h h
li:s :y_y0:+?2; .4 :x—xozi?l,

where (x,,y, ) is the center of K, (Fig. 3) and h=4/hZ +hZ .

VA

AN

®
('\m‘ir)

4

Fig. 3 Rectangular reference element K,

Having in mind that \7h is an incomplete biquadratic
polynomial space on K, , we can write



Vi (XY )=V (X0, Yo )+(X=%0 )0,V (X0, Yo )+(Y = Yo )0,V (%0, Yo )

1
+ (X_XO)ZaxxVh(XoryO ) +E (y_)’o)z Oy Vn(X0,Yo )

N |-

Then obviously

OVh(X,Y)=0,V1 (%o, Yo )*(X_Xo )axxvh( X0.Y0 ),
OyVn(X,y)=0,Vn(Xo,Yo )+(y-Yo )6yyvh( X01Y0)-
Using Q' -element we have
Oy V= =0y V, =const. (8)
Applying the properties (4), from (7) we obtain

| ](EV—V)dy

Iy

[[2.(v=v)o,v, dxdy=0,v, (.o )[ [ -
Ko l,

+hlaxxvh [J- _J‘
l,

a1

](ith—v)dy —{J.(i;v—v)axxvh dxdy

= —”(i:]v—v)axxvh dxdy.

Ko

In the same manner,
Ijﬁy(ﬁ]v—v)ayvh dxdy= —J‘J‘@.V—V)awvh dxdy.
Ko Ko

Finally, from (8) it follows that

.[.[V(Thv—v)-Vvh dxdy= 0 forany v, eV,
Ko
rot .

and the relation (3) is proved for the element Q,

Now, having in mind that |Ju, |, , =1, from (3) it follows

ah(ihuh —Up, iUy —uh)zah(ihuh ,ihuh)—Zah (ihuh ,uh)

+ ah(uhluh):ah(uh’uh)_ ah(i;]Uh ’-i;uh):ﬂh - Zh:
consequently
~ ~ 2
A=Ay = ||huh —uh|h >0.

Considering that 4, is a conforming approximation of 1 by
means of serendipity rectangular finite element [2], we have

0<2,-A<C|u,-ul;, <C, (= F,

where & is a small positive number.

Moreover, from (5) we obtain asymptotically the inequality
-~ ~ ~ 2

A=Ay = A=+ 2 = Ay = = (= 2) +| Rty —up |

>-C,h*? +C, h%>0.

Thus, (6) is proved.

22

3. Numerical Results

The numerical experiments and the resulting approximations of
eigenvalues given in this section verify and confirm the validity,
reliability and effectiveness of the proposed algorithm.

For purpose of demonstration of the method we propose, we
solve the problem (1) on square domain ©2=[0,z]x[0,7] .

This choice we have made because of the fact that in this case
the exact eigenvalues are known and are equal to

s?+s3,s,,5,=123,... Sothat, 4, =2;4,=5;4,=5;...

For our numerical implementation we divide the domain 2
into N? squares, N = 4; 8; 12; 16; 20. Thus the mesh parameter h

72

is equal to

We solve the variational discrete problem (2) using conforming
quadratic rectangular (9-point) finite elements for V, (see Fig.
1(a)). As a result, we obtain the approximate eigenvalues A4, , which
give upper bounds for the corresponding exact eigenvalues and the
approximate eigenfunctions u,, which we interpolate. Interpolation

rot

is done by means of EQ;" -nonconforming finite element space

(Fig. 2(b)). Obtaining the intepolants iNhuh e\7h and calculating the

numbers A, =a, (i u,.i,u,) we get lower bounds for the exact

eigenvalues. The results from our numerical experiment for the first
three eigenvalues are give in Table 1 and Table 2, respectively.

Table 1: Approximations of the exact eigenvalues obtained after finite
element implementation by means of 9-point conforming rectangular
quadratic finite elements

/ll,h j’2,h j’B,h
N=4 2.001024281 | 5.030616274 | 5.032574099
N=38 2.000065532 | 5.002110541 | 5.004469411
N=12 | 2000013002 | 5.000450150 | 5.002890554
N=16 [ 2000004120 | 5.000165987 | 5.0026355170
N=20 [ 2000001689 | 5.000087946 | 5.002571064
Exact 2 5 5
eigenvalues

Table 2: Approximations of the exact eigenvalues obtained after

rot

nonconforming EQ;~" — interpolation

Al,h AZ,h AS,h
N=4 1.902219920 | 4.655142682 | 4.656420455
N=8 1.974624003 | 4.901823878 | 4.903948840
N=12 | 1988641719 | 4.955268267 | 4.957598338
N=16 | 1.993595054 | 4.974626877 | 4.977033035
N=20 | 1995896103 | 4.983705600 | 4.986147765
Exact 2 5 5

eigenvalues




Next, for the same model problem we demonstrate the
efficiency of the proposed algorithm for more simple finite
elements.

We solve the variational discrete problem (2) using eight-point
serendipity conforming finite elements for V, (Fig. 1(b)). As a
result we obtain the approximate eigenvalues A, giving upper

bounds for the corresponding exact eigenvalues and the
approximate eigenfunctions u,, which we interpolate. Interpolation

rot

is done by means of Q;” -nonconforming finite element space (Fig.

2(a)). Obtaining the intepolants i;]uhe\7h and calculating the

numbers Zh =a, (i, Uy, i Uy ) We get lower bounds for the exact

eigenvalues. The results from our numerical experiment for the first
three eigenvalues are give in Table 3 and Table 4, respectively.

Table 3: Approximations of the exact eigenvalues obtained after finite
element implementation by means of 8-point serendipity conforming
rectangular finite elements

Aip Ao Aan
N=4 2.001091866 | 5.032026684 | 5.032037751
N=38 2.0000664317 | 5.002126594 | 5.004493905
N =12 2.000066432 | 5.000451611 | 5.002891734
N =16 2.000004134 | 5.000166314 | 5.002635721
N=20 2.000001692 | 5.000088072 | 5.002571117
Exact 2 5 5
eigenvalues

Table 4: Approximations of the

nonconforming Q" — interpolation

exact eigenvalues obtained after

Al,h AZ,h A3,h
N=4 1.881513965 | 4.124185537 | 4.124191017
N=8 1.949450862 | 4.748511061 | 4.750459845
N=12 | 1977322992 | 4.885339250 | 4.887582856
N=16 | 1987202566 | 4.934933147 | 4.937289058
N=20 | 1999994922 | 4.979244596 | 4.980117042
Exact 2 5 5
eigenvalues

The approximate values in Table 1 and Table 3 are greater than
the exact ones and the sequences {Ain 1 =123 obtained when

the mesh parameter h decreases are decreasing. This is a reasonable
and expected numerical result, because of the fact that conforming
finite element methods are used [2].

On the part of the nonconforming interpolation implementation,
from the approximations of the eigenvalues given in Table 2 and
Table 4, respectively, it is clear that the resulting approximation of
the exact eigenvalues is from below. When the mesh parameter h
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decreases, the sequences {ijh },1=123 are increasing and go to
the corresponding exact eigenvalue.

As it is well-known from the theoretical point of view, nine-
point and eight-point conforming finite elements give similar results
concerning the error estimates (Table 1 and Table 3). As a

consequence of this, as well as from the fact that Q;*" and EQ;” -

nonconforming finite elements give one and the same convergence
order, the results in Table 2 and Table 4 are also similar.

3. Conclusions

The proposed algorithm gives lower and upper bounds of the
eigenvalues simultaneously — only to solve by conforming FEM the
eigenvalue problem once and additionally to apply a nonconforming
interpolation to the conforming solution is needed.

In this paper use of more simple and convenient finite elements
is proposed, proved theoretically and demonstrated.
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Abstract: In the paper a mathematical model of the non-stationary motion of a viscous liquid mixture through the vertical straight pipe of
the circular cross section is proposed. During the model construction weak compressibility of the mixture is considered. The Navier-Stokes
equations system is taken as a basis. Such model can be used in the description of oil motion in a vertical well.
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MATH MODELING

1. Introduction

The problem of the liquid mixtures (or emulsions,
suspensions) motion is not just interesting, but also very important
in some areas of the national economy, such as oil and gas industry.
It is well known that during the extraction of oil it is not a “clear”
product ascending from under the ground, but a mixture, consisting
of oil, water and gas. In other words, we deal with the water-oil
emulsion.

As emulsion move up through the tubing its properties, such
as density and viscosity, are changing. Its change is connected with
temperature and pressure. And it is important to know the velocity
of mixture’s ascending, of course.

Further in the paper we use the term “liquid” instead of
“liquid mixture” since we assume that this mixture is homogeneous
— its components are distributed evenly in the main phase, they are
well mixed. This is the first assumption. We have to obtain the
mathematical model, describing the non-stationary motion of the
weakly compressible liquid through the vertical pipe of the circular
cross-section.

2. The basic equations

We take the equations of continuum mechanics as the basis [1],
consider that there are no sources (or drains on the contrary) of the
mass:

dp -
o +ev-o)=0, 1)
do . or, 0ty o7,
p—=pF+—+—+—, )
dt OX 8y oz
™ oL 0F, 0F, 0F
—— =P+ X7, + [x7 +kxT, +——+——+—(3)
dE . 6v _ ov _ o0 . _
_:€+TX'_+‘['y~—+‘[z-—+V.t. 4
dt OX ay oz

Since we consider vertical motion, which is obviously due to the
head from below, we assume that rotary motion in the liquid is
absent hence we will not need the equation (3) further. As the first
approximation we may assume that neither density nor pressure
depends on temperature and hence energy change may be ignored.
That allows us to neglect the equation (4).

3. The construction of the mathematical model

We introduce the Cartesian coordinate system and direct the
axis Oz along the pipe axis. We write the system of equations (1)-
(2) in projections onto the Cartesian axes:

a—p+ % % a—p+ [aux+avy+auzJ—0 (5)

U, —+0,—+0,
ot ox oy oz ox oy oz
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0
%‘FU aUX v, I3 ov =F +1[af+z-xy+arszl(6)

oz Y plox oy o

Py 40,0 Py, O (L O O 0T g
ot %) oy oz p ox oy oz

0
%+Uxfﬂuz+uyéuz+ zaUZ:Fz"'l 07, sz+6rzz ®)
ot 0 oy oz pl ox oy oz

Since it is a vertical pipe, the gravity acts on the liquid (per the
elementary volume): F, =0, F, =0, F, =—pg. Next suppose that
velocity has only the vertical component, in other words
v,=v,=0. In p2 it is said we consider that density does not
depend on temperature. Let us clarify this assumption: let
temperature vary with the altitude of the rise, i.e. with the change of

the z coordinate, and since the density depends on temperature
(also on pressure) we have an implicit density dependence on z

coordinate: p=p(T(z))=p(z).
We write the system (5)-(8) with the assumptions described:
op ov,

v, -+ =0, 5
5 TP, (5")
0
ar><><+&_,_az-xz:0l (6')
X oy oz
aTyx aTW 6Z'yz :O, (7/)
oX oy oz
0
aUZ +U26UZ :_pg_’_i %+i+% i (8’)
ot oz pl ox oy oz

In general the stress tensor components have the following form

[1]:

0
Tu=—P+A aU*JrintauZ +2 6”*, 9)
ox oy ot OX
0 0
T,=—p+4 aUX+A+6”Z +2,ui, (10)
ox oy oz oy
0
T,=—p+4 aUx+&+auZ +2,uauZ (11)
ox oy oz oz
T, =T —y(aux+auy]7 =7 —y[auy+auzj
oo fyx T A A, Pt Tty T — T I
oy  ox oz oy 12)
e [5UX+6UZ]
X Xz ﬂ az 8X N

According to the assumptions made, the stress tensor components
take the following form:

ov,

= p+2Z o
=t A (9)

ov, ,
Tyy:_p+l oz y (10)



ov
T,=—pP+[A+2 z 17
= PH[A+2u]— (11)
ov, ov, ,
2-xy:z-yx:()’z-yz:sz::LIE’TD(:‘R(Z:;Uax' (12)
Substitute these relations in the system (5 )—(8"):
op ov,
v,—+p—==0, 5
"o P (5)
op o’
—+[A+pu|l—==0, 6'
oX [ ﬂ]axaz (67
2
S P e (7)
oy oyoz
ov. ov 1( &% &% o*v, @ ,
Lru,—t=—pg+—| p——F+u—>+4 ;——p (8)
ot oz p\ Ox oy or° oz

Let us turn to the cylindrical coordinates in the system (5 )-(8"),
assuming in advance the cylindrical symmetry of the flow:

UZ%+/J66[;Z:O’ (5")

[i+y]cos<pgig; —COS(D% =0, (6)
[i+y]sin¢%—sin¢%:0, (7)
GG

Next we add two equations (6') and (7'):

. v, op
ﬂ/ z - _—O
[ +y][COS(p+S|n(p][ - rj

Since sum of bulk and dynamic viscosity coefficients cannot be
zero, sum of sine and cosine of the same angle cannot be zero, it
follows that

v, _p _

oroz  or
or

2
oy, :@. (13)

oroz  or

Thus the final system of equations has the following form (we

omit the z index since we assume that there is only one velocity
component):

op ov

—+p—=0, 5
U@z paz (5
2
0v _%® (13)
oroz  or
ov  Ov 1 v 1lév v op
—t0—=-p0+—| | S +— |+ A ——-——| (&
a Va0 p(l{c’?rz rar} o’ oz (&)

Three equations contain three unknown functions: density p(z),

pressure p(z) and velocity v(r,z,t).

4. The formulation of the
problem and its correctness

corresponding

As noted earlier, the problem of studying the motion of a
viscous liquid (liquid mixture) through the vertical pipe arises in the
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field of oil products extraction. It is necessary to predict the
pressure, viscosity and velocity of the mixture that rises from the
depth along the pipe, to understand whether, for example, pressure
changes are so critical that it will lead to partial equipment
destruction (the same pipe).

For the mathematical formalization of the corresponding
problem, it is necessary to set the initial pressure at the pipe inlet
and pipe outlet (at the pipe outlet it is possibly constant), initial
velocity distribution over the cross-section and initial density of the
liquid. In time, or, in the first approximation, during the ascending
along the change in pressure the liquid density changes, since the
saturation of the mixture with gas increases [4,5].

In solving partial differential equations (systems of equations),
the study of the correctness of the corresponding initial-boundary
value problems for equations being solved is especially important.
For quasilinear partial differential equations of the second order this
analysis is not simple. For the system of equations (5'), (13), (8'),
such a study was carried out by OA. Ladyzhenskaya [2]. The results
are positive.

5. The solution method

For the initial-boundary value problem, the system of equations
obtained in p.3 can be solved by a numerical method — the variable
direction method [3]. According to this method, the previously
obtained partial differential equations are replaced by difference
relations with intermediate computation of functions on the k +0.5
-th time layer: A similar solution has already been applied in [4].

6. Conclusion

In this paper, the construction of a mathematical model
describing the nonstationary motion of a viscous compressible
mixture over a long vertical rectilinear tube of circular cross-section
is considered. Such a model can be used to solve the problem of the
movement of oil along a vertical well. A numerical method for
solving the corresponding initial-boundary value problem is
proposed.
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MODELING OF LIQUID SPREADING
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Abstract: The present work compares two different approaches, Computational Fluid Dynamics (CFD) and dispersion model, for liquid
distribution modeling with experimental data for liquid spreading in randomly packed metal Pall rings. The used experimental data are
obtained in a semi-industrial column with a 0.6m diameter for several packing heights and liquid loads. It is shown that the appropriate
choice of dispersion model parameters is essential for prediction of liquid distribution. In both models some parameters are determined by
fitting with experimental data, the remainder are calculated or taken from literature. Comparison of the two model liquid distributions with
experimental data shows that both CFD and dispersion model are in good agreement with the experiment especially for higher packing bed,

when the wall flow is fully developed.
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1. Introduction

Packed columns are widely used for separation processes
such as rectification and absorption in chemical industry and
environmental protection due to their high efficiency at low
pressure drop. The recent interest is connected with technologies
for flue gas scrubbing, heat recovery and fuel production. The
uniform liquid distribution in the packed bed cross-section is
crucial for the efficiency of the transfer processes. Several
models are proposed to predict the liquid distribution in a packed
bed starting from the random walk model of Tour and Lerman [1]
for liquid spreading in unconfined packing with no wall effect
and the dispersion model of Cihla and Schmidt [2] developed by
other authors to account for the wall flow. Lately the techniques
of Computational Fluid Dynamics (CFD) are widely employed
for prediction of the liquid distribution by treating the packing
bed as a porous media with permeability resistance, Yin [3], or
by reconstructing the geometry of the packing bed and tracking
the gas-liquid interface area.

The present work compares results from a dispersion model
and a CFD simulation of liquid spreading in a packed bed of
random Pall rings.

2. Model description

In this part a brief concept of dispersion model equations,
boundary conditions, and solution is presented. The full
description is given in the work [4]. The process of flow
distribution in a packed-bed column is described by the following
dimensionless equation [2]:

(n[yf“l)+lﬁ“¢qzaﬂnﬂ

or? r or oz

where r=r'/R is dimensionless radial coordinate; r’is radial

coordinate, m; R is column radius, m; z= Dh/R2 is
dimensionless axial coordinate; D is liquid distribution
coefficient, m; h is axial coordinate, m; f =L/Lyis

dimensionless superficial velocity; L,Lgyare local and mean

liquid superficial velocity, m3m?. The boundary conditions are
the following [5]:
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of
2)-L-B(f-cw),  for r=1
(2)-5-=B(f-cw) or r
@ A2 g for r=0
or

where parameter B is a criterion for exchange of liquid between
the column wall and the packing; parameter C expresses the
equilibrium distribution of entire liquid flow between the wall
and the packing when equilibrium state is attained z — oo ; W is
dimensionless wall flow.

The equations defining these parameters are:

(4)B=/RID

(B)C=mR%,

where g -, and y, 1/m?, are parameters in the boundary
conditions.
At z =0 the uniform initial irrigation is defined as:

(6) f(r,z)=1,for 0<r<land z=0

There is analytical solution of the above model in the form of
infinite series [6]:

() tU(r.2)= Ay +iAﬁJo(an)exp(— fﬁZ),

n=1

In the above expressions, f" (dimensionless), denotes the

solution for uniform initial irrigation. The coefficients are derived
from the expressions:

(8)A0=lC A9 = 2lo2/8-2c]) |

+C [(qﬁ/B—ZC)z+qr2,+4C}Jo(qn)

The dimensionless wall flow W" is calculated from Eg. (9) and
from the material balance:


mailto:tancho66@yahoo.com

©w* =ﬁ—2§;/\#(qn)%:”)exp(—q§2),

where Jg,J; are Bessel functions of the first kind, zero and first
order; q,, are the roots of the characteristic equation, following
from boundary condition (2):

(10) [(ZCIQn )_ (Qn / B)]Jl(Qn )+ Jo(dn) =0

3. Experimental data.

Experimental data for the liquid distribution in a column
filled with metal Pall rings, of 25 mm, used in this paper are
taken from the PhD thesis of Yin [3]. They are obtained in a pilot
column with 0.6m diameter, for packing heights 0.9 and 3.0 m,
and liquid and gas loads L =2.91:4.78;6.66,G = 0;0.75 kg/m?.s.

The liquid collecting device consists of 6 segments, the initial
irrigation is uniform.

4, Methods of estimation and identification of
model parameters

In this paper we propose the following scheme for three
parameters’ estimation/identification of the mathematical model
described above.

1) The value of C can be determined even if there are not
available data for wall initial irrigation. In this case the data about
wall flow at several packing heights for uniform initial irrigation
are needed. We use the relation (9) in the limiting case
when z — oo ; as it is seen, the last term in (9) diminishes and the
result is:

ayw! = ! ,
z»o 1+C

2) In this work the value of the radial spreading coefficient D is
taken from the literature [7];

3) Then, only parameter B can be identified by non-linear
optimization minimizing the residual variance:

(12)s2 =1

1 ni(fie = fic ) .

k
i=1
where f; is the mean dimensionless density of irrigation in i-th

annular section of the liquid collecting device, delimited by the
radii r,_y and (ri > ri_l) and is determined by the expression

fi

2
—— If(r,z)rdr,
=lia

(13) f; =

with indices “e” and “c” denoting experimental and calculated
values of liquid density of irrigation.

As explained above, three parameters should to be
determined — C,Dand B. In the light of experimental data used
in this paper, for calculation of C eq. (11) is used. Then, the
obtained value for Cis 5.95, which is very close to the value
(C =5.29), obtained for ceramic Pall rings 25 mm in [4]. Here,
the value of C is calculated from the results [3] for the wall flow
at uniform initial irrigation for packing heights 0.9, 1.8 and 3.0 m
at liquid load L =6.66 kg/m*s and no gas flow, because at these
conditions a fully developed wall flow is achieved. As it is
recommended in [8], the value of C is better to obtain from data
at higher packing layer, when the equilibrium between bulk zone
and wall flow is reached. On the contrary, these authors
mentioned, that the parameter B has to be identified/calculated
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for lower packing depths, because at higher ones it loses its
importance.

In this work the value of D is chosen to be D =0.0007m .
This value is the last result [7], reported in the literature about
metal Pall rings, 25.4 mm, and, which is more important, the
results of Wen et al.[7] are obtained for the same packing, as in
[3]. The previous reported data for D is that of Stikkelmann [9],
which is about 3 times larger (0.0025m) although the method of
calculating of D is the same as in the work [7]. The probable
explanation of these differences in the value of D is that a piece
of Pall ring packing may have different geometry inside its
cylindrical body — see [10]. The Pall rings are created in 1940
and up to now a large number of manufacturers as well as many
modifications of this packing type exist (Flexiring, Raflux ring,
P-ring, Hy-pak, etc.). The cut “windows” in one packing element
may have different width and curvature, which changes the radial
spreading inside the packing element, and this result in a large
variety of spreading coefficients even for the same packing
diameter and material [11]. In [4], the reported value for ceramic
Pall rings, 25 mm, for approximate comparison, is D =0.0011m,
but the inside geometry of ceramic Pall rings is different from
that of metal one.

The only one model parameter to be identified isB . That is
done using the minimal residual variance (12) between model
and experimental mean dimensionless density of irrigation (13)
in each segment of liquid collecting device (detailed procedure is
described in [12]. The obtained value isB =25.

4. Comparison of liquid predictions (CFD results
of Yin [3] and current model) with experimental
data for metal Pall rings [3]

In [3], the comparison between experimental and CFD data
for liquid relative velocity is made, for packing heights H=0.9 m
and H=3.0 m., for L=4.78 kg/m?.s and G=0.75 kg/m?.s, which is
below the reported loading point and the influence of the gas
phase is not significant. We compare these results with model
solution (7) for already identified values of the parameters. The
comparison of both model predictions - CFD and dispersion
model from this work are presented in figures 1 and 2.
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Fig. 1 Comparison of relative liquid velocities between dispersion model
predictions, Yin’s CFD predictions and Yin’s experimental data: L=4.78
kg/m?s; G=0.75 kg/m?s; for packing height H=0.9 m.

As can be seen, both models describe very well experimental
data. For lower packing height the radial profile of experimental
data in the bulk zone are still parabolic and equalize when the
packing height is increased. Both predictions are more accurate at
H=3.0 m.



B experiment, H=3.0m,
L=4.78 kg/m?.s, G=0.75 kg/m>.s
— Yin's CFD solution,1999
—— dispersion model solution,
B=25, C=5.95, D=0.0007m
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Fig. 2 Comparison of relative liquid velocities between dispersion model
predictions, Yin’s CFD predictions and Yin’s experimental data: L=4.78
kg/m?s; G=0.75 kg/m®s; for packing height H=3.0 m.

It should be mentioned, that at both figures, model
predictions of [3] are performed with the aid of the modern CFD
package CFX4.2. Two of the parameters, included in the closure
equations and relations, also were obtained by fitting with the
experiment. They are connected with ‘liquid dispersion
coefficient”, defined by Yin [3] for volume average concept, and
turbulent term, included in it.

In the case of no gas flow, in the next figures 3 and 4, the
results of dispersion model predictions for the same heights, but
for different liquid loads L=2.91 kg/m? and L=6.66 kg/m’s are
also presented. For above identified model parameters the
coincidence between the model and experiment is quite well,
which is additional verification of dispersion model ability to
predict liquid spreading in packed beds.
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Fig. 3 Comparison of relative liquid velocities between dispersion model
predictions and Yin’s experiment: L=2.91 kg/m?s; G=0; for packing
heights H=0.9m (up) and H=3.0m (down).
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Fig. 4 Comparison of relative liquid velocities between dispersion model
predictions and Yin’s experiment: L=6.66 kg/m’s; G=0; for packing
heights H=0.9m (up) and H=3.0m (down).

5. Conclusions

In the current work the results of dispersion model prediction
for liquid distribution in random packing and identification
procedure for model parameters are presented. A new formula is
proposed for estimation of model parameter C in the case of
uniform initial irrigation only, and experimental data for liquid
distribution at several packing layer heights. Validation of model
prediction for identified model parameters with experimental data
of [3] for Pall rings, at two different packing heights and three
liquid loads shows, that dispersion model analytical solution
could be used successfully for fast prediction of liquid
distribution in randomly packed beds.

The dispersion model results are also compared with CFD
prediction and experimental data of Yin for liquid distribution in
a packed bed with metal Pall rings [3]. Comparison of two
theoretical liquid distributions with experimental one show, that
both describe very well the experimental data.
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Introduction

Various methods of statistical research such as
correlation-regression analysis, dynamic series, variance analysis,
etc. in the study of vision systems are used for studying and
subsequent prediction of the patterns of radiation transfer. We
have conducted Monte Carlo experiments to calculate the Point
Spread Function for linear system “underlying surface -
atmosphere”. The one is defined as the system response to the
input signal, representing a point mass, located at a certain point,
and can be determined as the angular brightness distribution of
surface-based point source measured with receiving device at the
top of the atmosphere. Then we have attempted to apply elements
of correlation-regression analysis for the study of the influence of
various optical and geometrical parameters on the Point Spread
Function.

Vision system (VS) is understood as an observation
scheme including the underlying surface, a "cloudy environment"
(atmosphere), and an optical device that captures incoming
radiation. To study radiation transfer in such systems, the theory
of systems and the theory of radiation transfer are traditionally
used (Zuev V.E., Belov V.V, Veretennikov V.V.).

The main system characteristic for VS is the point spread
function (PSF); it is defined as the response L of linear system
to the input signal, representing a point mass
S(X—X;)3(y—y,), located at a certain point (X;,Y;):

LS(x =% )3y = y1)]=h(X,¥; %, Y1)

An arbitrary object (function) f(x,y) can be considered
as a set of point masses. For instance:

400 +00

f(x,y)= J- I f(x, Y2 )8(x =X,y =y, Jix,dly; . Then, a
result of the system impact (image) can be represented in the
form:

+00  +00

g0cy)=LlfGay)l= [ [ £0yan00yi v Ky,
Obviously, regularities of the image distortion due to impact of
any system can be studied by analyzing the effect of this system
on the point spread function.

The model of the atmosphere includes the following
characteristics: the total attenuation coefficient

G(x,F):GSC(x,F)+ ca(x,r), where o - the scattering
coefficient, - the absorption coefficient; g(A,u,rF) -
aerosol phase function. Here T = (x,y,z) — radius-vector of the
current point in space, u(®',) — cosine of the scattering angle

of radiation coming from direction @', in the direction ®, A -
is the wavelength of incident radiation.

The paper considers two models of the atmosphere:

1. vertically bounded plane-parallel layer-homogeneous
aerosol-molecular;

2. vertically bounded plane-parallel aerosol-molecular,
including overcast layer. For the cloud layer, different
characteristics from those of the first model is assumed:
coefficients of attenuation, absorption, scattering, and the aerosol
phase function.

1. Problem Statement and methods

The geometric scheme of calculations is as follows: at the
lower boundary of the atmosphere (on the underlying surface
z=0) there is a point source of unit capacity. At the upper
boundary of the atmosphere (z=30km) there is an optical
receiver that can receive scattered radiation coming from
different directions (observation angles). The brightness of the
scattered radiation is solution of the integro-differential transport
equation (Marchuk G.I., Mikhailiov G.A., Nazaraliev M.A.,
Darbinjan, Kargin B.A., Elepov B.S.), which can be practically
solved only by approximate or numerical methods.

One of the most universal methods for solving this
problem is the simulation method, or the Monte Carlo method.
The basis of the Monte Carlo method is the integral transport
equation of the second kind with a generalized kernel for the
density of particles’ collisions (Marchuk G.l., Mikhailiov G.A.,
Nazaraliev M.A., Darbinjan, Kargin B.A., Elepov B.S.):

f(i):Ik(i',i)f(i')di'w(m, f=Kf +y
X

Here X= (F,&)) — is the point of the phase space of
coordinates and directions, w()?) —source function, K — integral
operator with kernel k(X',X):

k( )*(*!’)‘(') — Gsc( r ) Q(H)EXP(—T( rz,r ))G(I’ ) Sl @ — E_ ['
o(F')2n]F ~ F F=r

In this paper, one of the algorithms of the Monte Carlo
method was used - the method of local estimation (Marchuk G.1I.,
Mikhailiov G.A., Nazaraliev M.A., Darbinjan, Kargin B.A,,
Elepov B.S.).

Algorithm for local estimation consists in calculating
following functional:

Q)= j@(F*,Co*)dEa*=j|i(i’,i*)f(i’)di'=
Q. X

. (1)
:MZQn'Ii(Xn’X*)
n=0
NER S P G LALADIT (D JYES A
ZTE‘F—F*
o FF
Here S

= 0 =(0,57), A(3) - is
r —I’|

the indicator of region €;. @ — flux of particles at given point

X*. Q, — weight of the particle, f(X)- density of collisions.



2. Initial data

We will consider the process of radiative transfer through
aerosol-molecular atmosphere, which comprises a layer overcast,
by neglecting the reflection from underlying surface. We used the
following data (Gendrina I.Yu., Kvach A.S.):

1. Wavelength (mkm) in transparent windows: 0.347;
0.530; 0.694; 0.860; 1,060; 3,390; 10.60.

2. Lower boundary of atmosphere 0 km above Earth's
surface, upper boundary H of the atmosphere 30 km above the
Earth's surface.

3. Optical thickness for a cloudless atmosphere are
presented in Table 1.

Table 1. Optical thickness of the cloudless atmosphere

31,5 8,44E-08 | 5,63E-08 | 5,54E-08 | 4,73E-08
40,5 3,49E-08 | 2,73E-08 | 2,81E-08 | 6,65E-08
49,5 1,86E-08 | 515E-08 | 1,54E-08 | 1,18E-08
58,5 1,30E-08 | 1,10E-08 | 1,71E-08 | 7,75E-09
67,5 1,94E-08 | 1,12E-08 | 7,95E-09 | 2,11E-08
76,5 1,58E-07 | 2,13E-08 | 4,96E-09 | 3,68E-09
85,5 1,20E-08 | 6,37E-09 | 1,23E-09 | 1,03E-09

Table 3. Brightness of scattered radiation for the atmosphere

with a cloud layer of the "Cloud C1" type,

isotropic source, W/mkm - m?

Wavelength, mkm Optical thickness

0,347 0,228 Angles of Wavelength, mkm

0,53 0,158 reception,

0,694 0,124 grad A4=0,374 | 1=0,530 | 1=0,694 | A1=0,860

0,86 0,098

' d 4,5 . - - -

106 0,092 4,24E-07 | 5,01E-07 | 5,45E-07 | 5,69E-07

3,39 0,067 13,5 1,32E-07 | 1,36E-07 | 1,01E-07 | 9,47E-08

10,6 0,041 22,5 5,06E-08 | 4,30E-08 | 4,23E-08 | 3,50E-08
315 2,29E-08 | 1,84E-08 | 1,20E-08 | 1,19E-08

4. Lower boundary of the cloud layer - 1 km above the 105
Earth's surface, upper boundary - 2 km above the Earth's surface. ’ 7,00E-09 | 843E-09 | 6,45E-09 | 5,16E-09
The optical models of the cloud layer — “haze H” and “cloud C1” 49,5 3,29E-09 | 2,44E-09 | 3,10E-09 | 2,69E-09
( Deirmendjian D.)

5. In this work, we considered Lambertian model of 58,5 1,84E-09 | 159E-09 | 1,36E-09 | 1,39E-09
sources of radiation. In this case the density of the initial areas 67,5 1,17E-09 | 1,13E-09 | 7,77E-10 | 8,25E-10
looks like: (@)=L, where p=arccos0, 0- zenith angle 76,5 8,77E-10 | 9,73E-10 | 7,45E-10 | 5,32E-10

S T 85,5 1,70E-10 | 5,77E-10 | 8,95E-11 | 1,78E-10
of initial direction.

3. Simulation results

Quantitative values brightness of scattered radiation for
the cloudless atmosphere are presented in our previous
publication (Gendrina 1.Yu., Alekseenko M. A.). Similar values
for various models of the cloud atmosphere are given in Tables
2,3.

Table 2 contains the results for the brightness of scattered
radiation for the atmosphere with a cloud layer of the "Haze H"
type.

Table 3 contains similar data for the atmosphere with a
cloud layer of the "Cloud C1" type.

These types vary in value of the average cosine of
scattering phase function:

1
-1
u—Eflug(u)du-

It is known that this parameter characterizes the
elongation of aerosol phase function. For example in case
A = 0,694 mkm the average cosine amounts to 0,745 for type

“Haze H” and 0,857 for type “Cloud C1”.

Table 2. Brightness of scattered radiation for the
atmosphere with a cloud layer of the "Haze H" type,

W/mkm - m?
Angles of Wavelength, mkm
reception,
grad A=0,374 | A=0,530 | 1=0,694 | 41=0,860
45 2,24E-05 | 1,67E-05 | 1,38E-05 | 1,13E-05
13,5 1,09E-06 | 7,65E-07 | 6,60E-07 | 5,30E-07
22,5 2,23E-07 | 1,83E-07 | 1,55E-07 | 1,39E-07
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4, Statistical analysis of simulation results

To establish functional relationship between the angular
distribution of brightness and optical parameters, regression
analysis was used, which is widely used to restore aerosol and
cloud characteristics, and also to assess their effect on climate
( Khayer M. M. et al.). The regression equation for the angular
distribution of brightness in the aerosol-molecular and cloud
atmosphere relatively wavelength of the incident radiation was

b
obtained in the form y:—1+b0 for all reception angles.
X

Regression coefficients for the cloudless atmosphere are given in
Table 4. The regression coefficients for the cloudy atmosphere
are given in Table 5. The tables also shown coefficients of

determination R?. This coefficient indicates the proportion of
the total variation in the dependent variable y due to variability

of x and characterizes the total quality of regression. The
statistical significance of determination coefficient can be
2

R

~(n-2).
-R
Here n is the number of observations. The value F is compared
to value K, \, from Fisher table. Here o - the given level of

confirmed with the help of Fisher statistics: F = 1

significance, k; =1 and k, =n-2.



Table 4. Coefficients of the regression equation for the

cloudless atmosphere

Angles of by b, R?2

reception,
grad
4,5 1,19E-05 | 3,25E-05 0,993
13,5 2,31E-07 5,05E-07 0,976
22,5 6,98E-08 1,19E-07 0,927
31,5 3,92E-08 | 4,04E-08 0,784
40,5 2,44E-08 1,51E-08 0,570
49,5 1,39E-08 | 6,51E-09* 0,482
58,5 6,82E-09 3,64-09 0,609
67,5 2,74E-09 | 2,35E-09 0,771
76,5 5,21E-10 1,23E-09 0,907
85,5 3,00E-11 1,76E-10 0,929

Table 5 Coefficients of the regression equation for the

cloud atmosphere

Angles of bo b, R?2
reception,
grad
4,5 3,52E-06 7,12E-06 | 0,985
13,5 1,08E-07 3,63E-07 | 0,997
22,5 3,63E-08 7,563E-08 | 0,973
31,5 1,26E-08 2,66E-08 | 0,976
58,5 3,68E-09* | 4,34E-09 | 0,598
76,5 -3,34E-08* | 5,04E-09 | 0,606
85,5 -2,37E-09* | 4,50E-09 | 0,809

We would like to present also the brightness dependence
relatively the upper boundary of cloud. The regression equation

in this case was obtained in a simple form: y =b;x +b, for all

reception angles. Regression coefficients and determination
coefficients for the case of isotropic source, wavelength of
A = 0,347 mkm, cloud layer type of the "Haze H" and “Cloud
C1” are given in Table 6,7.
Table 6. Coefficients of the regression equation for the
cloud atmosphere. Model «Haze H»

Anglefs of bo b, R2
receptlon,
grad
4,5 | 514E-07 -3,07E-08 | 0,990
13,5 | 1,53E-07 -7,70E-09 | 0,975
22,5 | 592E-08 -2,33E-09 | 0,851
315 | 2,65E-08 | -6,54E-10* | 0,654
40,5 | 7,36E-09 -1,75E-10 | 0,946
49,5 | 3,60E-09 -6,36E-11 | 0,625
58,5 | 2,11E-09 -5,13E-11 | 0,840
67,5 | 1,25E-09 -2,96E-11 | 0,886
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Table 7 . Coefficients of the regression equation for the cloud

atmosphere
Model «Cloud C1»
Angles of by b, R2
reception,
grad
4,5 | 4,98E-07 -2,61E-08 | 0,966
13,5 | 1,44E-07 -4,88E-09 | 0,953
22,5 | 510E-08 -1,48E-10 | 0,158
315 | 2,14E-08 7,33E-10 | 0,976
40,5 | 6,30E-09 1,55E-10* | 0,631
49,5 | 3,15E-09 454E-11 | 0,882
58,5 | 1,89E-09 -8,70E-12* | 0,379
67,5 | 1,18E-09 -7,32E-12 | 0,802
76,5 | 1,11E-09 2,66E-11* | 0,151
Note. * - insignificant coefficient.
Conclusions
Statistical estimation of regression equations for

significance was carried out on the basis of the F -test and
estimation of the determination coefficient. With 90%
confidence, it can be argued that the considered dependence is
statistically significant.

The analysis shows that between obtained angular
distributions of intensity and wavelength ) in transparent
windows for both cloudless and cloudy for the atmosphere, there
is a link that can be with a good degree of accuracy to describe
hyperbolic regression equation.

Between the brightness and the upper boundary of cloud,
there is a link that can be with a degree of accuracy to describe
linear regression equation.
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OJAHOPAHI'OBASI AIIIPOKCUMALUA ITOJOKUTEJIbHBIX MATPHUIL
C HCITIOJIB3OBAHUEM METOJA0B UIAEMIIOTEHTHOU MATEMATUKHU

RANK-ONE APPROXIMATION OF POSITIVE MATRICES
USING METHODS OF IDEMPOTENT MATHEMATICS
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Abstract. Low-rank matrix approximation is widely used in the analysis of big data, in recommendation systems in the Internet, for
approximation solution of some equations in mechanics, and other fields. In many applications it makes sense to use matrices of unit rank
for approximating since they have the simplest structure. This article provides a method for approximating positive matrices by matrices of
unit rank based on the minimization of log-Chebyshev distance. The approximation problem is reduced to the optimization problem, which
has a compact representation in terms of an idempotent semifield that taking maximum in the role of addition. Such semifield is often called
the max-algebra. The necessary definitions and results of tropical mathematics are given and the solution of the optimization problem is
derived from them. Then the solution is represented in terms of the original approximation problem. As a result, all the positive matrices
which provide the minimum of approximation error are obtained in explicit form.

KEYWORDS: IDEMPOTENT MATHEMATICS, TROPICAL MATHEMATICS, IDEMPOTENT SEMIFIELD, RANK-ONE MATRIX

APPROXIMATION, LOG-CHEBYSHEV DISTANCE

1. Beeoenue

K 3ajmade anmpokCcHMalMd MaTpUIl CBOJHUTCSA 3HAUYHTEIBHOE
YUCIIO TPUKJIAJHBIX 33/1a4 U3 pa3HbIX oOnacteid. MHOrHe BbIUHC-
JIMTENBHBIC 38/1a4H, HAPUMED, 3a/1a41 BHIYHCIUTEIBHON THAPO/IH-
HAMUKH W TEOPHH DJIEKTPUYECKUX Ielel, ypaBHeHUs OalaHCOB H
COXpaHEeHUs] B MEXaHHKE, TPEeOYIOT PEIICHHs] CHCTEMBI JIMHEHHBIX
anreOpandecknx ypaBHeHHH. [IpiMeHeHHe TeXHHKH MaJopaHIo-
BOH aNNpOKCHMAalMK MOBHIMAET 3G (EKTUBHOCT METO/OB, KOTO-
Ppble HaXOAT NMPUOMKEHHOE pelieHue cucteM [1, 2].

[ToTpeGHOCTD B anmmpoOKCHMAalNWU BO3HHUKACT MPH pa3paboTKe
peKOMeHaTeNbHbIX cucteM B cetd Mureprer [3, 4] u npu oGpa-
60TKe GOJIBLINX MAaCCHBOB JaHHBIX [5, 6]. Anmpokcumarus MaTpu-
aMH W3 BBIOPAHHOTO MHOXKECTBA MATPHUI[ JaeT BO3MOXHOCTD
NIPE/ICTaBUTh JJaHHBIE B yJOOHON M KOPPEKTHON C MaTeMaTH4ECKOi
ToukH 3peHust popme. B paborax [5, 7, 8] ManmopaHroBast anmpok-
CHMAIMSl MaTpPHI] UCHIOJI3YETCS JUIS PeLIeHUs 3a/iay annpoKcuMa-
LIUM TEH30POB BBICOKHX MOPSIKOB, BOSHHKAIOIINX B MHOTOMEPHOM
aHAJIM3e JIaHHBIX W METOJaX 0OpabOTKH CHIHAJIOB B CHCTEMax
TENeKOMMYHHKAIUH.

TToHMmXeHHE paHra MaTpPHLbl P HOMOIIM aIrPOKCHMAIHN
CYIIECTBEHHO YIPOIIAET €€ CTPYKTYypy H IIO3BOJISIET COKPATHTh
o0beM mamsTé s ee xpaneHusi. Ocoboe 3HaueHHe NmpuodperaeTt
anmpoKCUMAIMs MaTPUIAMU €JUHIYHOTO paHra, KOTOpEIEe YCTpoe-
HBI HauboJ1ee npocto. Tak, ecii HCXOQHAsI MaTpHIla pa3Mepa NxN
ompejensercss N’ SIEMEHTaMM, TO MATPHIA, TOIyYeHHAs! B pe-
3yJbTaTe€ OJHOPAHIOBOIl AaNMNpOKCHMAllMK, 3aJaeTcst Bcero 2N
anementamu. [TogoOHoe cxxaTne MH(OpPMAIMU CONPSKEHO C HEKO-
TOPBIMU TIOTEPSIMH, IO3TOMY TAaKHE METOJIBI CIIEIyeT NPHMEHSTH
TOT/a, KOT/[a MaTpHIIa MPEATIOI0KHTEIFHO UMEET MaJIbIi PaHT.

Bo MHOrHX HpPHIOKEHHSAX IPEINOJIOKEHHE O EIMHIIHOM
paHre MaTpuUIbl BIOJIHE onpaBaaHo. Hampumep, ¢ MOMOIIBIO O
HOPAHTOBOH AaNMpPOKCHMAIIMM MOTYT DEIIaThCsl 3aJaud, BO3HH-
Kalolye B 00JacTH MAIIMHHOTO 00y4eHHs [9], TEXHHYecKoro 3pe-
Hus [10] u B ctatuctuke [11]. HexoTopsle MeTOIBI OZJHOPAHTOBOM
amIMpOKCUMAIMHU OTIHMCAHBI B padoTax [6, 12].

A c RI‘IXI‘I
MmarpuiiamMu X U3 HEKOTOporo moamuoxectsa S < R™" dopmy-
JHUpYeTCs KaK 3a7a4a OINTUMU3aNuI

38.[[3‘18. arrpoKCcuMalu KBaIIpaTHOﬁ MaTpHUIlbL

mind(A,X),

rae d — GyHKuMs paccTosHUs Ha MHOXKeCTBe Marpun, R™", us-
MEPSIONIAs BENTMYMHY OIIMOKH ANPOKCUMALIVH.

TTo/XOBI K PEIMIEHHIO 3a/[a4U ANMPOKCUMALMHE MOTYT BapbH-
POBaThCs B 3aBUCHMOCTH OT MOCTAHOBKM MCXOJHOM 3a1a4u U 0CO-
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GeHHOCTEW MaTpuipl. Pasnuuus Mexay MOAXOJaMH BO MHOTOM
OMPENENAIOTCS BBIOOPOM (DYHKI[MU PACCTOSHHS.

PacnpocTpaHeHHBIM pEIIEHHEM MPOOJIEMbI ABISETCS MPUME-
HEHME K aNMpOKCUMAIMM MATpPHIl Pa3sHOBUIHOCTEN METOJa Hau-
MEHBIINX KBAJPaTOB, B OCHOBE KOTOPOTO JIEKUT MHHMMH3ALHS
€BKJIMJ0BA PACCTOAHMs. BapuaHThl NPUMEHEHHs TaKOro MOAXo.a
omucanbl B padorax [13, 14]. B pa6ore [15] ocBeraercst HCMONb30-
BaHue paccrostaus Munkosckoro (1, -metpukm).

WHrepec npeAcTaBseT npeaenbHblii ciaydai |, -MeTpuku npu

P — o, Ha3bIBaeMbIi MeTpuKkoil YebnleBa. B cuny paBHOMepHO-

CTH paccTosHMs YeObllIeBa, €ro UCHOJIb30BAHUE B PEILICHUU 3aj1a-
YM aNnpoKCHMAlMH JIOJDKHO 00ecreyuBaTh Xopollee MpuOIIKe-
HHUE UCXOIOHOM MaTpuibl. B pabore [15] moka3siBaeTcs cymiecTBo-
BaHMe NpubmmKeHus YeOrieBa ¢ paHroM I Ui 110001 MaTpHLBI
A ¢ GOIbUIMM PAHIOM M Pe3yIbTaT CPABHHBACTCA C HPHOIIMIAKE-
HHUEM B MeTpuke MuHKoBckoro ¢ koHeuHsM ) . IIpoGimema 4edsI-

IIEBCKOW anmpokcuMaiuu copmyiaupoBaHa B [16] B Buae 3agadun
JMHEHHOTO IPOTPAMMHUPOBAHMS, K PEIICHUIO KOTOPOH MOTYT IpH-
MEHSITHCSI COOTBETCTBYIOLIME METOJBI, HANpPUMEp, CHUMIUIEKCHBII
MeToa. B pabore [17] moka3aHo, 4TO Jaxke B Cllydae ammpoKCHMa-
UM MaTpUIIaMH €IMHUYHOTO paHTa 3ajjada 4eObIIIeBCKOHN aIlpoK-
cumanuu asisercss NP -1oiHoM, ogHAKO MOXKET OBITh pelleHa 3a
MOIMHOMUAIBHOE BPEMS, €CIIM MCXOJHAas MaTpHIa HEOTPHLATENb-
Ha.

Jlnst anmpoKCUMAaIMU MONOXKHUTENbHBIX MAaTPHILl MHOTA IIene-
cooOpasHee MepeiiTH K OlEHKE MOTPEIIHOCTH B JIOTapU(MUIECKOH
mKane. 3agada MHHUMK3AnuM  10Q -4eOBIIEeBCKOT0 PACCTOSHUSL

MOXeT OBbITh CBeJIeHa K 3a]a4e KOHHYECKOTO MMPOTPaMMHPOBAHUS
BTOPOTO TIOpsijika, Kak B pabore [18], u pemiena, Hanpumep, 6apb-
epHbIM MeTozioM [16]. B pabore [19] anst log -uebbiieBckoii ar-

MPOKCHMAIUK MaTpPHUI] MpPEeIIaracTcsi MPUMEHATh METOJbI TPOIH-
YecKO (MACMIIOTCHTHOM) MaTeMaTUKU — OO0JIACTH MaTeMaTHKH,
KOTOpasi U3y4daeT TEOPHIO U MPUIIOKEHHUS alreOpanyeckux CUCTEM
C MJEMIIOTEHTHBIMU OMepanusIMi. Takxke TPOMHUYECKHH MOAXOM K
anmpoKcUManuu Matpui] 3atparuBaercst B [20]. B aroif pabore
MOJTYYeHO YacTHOE pElIeHHe 3a/aull allpOKCHMAIUH MaTpHI[AMH
€IMHUYHOTO paHra.

[lanee B craThe mpeaaraeTcsi METOA AIIPOKCUMAIMHU IT0JI0-
JKUTENBHBIX MAaTpHI] MaTpULAM{ EIMHUYHOTO paHra, KOTOPBI
HAaxOAUT B SIBHOM BHJE BCE MATPHUIIbI, HA KOTOPHIX JOCTUTaeTCs
MHHHMYM TIOTPEIIHOCTH aNNpPOKCUMAIMH, IyTeM MHHHMHU3ALUH
log -ueOpImeBCcKOro paccTOSIHUS Mex Ty MaTpunamu. byner moxa-

3aHO, 4TO 3ajla4ya MUHUMH3alHUHU |Og -4eOBIIIEBCKOTO pacCcTossHUA
MOXeET OBITh NpUBCACHA K 3aJadc, 3aIMCAaHHON B KOMITAKTHOU
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¢dopMe B TepMHMHAX MIEMIIOTEHTHOT'O MHOJYIOJSA C ONEepaluell Bbl-
YHCIICHNS] MAKCUMYMA B POJIH CJIOKEHHS, KOTOPOE YacTO Ha3bIBAIOT
max -anre6poit. 3aTeM A7 HaXOXKASHUS pelleHus OyIyT UCTIONb-
3oBaHsbI pe3ynbrathl [20, 21, 22] u3 obnacTu TponUYECKoi MaTeMa-
THKH.

2. Ilpeosapumenvhvie pe3ynvmamul

OmumeM HEKOTOpBIE pPe3ylbTaThl, HEOOXOIWMBIE JUIs MO-
CTPOEHUsI PEIICHNUS 3a]a91 OJHOPAHTOBOM aNMPOKCHMALIUH.

2.1. Oonopaneosas 10g-uebbluescras annpoxcumayus

YeObImeBcKast anmpoOKCHMAIMSA TOJIOKUTETBHON MaTPHIIBI
A = (&;) mpy MOMOIIK MOJNOKMUTENBHOH MaTpHIbl X = (X;) B JIOTa-

pudMIIecKOl MIKaTe HCIONIB3YeT (QYHKIUIO PACCTOSHHS
d(A, X) =max|loga, —logXx; |,
i

rzie Jorapudm Gepercst 0 OCHOBAHMIO OOJIbIIE SANHULIBL.
CrpaBeIMBO CieyIolee yTBepPKICHHE.

Ymeepacoenue 1. [lycmo A, X — nonosicumensnoie mampuybi.
Munumuszayus no X genuuunvt d(A, X) oxeusarenmua munumu-
sayuu

' _ -1 -1
d'(A X) = n?a}x max(aijxij ot ).
CremoBaTesnibHO, 3anada |0Qg -4eObIIIEBCKOI anmpoKCUMAaIU

MOKET OBITH CBCJICHA K 3aJ1a4¢C
mind' (A, X).
X

[IpuHMMas BO BHUMaHHUE TO, 4TO Jr0bas marpuua X panra 1
MOXET ObITh mpeicTabieHa B ¢popme X =st', rae BeKTOpHI
§=(s,) n t=(t) He comepxaT HyJEBHIX JIEMEHTOB, LECICBYIO

(bYHKIMIO paccMaTpUBaEMOii 3aJa4i MOXKHO 3aIIUCATh TaK:

d'(AX)=d(Ast") = max max(s; 'a;t;",s,a;'t;).
B pesynbrare 3ajaya 0qHOPaHrOBOM anMNpOKCUMALUU IPHUHU-
MaeT CIICAYIOLUNA BU:

)

min max max(s; ‘a;t;*,s,a;'t;),
stooi,j

e MEHAMYM OepeTcst 0 BCEM IOJI0KUTEIbHEIM BeKTopam S u .

2.2. Dnemenmul mponu4eckoi Mamemamuxy

IIpuBeneM OCHOBHbBIC ONpPEAeICHHUs, 0003HAUCHHS M MpeaBa-
PUTENBHBIC PE3yNbTaThl TPOIHYECKOH (MIEMIIOTEHTHOM) Marema-
tiku [20, 21, 22], Ha KOTOpBIe OyaeM OMHUPATHCS B AAbHEHIIEM.
Jli1s Gosiee AETaNBHOTO U3YYCHHUS MOTYT OBITh HCIIOJIb30BaHbI pabo-
THI [23, 24, 25].

2.2.1.  Hoemnomenmmoe noiynoie

HnemnorentHeiM nonynosnem R, .. . HasbiBaeTcs anredpaude-

”
ckas cucrema (R, ®,®,0,1), rne R, — mHOXecTBO HeorpwHIia-
TENIbHBIX BEHIECTBEHHBIX YUCEJI, OMEPAIUs CIIOXKEHHS OTpeeicHa
KaK B3STHE MAKCUMyMa J[BYX YHCENT U UMEET HEUTPAIbHBIH DIIEMEHT
0, a ymHOXEHHEe ® ompeneseHo Kak apupMEeTHISCKOe YMHOMKE-
HUE C HEWTPAILHBIM dJIeMeHTOM 1. 3aMeTUM, 9TO CII0KEHHUE SIBIISI-
€TCsl UISMIOTEHTHBIM, TO €CTh YIOBJIETBOPSIET YCIOBUIO X D X = X

Uil BceXx X € R, , U BbINONHIETCS CBOWCTBO TUCTPUOYTHBHOCTH

+2
YMHOXEHHSI OTHOCHUTEIBHO cliokeHus. IToHaTus oOparHOro sie-
MEHTa U CTEeNeHH UMEIOT 00bIYHbIH cMbIci. Takoe mosymnosne oObIy-
HO Ha3bIBAIOT Max -anredpoi.
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2.2.2.  Mampuywi u ekmopul

Martpuua HasbIBaeTcs pas3joKUMOW, €CIM IEPEeCTAHOBKOMN
CTPOK BMECTE C TaKOd >K€ INEpeCTaHOBKOH CTOJOIIOB ee MOXKHO
NPUBECTH K OJIOYHO-TPEYroJbHOMY BHAY. B NpoTHBHOM ciiydae
MaTpHlia Has3blBaeTcss HepassioKUMoi. CIIoXKEeHHe M YMHOXKEHHUE
JBYX MaTpHIl IOJXO/AIIEr0 pa3Mepa W YMHOXKCHHE MaTpHIBI Ha
YHCIIO BHIMOJIHSIOTCS 10 CTAaHAAPTHBIM IIPAaBHJIaM C 3aMEHOM 00ObIY-
HBIX apu(PMETHYECKHUX ONepaluii Ha onepauud @ u & . Exgunny-
HYI0 MaTpuily OyaeM 0603Hayatb cuMBoiioM | .

Jnst moboit Hewyneoit marpunel A = (a;) € RT™" onpenene-
Ha MyJILTUIUTHKATHBHO COTpsuKeHHas Matpuua A =(a;) e RT™ ¢

-1

sneMeHTamMu a; =a; , ecam a; #0, u ;= 0 B NPOTHBHOM CiIy-

Jae.
Cnen marpunpt A= (a;) € RT" Bbiuncnsiercss mo Qpopmyrne
trA=a,®--®a,,.
Jist mo6oit matpunsl A€ R BBeaeM B paccMoTpeHHe MaT-
puy A'=1®AD---® A",

Bexrop Ha3bIBaeTCsl PEryNspHbBIM, €CIIM OH HE UMEET HYJIEBBIX
KOMIOHEHT. Jlns  mo0oro  HEHyJIeBOIO  BEKTOpa-cTojlIa

x=(x)eR" onpenenen Bexkrop-cTpoka X = (X ), rae X =X,

ecm X, #0, m X7 = 0 — nHave.

2.2.3. Cobcmeennoe 4ucio u 8eKmop mMampuyol

Uucno Ae€R, u HeHyneoil Bektop X € R! HasbiBaroTcs
COOCTBEHHBIM 3HAYCHHEM M COOCTBEHHBIM BEKTOPOM MAaTPHIIBI
AeR"", ecin OHH YIOBICTBOPSIIOT paBeHCTBY AX = AX.

Jhiobas matpunma A mopsaka N MMeeT COOCTBEHHOE YHCIIO,
KOTOpOE BEIYUCIISIETCS IO hopMmyIe

A= @_)ltr”m(Am).

Yucno A Ha3pIBaeTCs CHEKTPATIbHBIM PAaANyCOM MaTPHLIBL.
3. 3adaua mponuueckoii onmumuzayuu

AIONIOKKM, 9TO 3agaHa marpuua AeRT" u tpeGyercs
Tpenmonox 0 3ajaHa Ma a AeR'

peunTh 3a1ay MUHUMU3AITUNA

2 min X" Ay @ y"A"X,
Xy

IJle MUHUMYM GepeTcsl TIo BCEM PETyJIspHbIM BekTopam X, Y € R'.

B pa6ore [20] naiigeHo crneayroliee penieHue.

Teopema 1. [lycmo A — nepasznoocumas mampuya, | — cnex-
mpanvuwli paduyc mampuybl AA” . Toeda munumym 6 3aoaue (2)
pasen p'* u docmuzaemes, kozda X u Y= *AX — cobem-
senHvle eekmopbl mampuy AA™ u A" A, coomeemcmeyrouue [ .
Teneps npeAcTaBUM HOBBII pe3ysbTaT, KOTOPBIH ONpeielsieT
BCE BEKTOpHl X U Y, obecrieynBaroniie MUHUMYM B 3anaqe (2), u
TEM CaMbIM JaeT MOJIHOE PEIIeHNE ITOH 3a/1auH.
Teopema 2. [lycmv A — nenynesasn mampuya, a [l — cnek-
mpanvuwii paduye mampuysl AA” . Toeda munumym 6 3adaue (2)
pasen 1M* u docmuzaemes mozda u monsko mozda, ko2da
X=(u AN )Y V® P A(LTIA A)'w,
y=u"PA (AR V(1A A) W,
20e V, W — npou3gonvhble peayiapHble 6eKMmopbi.
B

y=u 2 AX — cobemeennvie sexmopui mampuy AAT u AA,

uacmuHocmu, MUHUMYM ()ocmueaemc;z, Koeoa X u

coomeemcmeyrouue H .



4. Pewenue 3a0auu annpoxkcumayuu

PaccmoTpuM 3amady ogHopanroBoi anmpokcumarud (1). Ilpu
3aMeHe apu(METHIECKUX OIepaliii Ha Olepaniy NAEeMIIOTEHTHOTO
nonymonst R MIOJTyYHM LIEJICBYIO (DYHKIIMIO B BUJIE

max,x 2

D(s'at' @salt)=s Alt) @t As,
]

U] L |

Takum o6pa3om, 3amada (1) npuHIMAaeT BUA
e AT @ T A-
mins”A(t™) @t A’s,
st
rie MUHUMYM OEpeTcs 110 BCEM PEeryisipHbIM BekTopam S u L.
Honoxus x=5, y=(t")", nmonyuum 3amady TpoIHUecKoii
ontumusanuu B ¢opme (2). B cuiny toro, uro marpuma A —
MONIOXKUTENbHAs, MaTpuia AA™ TOXe SBIAETCS MONOXKHUTEIBHON U
MIOTOMY HMeEeT CHEeKTpalbHbIH pamumyc 4 >0. Takum obpasowm,
BEITIOJTHEHEI YCJIOBUS TeopeMbl 2. [IpuMeHsst TeopeMy, MOIydHM
pelIeHre 3aJady anmpoKCUMAIK B BUJIE CIICAYIONIETO YTBEpXKIe-
HUSL.
Teopema 3. I[lycms A — nonoosicumenshas mampuya, | — cnex-

mpanvuslll paouyc mampuyvt AA™ . Toeda munumanvuas nozpeut-
nocmo annpokcumayuu 6 10g-uebbiuesckom cmoicie mampuysr A
Mampuyamu edunuunozo panza, pasna U’ u docmucaemcs na
Mampuyax uoa st’, 20e

s=(u AN ) V® AL A AY W,

th=(u A (U AA) V(1A A) W)
u vV, W — npou3goibHbvle pecyniaphvle 6eKmopsl pazmepa N .
B uacmnocmu, munumanvhas nogpewtHocms 00CMu2aemcs, Ko2oa
s u t' =u"*(As) — cobemeennvie sexmopwl mampuy AA” u

A" A, coomeemcmeyrowue [ .
5. 3axnwuenue

B nacrosmmeii craTbe MccieoBaHa MpobdaemMa ampoKCUMaIiy
MaTpHI] MaTpunamMy 0oJjiee HU3KOTO paHra M NPHUBEICHO pelIeHHe
3a7a4d OJHOPAHTOBOH ANIPOKCHMAIMH JUIS CIydasl MOJIOMKHUTEIb-
HBIX MaTpul. PelreHne OCHOBBIBaeTCS HA IPEICTABICHHUH 33aqd
anmpoKCUMAIMU B BHIAE 33/aud ONTUMM3AIMU M pe3yibTaTax U3
00nacTy TpPONMUYECKOH MaTeMaTHKH. I[IpencTaBieHHBII MeTox
HAaXxoAUT B SBHOM BHIE BCE MATPHIBl, HA KOTOPHIX JOCTHUTAETCs
MHHHMYM TIOTPEIIHOCTH aNMPOKCUMAIUU U HMEET TPYJOeMKOCTh
nopsinka O(n*). B cuimy TOro, 4To Bce BEKTOpHI, 0Opa3yollie
aNMpOKCUMUPYIOIIYI0 MAaTpPUILy, ONPEACISIOTCS SIBHBIMH (OPMY-
JIaMH, CTAHOBHUTCSI BO3MOXKHBIM JalbHEHIEe H3ydeHHE CBONCTB
anmpoKCUMUPYIOMUX MaTPHIl ¥ HaJl0XKEHHE HA HUX OTPaHUYCHHH,
COOTBETCTBYIOIINX KOHKPETHOH 3a1aue.
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HCIOJIb30BAHUE PASPEXEHUA MATPUL J1JI51 PEINEHUWSA MHOI'OMEPHOU
3AJJAYA TPOIIMYECKOU OIITUMU3ALIUN

SOLUTION OF MULTIDIMENSIONAL TROPICAL OPTIMIZATION
PROBLEM WITH THE USE OF MATRIX SPARSIFICATION

J-p ¢.-m. 1. Kpusymuu H. K., acrpant Copoxun B. H.2
Maremarnko-mMexanndeckuit pakyiaprer — Cankt-IletepOyprekuit rocyjapcTBeHHBIH yHHBEpCHTeT, Poccus
nkk@math.spbu.ru', SovanSB@gmail.com 2

Abstract. A complete solution is proposed for a problem of vector-valued function minimization with elements from a tropical
(idempotent) semifield. The tropical optimization problem, considered here, arises when one needs, for instance, to find the best, in the sense
of Chebyshev metric, approximate solution for tropical vector equations, and occurs in various applications, including scheduling, location
and decision-making problems. To solve the problem, first, the minimum value of the objective function is obtained, a characterization of the
solution set in the form of a system of inequalities is proposed, and one of the solutions is presented. Then, with introduction of matrix
sparsification into the problem, an extended set of solutions, and then a complete solution in the form of a family of subsets are derived.
Procedures, allowing to reduce the number of subsets, which one needs to examine when constructing the complete solution, are described
in the present paper. It is shown how the complete solution can be represented in parametric way in a compact vector form.

Keywords: idempotent semifield, tropical optimization, Chebyshev approximation, complete solution, matrix sparsification

1. Beeoenue

Tponudeckass (MIEMIIOTEHTHas1) anredpa MpPEACTaBIsIET COOOM
pas3zien MaTeMaTHKH, KOTOpBI H3ydaeT CBOWCTBA IIOJIYKOJIELl H
MOJYIONIe C HMJEMIIOTEHTHBIM CIIOXKEHHEM ¥ WX IPHUIOKEHUS.
HccnenoBanmssM B 3TOH 00JMacTH MOCBSIIEHO HEMalo paboT,
Biitouast [1 - 7]. a Takxke neranbHbI 0630p juteparypsl B [8].
OmHMM W3 HampaBiIeHWH pa3BUTHS TPONUYECKOW MaTeMaTUKH
ABJIAETCA pa3paboTKa METOJOB pELIeHHs 3aJad ONTUMU3ALUH,
KOTOpBIE MOTYT OBITH C(HOPMYIMPOBAHBI U PEIIEHBl B TEPMHHAX
HAEMIIOTCHTHOW MaTeMaTHKH (3a7a4 TPONUYECKOH ONTHMH3AIHNN).
Mmeercs menplii psii MpakTHYeCKUX 3anad (CM., Hampumep, [9 -
12]), xotopble CBOIATCS K HawIydmleMy NpHOIMKEHHOMY
pemieHHI0O B cMblcie  MeTpuku  YeOblmeBa  BEKTOPHOTO
ypaBHeHUst Ax = p, rie A u p 0003HAYAIOT 3aJaHHbIE MAaTPULY H
BEKTOp, X — HEHM3BECTHBIM BEKTOP, a MPOU3BEICHHE MATPUIIBI HA
BEKTOP IMOHUMAETCSI B CMBICIIE TPOITMYECKON MaTeMaTHKU.

[IpoGiaema 4YeOBIIEBCKOW AamMpOKCHMAIMK IS PELICHUS
paccMaTpHBaeMOro YpaBHEHHMs CBOAUTCS K 3agade [OHWCKa
BEKTOPOB X , HA KOTOPBIX JIOCTUTAETCSl MUHUMYM B 33/1aue

min  (Ax)"p @ p Ax,
I7ie MAaTPUYHBIE M BEKTOPHBIC ONEPAIMM IIOHUMAIOTCS B CMBICIIE
HAEMIIOTCHTHOH anreOpsl.

Hccnenopanuio 3ama4n TOCBSIIEH psin pabor,
OIMyOJIMKOBAaHHBIX B pasiu4HOe Bpems, Bkmrowas [3, 10, 12, 13,].
IIpencraBneHHbIE B 3TUX paboTax pe3yabTaTbl OOBIYHO CBOAATCS K
MOJIyYEHUIO OJHOTO W3 PELIEHUWH M HE TO3BOJSIOT HAWTU BCE
MHO>KECTBO PEIIeHUH 3a[adH.

Jis pemenus 3agaun B cTarhsax [13 - 16] mnpenmaraercs
MOJXOM, TMPH KOTOPOM BBOAWTCS JOIOJHHUTEIBHBIN IapaMerp Uil
o003Ha4YeHWss MHHUMYyMa LeNeBOM (QyHKIMM, a 3aTeM 3axada
CBOAWTCS K pEIICHHI0 IapaMeTPU30BaHHBIX HepaBeHCTB. C
MOMOINBIO TAaKOrO MOAXOAa OBUIM TIOMYYEHBI pEIIeHUs B
KOMIIaKTHOM BEKTOPHOH (opMe A paccMaTpuBaeMOM 3a1adu, a
Takke HEKOTOPBIX €€  BapMaHTOB, BKIIOYas 3a4add ¢
OTPaHUYEHUSIMH.

Iens HacToseit paboTH COCTOUT B UCCIECAOBAHUN U PEIICHUH
3aJa4M TPONMYECKOW ONTHMH3ALMK C IejeBod QyHkimeil Ooiee
obmero Buga. Ha ocHOBE NpPHMEHEHHS METOJOB pEIICHUs C
HCIOJIb30BaHUEM Pa3peKEHHBIX MaTpull, paspaboranHoro B [17],
HAaXOAUTCS TOJNHOE pEIIeHHE 3aJadyd M €ro IpeACTaBICHHE B
KOMITaKTHOI BEKTOPHOH (opme.

Pabora moctpoena crnenyrommmM obpasom. CHavdaga HaXOIUTCS
MHHHMAaJIbHOE 3HaYCHUE LeNIeBO (pyHKIMM 3a1aduu, MpemIaraeTcs
OINMCaHHEe MHOXKECTBA pPEIICHHH B ()OpME CHCTEMBI HEPaBEHCTB U
MPUBOJUTCA OJHO M3 peleHuid. Jlanee ¢ momouplo paspexeHus
MaTpUIIbI 3371241 HaXOIUTCS PaCIINPEHHOE MHOKECTBO PELICHHUH, a
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3aT€éM  [OJIHOE PpCIICHUE B  BHJAC HEKOTOPOTO ceMencTBa
IIOAMHOKCCTB. Hpez(nara}oTCﬂ Ipoucaypel, TIO3BOJIAKOIIHE
COKpaTUTh YHUCJI0 TIOAMHOXKECTB, KOTOPbIC HGOGXOZ[I/IMO

HCCJICIOBATH IPU IMOCTPOCHUU ITOJTHOTO PEIICHUS.

2. Dnemenmbl mponuuecKkoil anzeopol

PaccMOTpHM HEOOXOIHMMBIC B JajbHEHIIEM OCHOBHBIC ITOHSTHS
U TIPE/IBAPUTENBHBIC PE3YJbTAaThl TPONHYCCKOH (MAEMIOTECHTHOMN)
anre6psl [1 - 7]. IaeMIOTEHTHOE MOJYKOJIBLIO OMpPENesIsIeTcsl KakK
Ha6bop (X,®,8,0,1), rne X obo3HauaeT HEMycTOE MHOXECTBO C
3a/laHHBIMM Ha HEM ONEpalusMH clokeHus (O ¢ HelTpaabHbIM
anemeHToM 0 (HOJB) M YMHOXKEHHsST Q) ¢ HEHTPAIBHBIM JIEMEHTOM
1 (enununa).

CnoxeHue WIEMIIOTEHTHO: [yl Jro00oro sineMeHTa x € X
BBINOJIHSIETCS PAaBEHCTBO X @ x = x. YMHOXKeHHe 00paThMO: Uis
mo6oro x # 0 cymectByer x ! Takoi, uro x ® x 7! =

WeMIIOTEeHTHOCTh  CIIOKCHHs  3aJaeT Ha MHOKecTBe X
YaCTHYHBIH MOPSAIOK: X < Y TOrJa U TOJBKO TOTAa, Korna X @y =
y. Orcroa crenyer, 4To HepaBeHCTBO X @ y < Z HKBUBAJCHTHO
IBYM HepaBeHCTBaM x < z u y < z. Bynem mnpenmosarars, 4to
YKa3aHHbI YaCTUYHBIA MOPSNOK MPOJOJDKEH A0 JUHEWHOIO Ha
MHOkecTBe X. Llenble CTENeHU CTeNeHH OINpPEeAeIITIOTCs OOBIYHBIM
obpazom: x% =1, xP =x @ xP7L, x P =(x )P, 0P =0 pmus
Bcex X # 0 u HarypanbHbIX p. B panpHeiimem Oyznem cuuTaTh
HOJTyTIOJIe anreOpanyecKy MOJHBIM B TOM CMBICIIC, YTO BBEICHHAS
oreparysi BO3BEICHHS B CTCIICHb MOXKET ObITh PAacIpOCTpaHEHA Ha
CiTydail cTelieHeH ¢ pallMoOHAIBHBIM NoKa3areneM. [lanee cuMBOI @
OyJeM OIyCcKaTh JUIsl YIPOLICHUS 3aITHCH.

B mpukimagHBIX 3ajayax 4acTO BCTPEYAlOTCS  CIECAYIOIIHe
BEIECTBEHHBIE ~ HIECMIIOTEHTHBIE  momynons: Ry, 4 = (RU
{—0}, max, +, —o0, 0), Rpin + = (R U {+0}, min, +, 0, 0),
Riax x = (R4 U {0}, max,x,0,1) u Ry, x = (R4 U {+o0}, min,X
, oo, 1). 3nech R, ={x € R|x > 0}
TIOJIOYKUTEIIBHBIX BEIIECTBEHHBIX YHCEIL.

Paccmorpum momynone Ry, 4, KOTOpOE OOBIMHO HA3BIBAIOT
(max, +)-anrebpoii. B Hem MHOXecTBO X OmIpeneneHo Kak
MHOXECTBO JICHCTBUTENBHBIX 4Hced R, pacIIMpeHHOE MyTeM
no0apIeHusT Yucia —oo. Poib TPOHMMYECKOrO CIIOKECHHS HrpacT
orneparys B3STUS MaKCUMyMa, a B KauecTBE YMHOXEHHsS Oepercs
apupmernueckoe cioxkenue. [ns mroboro x # 0 cymiecTByeT

MHO>XECTBO

o6paTHBIl 10  YMHOXKEHHWIO  OJEMEHT X ',  paBHBIH
MPOTHBOIIOJIOKHOMY YHMCIY —X B 0ObI4HOH apudpmeruxe. CreneHsb
x¥ onpemeneHa a1 BceXx X,YE€R UM COOTBETCTBYET
apumMeTnieckoMy — MpousBeleHHI0O  xY.  WHAynupoBaHHBII
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UJIEMIIOTCHTHBIM CJIOXKEHHEM MOPSIOK COBMANAET C OOBIYHBIM
JIMHEHHBIM NOps KoM Ha R.

O6o3naunM depe3 X™*" MHOXKECTBO MATpPHI[ pa3mepa m X n
Haj nonynoiem X.

B nynesoii marpuue Bce snemeHTHl paBHel 0. Marpuny, B
KOTOpOil OTCYTCTBYIOT HyJEBble CTPOKH (CTONOLBI), Ha30BEeM
peryssipHO# o cTpokam (cTosbiam). Matpuna 6e3 HyJIeBbIX CTPOK
U HYJIEBBIX CTOJIOIIOB HAa3bIBACTCS PETYISPHOM.

OnepaiMu HaJl MaTPUIAMU BBITOJHAIOTCA 10 CTaHAAPTHBIM
MIPaBHJIaM C 3aMEHON OOBIYHBIX CKAISIPHBIX OIEpAlnil CIIOXKEHHS U
YMHOXKEHHS Ha TpoIH4eckue. byaem Ha3bpIBaTh MyJIBTUINIMKATHBHO
CONpPSKEHHBIM TPAHCIOHUPOBAaHMEM HEHyJeBOH Mmatpuubsl A €
X™*" omepanmio mpeobpasoBanus B Martpuiy AT € XXM,
SJIEMEHTBI KOTOPOI ONPEAENSIOTCS [0 HPaBUlly: = a}{l, ecin
a; # 0,1 a; = 0 BIPOTUBHOM CIIy4ac.

Paccmotpum MHOKeCTBO X™ ™ KBaJpaTHBIX MATPHUIl TTOPAIKA
n. Marpuua SBisieTcsl AMaroHalbHOM, €CIIM BCe e¢ HelnaroHalIbHbIe
JJIEMEHTHI PaBHBI HYTIO0. ENWHUYHON Ha3bIBaeTCsl HaroHalbHas
Matpuna [, y KOTOpOH BCe 3JEMEHThl Ha [MaroHaJId pPaBHBI
eIMHULIE.

Jns  peryaspHbIX HO CTpokaM Matpull A  BBINOJIHACTCS
HepaBeHCTBO AA™ > 1.

Marpuia, cocTosas u3 OJHOTO CTOJNONA (CTPOKH), oOpasyer
BEKTOP-CTOJIOEL (BEKTOP-CTPOKY). [lamee Bce BEKTOPHI, €CIU HE
yKa3aHO WHa4e, CYMTAIOTCS BEKTOP-CTONOINAMH. MHOXECTBO
BEKTOP-CTOJIONOB pa3MepHOCTH N o6o3HaumM depe3 X™. Hymeoit
BEKTOp HMeeT Bce KOMIOHEHTH paBHEIMEH 0. Bekrop
PETyISpHBIHA, €ClM y Hero HeT HyJICBBIX KOMIIOHEHT. BekTop, Bce
KOMIIOHEHTBI KOTOporo paBHbl 1, oOo3Hauaercs Kak e =
a,..,nr.

Jns HeHyneBoro BekTopa X € X" CIpaBeMIMBO DPaBEHCTBO
x~x = 1. Eciu BEKTOp X SABISIETCS PEryJIAPHBIM, TO BBIOJIHACTCS
HEepaBeHCTBO XX~ = 1.

Boimmyknoil nuHeHHOM KOMOMHALMEH BEKTOPOB  Xi, ..., X
Ha3bIBaeTCsl BbIpaXeHHe Buaa U Xy P - @ upxy, rvae uucna
Uq, ..., U YHOOBIETBOpsIOT ycinoBuio Uy @ Pu, =1. Dro
ycJIoBHe 03Havaer, uyTo u; < 1 st Bcex uHmekcoB i = 1, ..., k, u no
KpaiiHell Mepe U1 OJHOTO [ BBIIOJIHACTCSA paBeHCTBO U; = 1.

ITycTs 3amansr Mmartpuna A € X™*™ | a take Bektop d € X™, u

TpebyeTcss HaWTH Bce BEKTOpPHl X € X", yHOBIETBOPSIOININE
HEPaBEHCTBY
(1) Ax<d.
Pemenne 3TOM 3aa4uu O6eCHeLII/IBaeTC$I CJIEAYHOIIUM

YTBEpKIEHUEM, IIOJIHOE MOKAa3aTeIbCTBO KOTOPOTO HPUBOIUTCS,
Harpumep, B pabotax [7, 18].
Jdemma 1.1 [Jna nobou peeyaapnou no cmonbyam mampuyvt A u
peayasiproeo eekmopa d pewenue nepagencmea (1) umeem 6uo

x< (d"A)".

3. 3adauu mponuueckoi onmumuzayuu

3amauil  TPOMHMYECKOW ONTHMHU3AIMH OOBIYHO COCTOAT B
MUHHMU3AIHA WK MaKCHMHU3AIMA HEKOTOPOU TENeBOM (DYHKIIHH,
3aJaHHOW Ha BEKTOpax HaJl WAEMIIOTCHTHBIM TOJymoyieM. Takue
3aJaydl BO3HMKAIOT, HANpUMep, IMPH HCCIEAOBAHUN ypaBHEHUS
Ax =p, nm1s xoroporo TpeOyercs HaWTH TOYHOE WM
npubamkenHoe peurenne [3, 10 - 12].

CHauana OpenojiokuM, 4To 3axaHbl marpuna A € X" u
Bektop P € X". Ilycte TpeOyercs HalTH peryispHbIC BEKTOPHI
x € X", KOTOpBIC PEIIAOT 33/1a9y

1) min (Ax)"p @ p~ Ax.
Pewenue 3TOM 3a1aun obecrieunBaeT Hawly4liee
NpuOIMKEHHOE  peIleHWe ypaBHeHHsT AX =p B cMbIciIe

yeOpIeBCcKoi MeTpuku. VccnenoBanue 3agaun ObIJIO MPOBEACHO,
Hanpumep, B paborax [13, 15, 16], rae npUBOAWTCS YaCTHYHOE
pelIeHue B CIeYIOIEM BHJIE.

Jlemma 2 /[ns ni06bix pecynsphvix mampuysl A u gexmopa p
smunumym 6 3a0aue (2) pasen A = (A(p~A)7) )% u
docmueaemcs npu X = A(p~A)~.
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O6001eHreM 3a1a4H (2) ¢ JOMOIHUTEIbHBIM BeKTOpoM ( € X"
SIBIIIETCS 3a/lada HaXOXKIEHHs PETYISIPHBIX BEKTOPOB X, KOTOPHIC
obecneyrBaoT

) min (Ax)"p D q Ax.

B wHacrosimieii pabore 3amaua (3) paccmarpuBaercs B
cnenyromei gpopme. Ilycrs 3amansl Matpuia A € X™*™ u BeKTOpHI
D,q € X". TpeOyercst HAlTH Bce peryispHbBIE BEKTOpH X € X", Ha
KOTOPBIX JIOCTUIAeTCS

?3) min (Ax) p D qx.

B pa6orax [14, 16] OblI0 HOJMYyYEHO YaCTUYHOE PELICHUE 3TOMH
3amaun.

Hwxe ms perenus 3anauu (4) cHauaga Takxke, Kak B paboTax
[14, 16], Oymer ompenmeaeH MHUHUMYM IeleBOi QyHKUMH u
MOJIY4€HO OJTHO M3 PEIICHHI. 3aTeM JUIs MOJHOTO PeIIeHUs 3a1auu
CTPOMTCSI CHCTEMa HEPABCHCTB, KOTOPAs OMNpPEAESeT MHOXKECTBO
Bcex pemeHMd. Ha ocHOBe MCNONb30BaHUS pa3peKEHHBIX MaTpPHUIL
HaxoJuTcsl OoJiee MIMPOKOE MHOXKECTBO PELICHHH, a 3aTeM IOJIHOEe
penreHue 3a1a4d B hopMe ceMeiicTBa IOAMHOKECTB PEIICHHUI.

4. IlpedsapumenvHolii aHaIu3

Llens aToro paszjena COCTOMT B TOM, YTOOBI HAHTH MHUHUMYM
neneBo (QyHKIMH, OXapaKTepH30BaTh MHOXKECTBO pEUICHHH W
oIMcaTh HEKOTOPBIE CBOICTBA 9TOr0 MHOXecTBa. Iyt aToro Oynem
ucnonb3oBath moaxox [14 - 16, 18], mpu KOTOpPOM BBOAUTCS
napameTp s 0003HaueHUss MUHUMYMa 1IeIeBOH (YHKIUH, a 3aTeM
3a/1a4a ONTHUMU3ALMU CBOJMTCS K PCLICHUIO NMapaMeTPH30BaHHOTO
HepaBeHcTBa. CHpaBeUIMBO CIIEAYIOIIEe YTBEPIKICHHE.

Jlemma 3 Ilycmo A -- pecynsipras no cmpoxam mampuya, ap u q -
- peaynsiprvle gekmopwl. Toeoa munumym 6 3adaue (4) pasen
@ A=(AD ™"
a 6ce pe2yisipHble peuleHust X Onpedesitomest CUCHeMOou
HepageHcmes
(5) Ax > A_lp, x < Aq.
B uacmnocmu, munumym docmuzaemces npu X = Aq.
[lyreM npsiMOil TMOJACTaHOBKM W IPOBEPKU HA COOTBETCTBHE
cucreme (6) mOKa3bIBacTCs CIIeAYOIHI (DaKT.
Cuencreue 4 Muooicecmso pewenuti 3a0auu (4) emecme ¢
JHOBBIMU PEULEHUSIMU COOEPICUTN UX BCEBOIMOIICHBLE BbINYKIbLE
JUHeliHble KOMOUHAYUU.

Jlist pacmmpeHnsi MHOKECTBA pelieHui 3amaqn (4) npuMeHuM
METO/ C HMCIOJIb30BaHMEM Pa3peKEHUs. MATPHII, TIPEIOKEHHBIN B
[17]. Cuavama mpeobpasyem wmaTpuiy 3ajaun A = (a;) B
PaspexeHHyI0 Marpuny A = (@;;), TmpupaBHMBas K HyJIO BCE
9JIEMEHTBI, KOTOPBIE CTPOrO MEHBIIE [OPOrOBOTO 3HAYCHHS IO
ClIEyIOLIEMY TPABHITY:

a = a;, eciu a; = Azpiqj_l;

0, B IIPOTHUBHOM CJIy4ae.
Janee wmatpuiy A, NOJy4eHHYIO IIpH TIOMOIIM TAKOIO
npeoOpazoBaHus, OyAeM Ha3blBaTh pPa3peKEHHOM Marpuueit

3agaun. Ee cBolicTBa oTpaxaeT cinefyroluil pe3yabrar.

Jlemma 5 3amena mampuysr A na A ne mensiem MHOINCECNE0
pewenuil 3a0ayu (4).

3aMeTHM, YTO HEHYJIEBBIE 3JIEMEHTHl MAaTpPUIBI A OTBEYAIOT
ycnosuo 4 = A_Zpiq}-_l. Torma pans 2J€MEHTOB  MaTpPULIBI
B

MaTpu4HOH (opMe MMeeM HepaBeHCTBO A~ < A*qp~, KOTOpO€e
OyIeT UCHOJIb30BAHO HIKE.

A= (@;) cnpasennmuBo  coorHowenue d; < Azqip}-_l.



5. Iloanoe pewenue 3a0auu

B sT1OM paszene Gyzner IPEACTABICHO MOJIHOE PELICHUE 3a1a491
(4) B BHIe cemeiicTBa pelICHHU, KOTOPOE 3aaeTCS MHOKECTBOM
MaTpHll, TONYYEHHbIX U3 PAa3PEKCHHOW MaTpPHUBI 3aJa4d IyTeM
JabHeNnIero OOHyIEHNUs €€ DIIEMEHTOB.

HauHeM ¢ TOro, 4T0 paclIMpuM pelieHre X = Aq, MOIy4eHHOe
B JIeMMe 3, 0 HEKOTOPOTO MHOXECTBA C IOMOLIBIO CIICAYIOLIErO
YTBEPIKICHHUSL.

Jlemma 6 [lycmob A -- pecynsapras no cmpoxam paspexlceHHas
mampuya 3a0aqu (4), 20e P u q -- pezynspHvie 6eKmMopbl, u
A = ((Aq)~p)Y2. Tozoa murumym 6 3adaue (8) pasen A u
docmuzaemcs Ha T0HOM 6eKmope X, KOmopbiil y0081emeopsiem
VCA08UIO
(6) A A p<x<Aq

Tenepp  MOXHO  copMyTHpPOBaTH
obecreyrBaeT MOJIHOE pelieHue 3anaun (4).
Jlemma 7 ITycmo A -- pe2ynsipnas no Cmpokam paspexceHHas
mampuya 3a0auu (4), 20e p u q -- pezynspnvie 6eKmMopbl, u
A = ((AqQ)~p) /2. Obosnauum uepes A muoxcecmso mampuy,
nonyyeHHvix u3 A nymem coxpauenus no 00HOMY HEHyIe6OMY
I/IeMeHMY 6 KanCOOol CmpoKe U 0OHYIeHUeM OCHAIbHBIX.

Tornma MuHuMyM B 3a7aue (4) paBeH A, a Bce peryispHble
penreHus X 00pa3yloT ceMeiCTBO pelIeHnH, KaKI0€e U3 KOTOPBIX
OIIpENeNAeTCs YCIOBUEM

(1) AT'ATp<x<Aq,

JeMMy,  KoTopast

A € A.

OTMETHM, YTO y Pa3IUYHBIX MHOXKECTB PEIICHUH U3 ceMelcTBa,

ONHMCAaHHOTO B JIeMM€ [, MOIyT OBITh MepeceKarouecs
HOIMHOXKECTBA.
Pemenne B mapaMeTpHUSCKOM  BHJE  IPENOCTABIIET

clenyomas Teopema.
Teopema 8 Ilycmo A -- pecynapnas no cmpoxkam paspexcentast
mampuya 3a0auu (4), 20e p u q -- pezynspnvie 6eKmMopbl, U
A = ((AqQ)~p) /2. Obosnauum uepes A muoxcecmso mampuy,
nonyyeHHvix u3 A nymem coxpamenus no 00HOMY HEHYIe8OMY
9NleMeHmy 8 KaicOol CmpoKe U OOHYIeHUueM 0CMAbHbIX, d yepe3 B
-- Mampuyy, cmoaoyamu Komopou A6Isomcs gekmopol by =
A_lAl_p ona ecex mampuy Ay € A.

Torma MmurnMyM B 3a1aue (4) paBeH A, a Bce peryisipHbie
PELICHUS X UMEIOT BUJL

(8) x=Bud®v, T

v < Agq, e'u=1.

B kadecTBe CIEACTBHUS IOJYYCHHOTO pe3ysbTaTa MPeICTaBUM
perienue 3anauu (2), KOTOpast ABISETCS YaCTHBIM CIIy4aeM 3a/1auu
(4).

CnenctBue 9 [Iycmo A -- pecynapnas no cmpokam paspexncenuas
mampuya 3adauu (2), 20e p -- pe2yispubiii 6ekmop u A =
((A(p~A)7)~p)'/2. O60o3nauum uepes A mnoscecmeo mampuy,
nonyyennix uz A nymem coxpamenus no 0OHOMY HeHy1e80MY
9NleMeHmY 8 KaicOOol CmpoKe U OOHYIeHUueM OCMAbHbIX, d yepe3 B
-- Mampuyy, cmoaoyamu Komopou A61somces gekmopol by =
A_lAl_p ona eécex mampuy Ay € A.

Torna MuHuMyM B 3aaue (4) paBeH A, a Bce peryisipHbie
PELICHUS X UMEIOT BUJL

x=Bu®v, v<A(p A4, eu=1
6. IIpouedypvl nocmpoenus peuwieHus

IlepeGop BceBO3MOXHBIX MaTpun A; € A IS MOCTPOCHHUS
MOJMHOKECTB CEMENCTBA PEIIEHUM 3aJaud B COOTBETCTBUU C
pe3yabTaTOM TEOpeMbl 8 MOXKET MPEICTaBIsTh OIpe/eiICHHbIC
TpyaHocTH. Hipke omuchIBaroTcs MpoLEayphbl, MO3BOJAIONINE BO

MHOTMX CIy4asX COKPaTUTb 4YHCIO IOJMHOMKECTB, KOTOpBIE
HEOOXOIMMO yJeCTb IIPH IOCTPOEHHH OOIIETo PeIeHus..
PaccmoTpum cnenyromyro npouexypy MOCTPOCHUS HIDKHUX

rpaHul] B HepaBeHCTBe (8) s ceMeicTBa pelleHHH, KOTOpas
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3aKJIIOYAaeTCsT B IIOCIEOBATENbHBIM  BBHIOOpDE 1O  OAHOMY
HEHYJIEBOMY JJIEMEHTY B CTPOKAX Pa3pesKeHHOH MaTpuiisl A.

TIpeIoToKiM, UTo B MaTpHIe A 3aHUKCHPOBAHBI IEMEHTE! B
HEKOTOPBIX CTPOKaX, B pE3yJlbTaTe 4Yero MOJy4eHa MaTpHia
A= (@i;). Tlycte BbIOpaH HeHYNEBOW OdJleMEHT B OIHOH U3
OCTaBIINXCs CTPOK, HATIPUMED JNEMEHT d,; B CTPOKE 1" M CTONOLIE J,
3Ha4YEHHE KOTOPOro (PUKCHUpYeTCs, a OCTAIbHBIC DJIEMEHTHI B 3TOM
CTPOKE 3aMEIIAITCS HYJISIMU.

Besikuii BekTop X = (X;), KOTOPBIH SIBISIETCS PEIICHUEM 3a1auH
(4), ynomnerBopsier cucreme (6), B UYacTHOCTH, €€ MEPBOMY
HepaBeHCTBY B dopme Ax = A_lp. CkalsipHOE HEPAaBEHCTBO IS
CTPOKH T, TI€ BCE DNEMEHThI KpoMme d,; pasubl 0, 3amuchIBacTes B
>

Bunge % = A_lpr, YTO OKBHBAJCHTHO HEPABCHCTBY X;
A-

B cron0ue j BO3bMEM 31EeMEHT {g;, KOTOPHIH DACTIONOKEH B
OZIHOM M3 elle HEe PacCMOTPEHHBIX CTpOK S. Ilpu BbIMONIHEHUU
ycnosus Ay py 1> a,pr 1 KOTOpoe OKBHBAICHTHO YCIIOBHIO
Agj =y py'ps, umeeM g = 3y pr_lpSA_ldr_]-lpr > A 1p,.
Tora HEpaBEHCTBO Ag1X1 D -+ B ag, x, = A"lp, B cucreme (6)
BBIMIOJIHSIETCS BHE 3aBUCHMOCTH OT 3HA4YCHU X; Uil Beex | # j. B
9TOM Ciydae AaibHEHIIee HCCIIeOBAaHWE HEHYJIEBBIX DJIEMEHTOB
Qs B CTPOKE S HE MOXET JaTh HOBBIX PEIICHHWH. DTH 3JEMCHTHI
MOXXHO 3aMEHHTh HYJSIMH, HE Hapymas HEpaBeHCTBO, YTO
YMEHBIIAET YUCIIO ANETEPHATUB, KOTOPHIE TPEOYETCSl PACCMOTPETb.

3aMeTHM, YTO U NPOBEPKH YCHOBHA dgps ' = Pyt
YI06HO MpPeBAPUTENBHO YMHOKHTh KaKIyI0 CTPOKY i MaTpHIsl A
HAa DIEMEHT P; ', a 3aTeM MCCIEeNOBATH JIEMEHTHI INONyYeHHOM
MATPHIIBI, KOTOPYIO 0603HaUNM uepe3 A = (di'j).

Ecnu B KaKo#i-To CTpOKe MaTpHIEl A Mpeo6iasaioT dIeMEHTE,
SIBIIIOIINECS MUHUMATbHBIMYA HEHYJIEBBIMU 3JI€EMEHTaMH B CBOUX
cTon0Iax, TO, BEPOATHO, CTOMT Ha4aTh Mepedop ¢ MmomoOHOM
CTPOKH. DTO MO3BOJUT MOOYEPEAHO (PUKCHPOBATH TAKUE JIEMEHTHI
U HE paccMaTpuBaTh CTPOKH, COJEpIKalliieé OCTAIbHBIE HEHYJIeBhIe
3JIEMEHTH! COOTBETCTBYIOIIIX CTOJIOLOB, a IIPH OTCYTCTBUH B TAKOM
CTOJIOIE HYJIEBBIX 2JIEMEHTOB Cpa3y IOJIy4aTh OAHY U3 FPaHHUIL.

Otcroa BUIHO, YTO BBIOOP CTPOKH B MAaTpPHUIIE MOXET CHITPATh
CYIIECTBEHHYIO ponb ULt YMEHBIIECHUS KOJIMYECTBA
paccMaTpuBaeMbIX OJIMHOXECTB CEMENCTBA PELLICHHUH.

HexoTopsle HIKHHE TPAHUIBI MOJAMHOXKECTB, MOIydYEHHBIE C
MOMOUIbIO IPOLEAYPHI TOCTPOECHHUS MOJIHOTO CEMENCTBA PELICHUH,
MOTYT OBITh HECYIIECTBEHHBIMH B TOM CMBICIIE, YTO UX yHaJeHHE
HEe TOBJIMSET Ha IIOJ[ydeHHOE MHOXECTBO pemeHui. HerpynHo
BUJIETh, HAIPUMEP, YTO €CJIH IS KAKUX-TO ABYX rpanuil b; u b;
BBITIONHSETCS. HEpaBeHCTBO b; < b;, To rpanumna b; moxeT OBITH
yJaJieHa U3 CIUcKa 0e3 MOTepH PeIeHUH.

Chopmynupyem KpUTEpUit
HECYIIECTBEHHBIX TPAHHII.
Mpennoxenne 10 [lycmo B -- mampuya, cmoabysi komopoii
onpeoenaom HUdICHUE Spanuybl OJid HEKOMOpPo20 HAbopa
noomuodcecms cemeticmaa peuwtenuti (8), a by = A_lAlp, 20e
A € A, -- ewye 00na epanuya. Tozoa epanuya by sensemcs
Hecyujecmeentol, eciiu 8bINOHAEMCs HepageHCmBEo

9 e'(byB)~=1.

i 0oTOpachIBaHUsA

7. 3axniouenue

B pabore ObUIO TOMYYEHO IIOJHOE pELICHHE 3aJadd
MHMHHMMHU3aIUK QyHKINM, 33/laHHOM Ha BEKTOPAX C JIEMEHTAMM M3
TPOINYECKOTO (MAEMIIOTEHTHOTO) IMOJNymois. Pemenme 5Toi
3a7a4n, B YaCTHOCTH, OOECIeuMBaeT HaTydllee MpHONIKEHHOE
peieHne ypaBHeHHs AX = P B cMbIcie 4eObleBCKol MeTpuku. Ee
HCClIeJOBaHUE YxKe NPOBOAMIOCH B paboTtax [13 - 16], rae, ognaxo,
OBUIO HAIIEHO TOJIBKO YaCTHIHOE PEIICHHE.

Jlns  BBIBOJA TIOJNHOTO pelIeHWsT BHAaJale MpeCTaBICHO
YaCTHYHOE pEIICHHEe, KOTOpPOE BIIOCICACTBHM  PACIIMPACTCS
Onmarofapss MCIHOJIb30BAHHUIO TEXHUKM PA3pEKEHHs  MAaTpHI,
paspaboranHoii B uccnenoBanud [17]. OGuiee pelieHue 3a1aud
MPENCTABIAETCS B BMJE CEMEHWCTBAa IOJAMHOXKECTB PpELICHHUH,



KOTOPOE TAaKXXe MOXKET OBITh 3allMCAaHO B KOMIIAKTHON BEKTOPHOMH
(dbopme B mapaMeTpUuECKOM BHIIE.

HekoTopsle cemelicTBa perieHuil MOTyT COAepKaTbCs B APYTUX
ceMeiicTBax M MO3TOMY IPH 3alMCH OOIIEro pemeHuss MOTyT OBITh
otOpomensl. beur paspaboran kputepuii 0TOpackBaHUS OXO0OHBIX
HECYIIECTBEHHBIX CEMEWCTB, a TakkKe ONUCAaHBl MPOLETYPEHL,
KOTOpBIE TO3BOJSIOT COKPAaTHTh UYHCIO MOAMHOXKECTB, KOTOpEIE
HEOOXOAUMO Y4eCTb MPU MOCTPOESHUH OOIIET0 PEIeHHs.
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ROTATING OF A BALL IN CHAMBER FILLED WITH A FLUID
BPAIL[EHUE ILIAPA B KAMEPE, 3ATIOJIHEHHOM XXHUKOCTBIO
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Abstract: Influece of form errors of a chamber filled with a liquid on the movement and stability of a ball, rotating in the chamber ([1-3]), is
studied. Two cases of the influence of a chamber form errors on the forces, acting on the ball, are defined. The first case describes the situation
when limitations on the rotor shift are not imposed and disturbances of the chamber form are set by spherical harmonics not above the first
order. Then the chamber of a disturbed form, form the point of view of the reaction forces of the liquid and their moments, does not differ from
a similar spherical chamber. In the second case disturbance of a chamber form are arbitrary and the rotor shift is supposed small. Then the
force, acting on the rotor, depends on its displacement only, and the momentum does not depend on shift. A chamber of any form is equivalent
to an ellipsoid. A rising here diflective moment tends to direct the angular speed vector along the small semiaxis of the ellipsoid, i.e., a stable

position of the rotor appears.

KEYWORDS: INFLUENCE OF FORM, STABILITY, FLUID, ROTATION.

1. Let us consider a Cartesian system of coordinates, the origin of
which is located in the center of a rotating ball - a rotor. Otherwise,
the system is arbitrary. Direction of angular speed vector {1 is
defined with the angle a (between the axis 0Z and O and B
(between the axis 0X and the projection of Q on the plane x, y).

Also we will concider spherical coordinates (r, 8, ¢), related to
Cartesian formulas:

x =rsin 6 cos ¢, y =rsin 8sin ¢, z=rcos 6.

Let us introduce characteristic thickness of the gap § = (R, —
R{)/Ry, where R, —is the chamber radius. Then we will move on to
dimensionless variables, choosing the rotor R; radius as a unit of
distance and 1/Q is a unit of time. The equation for the rotor surface
is r =1 and the equation for the chamber inner surface is r =
r(6, ¢). The problem of viscous incompressible fluid flow in the
gap between the rotor and the chamber within the Stokes
approximation outside the field of mass forces is the following [4]:

@ AZ =0, @ = rot?,
divv =
Boundary conditions are:
V],=1 = —sin asin (¢ — B)ég — [sin a cos 6 cos (¢ — B)

— cos asin 6]é,,

ﬁ|r=r(6,<p) =0.
Now let us use the assumption of small thickness of the gap between
the layer. To do that, we will introduce a new radial variable &, that
is, when the inner surface of the chamber is a sphere of radius R,, we
suppose that

£=(r-1)/s.
Equation for the rotor surface now is ¢ = 0, and equation for the
inner surface of the chamber is:

§=h(, ), h(6, p)= (6, p)—1/6.

As for the equations of motion (1) and the boundary conditions we
will retain principal terms of their asymptotics only at § — 0. Then
equations (1) can be rewritten with a precision of terms of order 6.

@ % w, _ R _ 0%w, _0
0é&2 " 0&2 " 0é&2 ’
10v, + 1 d 0 + av,
(3) 8§ 08 sin 006 (sin 6v) sin 0 d¢
= 0’
L 02 0z2
A= 52 [0°/0¢% + 0(8)D),
where

“r = 5in 6 [69 (sin 6v,) g I
10v, 1 vy
5 =___2 -9
©) Wo="59s YT 508
Now the boundary conditions are as follows:
(6) Vrle=0 = 0, Vgle=o = —sin asin (¢ — pB),
Vple=o = —sin acos 6 cos (¢ — f) + cos asin 0,

Vrle=h = Vgle=h = Vyle=n = 0.
The solution of equations (2) looks like
wg = A6, p)$ +B(6, ¢),

w, =C(0, p)¢+ D6, ¢).
Differentiating equation (4) twice in respect to ¢ and using the first
equation (2) and the resultant solutions for wy and w,, we will
obtain the following equation

U]
Now it is possible to express the components of the field of velocities

vg and v, in terms of the introduced coefficients A4, B, C, D, using
equations (5) and the boundary equations

g Asi 9+6C_0
09( sin 0) 3o~ 0

(8) vg = —sin asin (¢ — B) + §(CE?/2 + DY),
©) v, = —sin acos Ocos (¢ — ) +
cos asin 8 — 6(A&?/2 + Bé).
Coefficients B and D can be obtained with the found above
components of velocity and conditions on the chamber surface

1 Ch
10 =—sij i —B) ==
(10) D 6hsm asin (¢ —f) >

Ah
[sin acos 8 cos (¢ — ) —cos asin 6] -5

B=-

Sh

So, angular velocity components of the fluid can be expressed in
terms of coefficients 4 and C

(11) vy = (%— 1D)[sin asin (¢ — B) +gChf],

v, = (%— 1)[sin a cos O cos (¢ — B)
(12) s
— cos asin 6 —EAhf]

and basing on the equation of continuity and condition v,|;—o = 0

8 & sina dh 0si +6h 0
vr_sinG[Z( % (agsm sin (¢ — ) a(pcos cos (¢
cos a dh o+
5)) e a(psm
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(13)

+3 (5= (sin 6.AC) — %(h/l))) - —%‘5(% (sin 6C) — %)].

Using condition v.|s—, = 0, we obtain one more equation for
coefficients A and C

a . 0 n3C d B34 = 6sin a 0h o +
ae(sm ) 6(p( ) = 5 [6051n sin (¢ — B)
(14) + dh p + 6cos a dh . P
0 cos B cos (¢ — )] 5 0 sin

We can define coefficients A and C, solving equation (14) together
with equation (7), then it is possible to find the whole field of
velocities.

Let us consider, first, a special case when function h does not
depend on ¢, that is the chamber has axial symmetry as related to
axis oz. It is possible when the chamber is spherical and axis oz is
directed along the line of the rotor and the chamber centres. In this
case it is sufficient to differentiate the latter equation with respect to

¢ and substitute expression Z—; from (7) into it. Then we will get the

equation for function A'
2

i 6 h3 o4y + w24
70 [sin (sm )] 392

6sin adh
——dgsm Bcos (o —pB),

the solution of which should be in the following form:
6sin a
(15) A6, ) = f(6)cos (¢ = ).
As a result we obtain an ordlnary differential equation forf (6):

(16) [sin 6 h3(sin 6 f)'] —h3f = h'sin

(here prime means a derivative with respect to ). It is required to
find solution for this equation which is continuous at 0 < 6 < 7.
Actually, possibility to find such a solution depends on function
h = h(6), that is, on the chamber form. For a spherical chamber
h =1+ Acos 8, where A is relative displacement of centers (the
distance between the centers is |1|8) and the solution for equation
(16) is as follows (compare [9]):

(7 f(6) = (% + %), h=1+ Acos 6.

A +4
In the general case when h depends on ¢ it is possible to
"integrate” equation (7) first, representing it as condition of equality

of mixed second derivatives of a new function E = E(60, ¢):
7)) O0E
(18)

inga=2t __oc
sin 6 30’ C= 20"
The following expression can be chosen as E
0
B6 )=~ [ c@ 0as,
0
for which the conditions written above can be verified directly if A
and C are connected with equation (7). Let us substitute this

function E (6, (p) into equation (14):
0E 6

F 6<p

h® OE

3 _ =
(sm o5 sin 8 0¢

7 )=

651"“[%sm951n((p B) +
19 o °

£COS 0 cos ((P ﬁ)] 6cos a Oh

sin 6.

2. Let us consider the case when the chamber shape differs little from
spherical. Let us set spherical form of the chamber in the form of
hg =1+ Acos @ (axis oz along the line of centers). Then we will
set the form, which differs little from spherical, by function
and we will look for a solution of equation (19) in the form of

E(0, ) = Eo(6, @) + uE1 (6, @) + 0(u?).
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Substituting h and E into equation (19) and equating the
coefficients at the same degreesu. We obtain equations for definition
E, and E;, where E,, which satisfies the condition of norming, is
already known from (15), (17) and (18):

6sina A
Eo (0, ») =Tm(h—0

1

+P) sin @sin (¢ — B).
0

Now the right part of the equation E1

(20)

. h3 0,
(sm 0 69) 6<p sin 6 6<p
6 h3h, OE
_ 2 01 0L,
(sm Oh h1 ) 6<p sin 8 d¢
1)
+6$m “[ahlsm Osin (@ —p) +%cos Bcos(p—P)]—
6cos a dhy
5 g sin 6

is completely known and because it is lineary dependent on function
hi, which can be expanded into series with respect to spherical
function, it is sufficient to consider spherical functions themselves as
hy ([5])

ho = B"(cos 8)cos m¢, hy = B*(cos 6)sin m g,
(22)

0<m<n n=0,1,2,..

Here B are adjoint Legendre functions of first kind. Let us
substitute function h; and its derivatives into the right part of (21)
and expand this part of the equation into Fourier series with respect to
variable ¢. If

Ei (6, ) = % (® )+Z a, (0)cos meo +

+b,, (9) sm mo],

then equation (21) decomposes into a finite system of ordinary
differential equation. The system is finite because for functions (20),
(22) in the right part of (21) a finite number of nonzero Fourier
components is retained. From the condition of norming (E (0, ¢) =
0) a,,(0) = 0. Let us look for continuous 0 < 8 < m solution for
equations in the form of Fourier series with respect to the orthogonal
system of adjoint Legendre functions of appropriate weight with a
fixed superscript. Let us clarify what we get at small values of n, that
is in the first harmonics with respect to angle ¢. If m = 0, then h;
= const and the equation for the chamber surface takes the following
form:

h=1+4Acos 0 + uh; = (1 + uh)[1 +

A 0
T+ ah, cos 0],

If n =1, then for m two values are possible: m =0, 1. At m =0
we get

hi=cos 0, h=1+Acos 86 +pucos 0 =1+ (A+pu)cos 6
and function h is reduced to hy at 1 - A+ pu. Let us take an
arbitrary spherical function of order n = 1 as hy:
h =1+ Acos 6+ py sin 6 cos ¢ + y, sin 6sin ¢ + uz cos 6 =

=1+ (A4 uz)cos 8 + u; sin B cos ¢ + pu, sin 8 sin .
Performing a turn, converting axis oz into axis oz with the
directing vector

1
é= ={u, p2, A+ 3},
VO +u3)? +pf + 43 ,
we will convert function h into function 2" = 1 4+ A cos 6', where

A =\/(/1+u3)2+#%+u§. cos §' =~ =

1

BN
+ u3) cos 6].
So, for disturbance of the shape of chamber inner surface, which is
set by spherical function h; of zero or first order, we have exact

[p1 sin O cos @ + py sin Osin ¢ + (4




solution for equation (19), deriving from (20) with simple
substitution of parametres. Geometrically zero order h; means
small extension or compression of the chamber, and the first order
means a small shift with a small turn, so that the spherical shape of
the chamber does not change, though the chamber undergoes some
deformation and shift. Therefore for any disturbance of the chamber
surface with spherical function h; of the order not more than one
there exits an effetive spherical chamber with close meanings of
relative gap & and relative shift A8, giving the same values of the
main forces of the fluid response to the rotor and the main vector of
moment of these forces and hence leading to the same equations of
the rotor motion and the same perturbating moment. Specifically,
central position of the rotor equilibrium at small disturbances of the
chamber shape of kind eh; remains unstable, as in the problem for
the spherical chamber.

3. Let us consider a chamber of arbitrary shape which differs little
from spherical. Taking into consideration that the equation for the
arbitrary chamber inner surface r =r(0, ¢) > 1 (absense of
contact of rotating ball and the chamber is supposed). As a measure
of the relative gap & value, we choose average thickness of the layer
with respect to the sphere

1 2
6=Ef0 d(pfo [7(6, ¢) —1]sin 6 d6.

Radial variable ¢ is determined as before & = (r — 1)/8. Then the
chamber inner surface is set with equation & = (r(6, ¢) —1)/6 =
h(0, ¢). Let us suppose that function r(6, ¢), together with

h(6, @) are twice continuously differentiated and decompose ¢
into uniformely convergent series with respect to spherical functions:
[e] n

h(8, @) = Z Z P™ (cos 8)(a)t cos m @
n=0m=0
+ b sin m @),
where B (cos 6) are adjoint Legender functions [5,6]
-1 m dm+n x4 — 1 n

Br(x) = (2”1)1' 1-x»z %,
It is obvious from orthogonality correlation of Legendre functions
and trigonometric functions the average value of function h(6, ¢)
with respect to sphere

_ 1 2m b4
h=—f d(pf h (8, @)P{(cos B)sin 8 d6 =
4m ), 0

(23)

0<m<n.

1

4—71
but it is obvious from definition & and & that A = 1, that is a8 =1

and
(24)

o n
h(d, ) =1+ Z Z P (cos 0)(ay' cos meg + b sin m ).

n=1m=0
Now, this function should be substituted into equation (19). Let us
solve it, supposing that the chamber differs little from a sphere,
concentric regarding the rotor. As for geometry it means not only that
the chamber shape is close to spherical, but that the rotor center is
close to the chamber center, that is coefficients aj and b are
small. As a measure of the chamber deviation from the sphere, which
is concentric regarding the rotor, we will choose function h — 1,
equal to zero if and only if the chamber is spheric and its centre
coincides with the rotor centre. We will consider as the value of this
function its norm in Hilbert space L, of functions, which are
square-integrable on the sphere

21 T
lh—1l= f d(pf [h(6, @) — 112 sin 6 d6.
0 0

Because

2 ™
d qof ad [P (cos 6)]%sin 6d6 = af,
0

_@n+D)(n-—m) m
P =R e[ 1o, 0
— 1]P* (cos 8) cos m ¢ sin 6 d6,
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evaluating the latter integral with the help of Cauchy-Bunyakovskii
inequality, we will obtain
2n+1)(n—m)!
(n+m)!
that is, every coefficient ay' is a small value, not less than the first
order regarding h — 1. At al* = 1
1 0 OET! 1
sin 606 a0

lap'| < ITh=11,

CET

2 2
sin 6 o

3sin a
=— [(m+n)(n—m+ 1)P" !(cos §)sin ((m — 1)
+p5)+

(25)
+P™*1(cos 0) sin ((m + )¢ — B)]
6cos a

)

mB" (cos 6) sin m ¢.

Solution of equation (25), which is continuous on the sphere, is the
following:

Em 3sin a 1)pm-1 0)si
m = —m[(n+m)(n—m+ )BT~ (cos ) sin ((m
—De+p)+
+PM™*1(cos B)sin ((m+ 1o — ] _
(26) _ boeosa m .
FTCEE)) mB" (cos 0) sin m ¢.

Solution for the equation similar to (25), but at b;* = 1, is obtained
from (26) with the turn for /2.

In terms of main force F vector definition, acting on the rotor, the
chamber of arbitrary shape, which differs little from the sphere with
the centre in the centre of the rotor in the first assumption regarding
h — 1 does not differ from a spherical chamber with the same value
of the gap &, the centre of which is displaced regarding the rotor
centre for the appropriate value in the appropriate direction. In
particular, it is impossible to make the position of the rotor
equilibrium stable, using selection of the chamber shape, if this
position was unstable for the spherical chamber.

4. Let us place the beginning of Cartesian system of coordinates in
the centre of spherical rotor. Let the chamber have the shape of an
ellipsoid close to a sphere with semiaxis 1 + &;, 1 + &8, 1+ &3. Let
us direct the axis of coordinates along the main axis of the chamber.
We will define coordinates of the chamber centre as (xq, yo, 2o)-
Then the equation for the chamber inner surface is the following:
@7) (x—x0)*  (y—y0)?  (z—2)* _
(1+6)% (1468)% (148)?
Let us consider &, &,, 83, xg, Yo, Zo t0 be so small that their
squares and pair products can be neglected in comparison with
themselves. Then equation (27) can be transformed into this equation
x2 +y? + 2% —2(6:x% + 62y2 + 6322) —2(xxy + yyo + z2)
=1+ 0(6+...+23).

In spherical coordinates thls equation has the followmg form:
2 2
r2(1 — 28; sinf cos @ —26,sin0 sm @ — 263 cos 0) —

28) —2r(xo sin 6 cos ¢ + yy sin Osin ¢ +
zpcos 8) =1+ 0(82+...+23).
Then we will define its approximate solution, linear with respect to
81, 82, 63, %0, Yo, Zo:
r=1+ 617'1 + 627'2 + 63T3 + X0S1 + YoS2 + ZpS3
+0(6%+...+28).
Substituting r into equation (28) and equating coefficients at
61,---, 29, to zero, we will find 1, ..., s3. So, with the accuracy up to
small values of the second order:

2 2 2 2 2
(0, ) =1+ 3;sinf cosp + 5, sinfsinp + §3cos O +

+x¢ sin 6 cos ¢ + y, sin 8 sin ¢ + z, cos 6.



Let us introduce average thickness of the gap & according the
formula: § = (6, + 6, + 83)/3, therefore:

r—1 161'1‘62 .2 2 .
h = 5 =§[T sin 6 + 43 cos 8+ x(sin 8 cos ¢ +

5 — 2
L2 §in 6 cos 2 ¢].

+yo sin @sin ¢ + zy cos 6 +

Decomposition of function h with respect to spherical harmonics is
the following:

1
h=1+ 5 [2zoP) (cos 8) — xoP{(cos 6) cos @

— yoPL(cos ) sin ¢ +

(29)

+(85 — 8)PY(cos 8) + 61g62 PZ(cos 6) cos 2 @],
where PP(cos ) = cos 8, P{(cos 8) = —sin 8, P)(cos 8) =
(3cos? 8 —1)/2, P#(cos 6) = 3sin? @; that is the chamber centre
shift regarding the rotor centre, assigned with parametres x,, yo, Zo,
contributes to h in the form of harmonics with n = 1 only, though
does not influence the momentum. Let us define the deviating
moment MP?, that is the component of M, orthogonal to angle vector

velocity O

1
MP = M—m(M, Q)Q,
) 8y OR} 2 2
MP = _W[(dl —8y)sinasinf + (6;
— 83) cos a] sin a cos B,
p 81'[;1/!2R13 2
M = BT [(6; — b3) cosa + (6,
—dy)sina cos B]sin asin B,
) 8mu NR? z2 2
MP = ~—5s7 [(63 — 81) sina cos B + (83

2
— &) sinasin 8] cos a.

It is obvious that in the ellipsoidal chamber deviation moments occur
in the first approximation with regard to small parameters

6—6 6,—-6 63-6

) 6 ) 6 )

but for spherical chamber (§; = §, = §3 = §) theyare absent in the
first approximation with regard to A (h =1+ Acos 8) and occur
in the second approximation with regard to 4 only. It is known from
the exact solution [4]. Moreover, in the case of sphere, deviating
moment depends on the rotor shift. If the rotor follows the circular
path, the averaged with regard to period deviating moment is equal to
zero. In the case of ellipsoidal chamber deviating moment in the first
approximation does not depend on the rotor position.
Let us clarify the evolution of the vector angular velocity Q in the
simplest case of isotropic spherical rotor (density from the centre
only). In this case inertia tensor is spherical and is set with a scalar I,
equal to inertia moment regarding any axis , crossing the centre.

Vector O evolution is defined with the equation of moments

I‘Z—f = M. Let us substitute components of the moment into it and
obtain the system of equations

81w'Rf 6—6
30 =
(30) x 25 55 )%
81w'Rf )
y = "3 At 5 )%
. 81w'Rf 63—96
o QZ_T 257 A+ 55 )%
Its solution is the following:
8mu R} 85 -6
31 =00 —
(31) Q= Qfexp [~ —r=— (1 +—=t],
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8mu R} 5, -6
= 0 _
by =y exp =55 A+ =55t
8mu R} 63—6
Q,=00exp[— 3151(” =5t

We can always suppose (probably, renaiming the axes) that

(32) 0<6; <6; < 9.
Then &3 = 38 — §; — 8, < 36, whence it follows that:
0<% % g
§ -8 6 ’

or
61—6<62—6<63—6
1) 1) 1)
that is addition to wvector damping decrement Q from (31),
dependent on non-spherical type of the chamber is not more than
20% in the direction of decrease and 40% in the direction of increase
in comparison with a spherical chamber with the same relative
thickness of the gap.

To study evolution of the vector direction Q we will rewrite the
system of equations (30) in spherical coordinates. Therefore it is
sufficient to find solution for this equation, satisfying initial
condition £(0) = By, 0 < By < %

Such a solution is set by the formula

-1<

<2,

(33) B(t) = arctg(tgfy exp (— (A2 — A)D)],
_ 1+tg*Bo .
a(t) = arcctg[ctgao\/exp (2, —A)D) + t9°Fe exp (— (43

—A)1)],
a(t) - 7 for ¢ > co.

So, if at initial time the end of vector Q is in semisphere —% <y <

% with the centre at the ellipsoidal chamber, then as time passes it is

attracted to the end of this semiaxis, except the case of elongated
ellipsoid of rotation when it is attracted to the equator along its
meridian. In the opposite semisphere the same situation takes place:
the end of vector O evolves to the end of the small semiaxis (or, in
case of elongated ellipsoid of rotation - to the equator. In this case
every point of which is the end of the small semiaxis).

As a result we can conclude that in case of the ellipsoidal chamber
direction of the small semiaxis is stable for vector &, which, under
influence of deviating moment, is attracted to this direction from any
initial position.
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Abstract: The present work is devoted to computer modeling of the emission processes from the surface of graphene. The pivotal obstacle for
emission is a model of the unperturbed emission surface. The hydrogen-like atom model is one of the useful approaches describing the states
of the emission surface. In [1] this model was used considering ion screening in the Brandt model [2]. To calculate the ground state of the
electron, we used the variational solution of the Schrodinger equation, based on the minimization of the potential energy of an electron in the
field of a homogeneous ion. However, the field of the screened singly ionized carbon atom in the Brandt model is not homogeneous.
Therefore, it was shown in [3] that it is possible to obtain a binding energy error of up to 40% when using only the external screening
parameter without taking into account the inhomogeneity. In this paper, we consider the effect of the ion screening parameter in the Brandt
model A and the algorithm for determining it by minimizing the total energy of the electron interaction in s state in two parameters: the
effective ion charge and the ion screening parameter. The obtained solution of the Schrodinger equation is used to calculate the ground state
of a hydrogen-like carbon atom in a graphene lattice at zero temperature and is compared with the results of [2, 4].

KEYWORDS: GRAPHENE, PSEUDOPOTENTIAL OF A HYDROGEN-LIKE ATOM, COMPUTER SIMULATION FOR GRAPHENE
LATTICE

1. Introduction 1 Z-1 r P
The present work is devoted to computer modeling of the emission U, (r) = F+T Xp ) 5Ui (r)=ku, (r) ©))

processes from the surface of graphene - a perspective material for
micro- and nanoelectronic devices. The pivotal obstacle for ~ According to the virial theorem, the average total energy of the
emission is a model of the unperturbed emission surface, finite motion of an electron in the Coulomb field is related to the
determining the theoretical spectrum and the emission threshold  average kinetic and mean potential energy by the equation

current. One of the approaches to describe the states of the emission E=-T, U=2E. 4
surface is the hydrogen-like atom model, which is used for light
elements of the periodical table. In [1], a lattice of hydrogen-like
atoms with a screened ion in the Brandt model was used to calculate
the ground state of atoms of the graphene surface [2]. To calculate
the ground state of an electron, the Schrodinger equation was solved E ( r) = LQU (l‘) +U. (r) (5)
by minimization of the potential energy of the electron in the ion 20r '

field, which assumes homogeneity of the ion field. However, the Fig. 1 shows the distribution of the total energy of an electron with
field of the shielded singly ionized carbon atom in the Brant model and without an accounting of the inhomogeneity of this field. As
is not homogeneous. Therefore, it was shown in [3] that using only  can be seen from the figure, the inhomogeneity of the field appears
the external screening parameter without taking into account the mostly near the nucleus. Therefore, taking into account the
inhomogeneity, it is possible to obtain a binding energy error of up  distribution of the probability density in s and p states, the influence
to 40%, which is unacceptable even for qualitative theory. In this  of the field inhomogeneity on the binding energy of the electron
paper, we consider the influence of the ion screening parameter in  with the ion will be larger for the electron in the s state than in the p
the Brant model L and the algorithm for determining it by state.

Using the expression for the mean kinetic energy in a nonuniform
field [5], we obtain the distribution of the total energy of the bound
electron in an inhomogeneous field ion:

minimizing the total energy of the electron interaction in s state in i
terms of two parameters: the effective ion charge and the ion ; ; ; ; ; ,
screening parameter. The obtained solution of the Schrodinger ] T |
equation is used to calculate the ground state of a hydrogen-like 1 =

carbon atom in a graphene lattice at zero temperature. The obtained - f“‘ffr"

solution is compared with the results of [2, 4]. o - TJEjJ el

2. Prerequisites and means for solving the
problem
In [1], for the variational solution of the Schrodinger equation for an
electron in a hydrogen-like atom, the method of determining the
wave function in a given field was used [6]. This technique is based
on minimizing the discrepancy of the difference between the total
energy of an electron in a known ion field and the effective field I Ry
U (r)=2+A )
r

for which a self-similar solution of the Schrodinger equation is ~ Fi9- 1. Comparison of the distribution of the total energy along the
known, depending on the parameters of this field. For the ground  radius for a finite motion of an electron
state of a hydrogen-like carbon atom, this leads to a minimization of

the functional in the field of the singly charged carbon ion in the Brandt model
» 2 without and taking into account the inhomogeneity of the field.

Js(q,/l):Jz//js(x)[Ui(r,i)—ﬂ}xzdx+q_2+ A, Therefore, in an arbitrary field ion at solving the problem of

0 r 2n @) variations on the characterization of the effective uniform field

)2 2 should be based on minimizing the total energy of the finite electron
va(r)= (l——] exp(—x), x==r. motion in a particular quantum state. The effective charge of the ion
2 n - g, and the external screening parameter - A, are determined by the
In this case, it is implicitly assumed that the field is uniform over r.  following system of nonlinear equations:
However, the field of the screened ion in the Brandt-Kitagawa
model is not uniform:
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qZ
A:—.[://2 (x) U.(r,/l)—q—m xzdx—qn212
o 2s i r 2n2

The hypothesis adopted by us was realized with the help of a
numerical solution of the problem (6).

9=0p

0 T2 91,2
aqﬂ%s(x{ui(r,z) o ]

3. Solution of the examined problem
Figures 2a and 2b show numerical solutions of this problem for an
electron in the s state with and without consideration for the
inhomogeneity of the ion field for different values of the internal
screening parameter A of the ion in the Brandt model.

U Ry

028 —0.2677
—0.2765
— 02808
- — 03031
— 03254
\\ /% — 0.3398
027 — D.2486

| N—"/

-0,0275 \_“"’J"/
028 |
2 2.4 0.8 . 0.7
q'e

Fig. 2a Numerical solution of the variational task for an electron in
the s state taking into account the inhomogeneity of the ion field.

ik

U Ry

0,000

-0,025

—_—0.2677
—0.2765
—_— (0.2908
— (0.3081
— 0.3254
— (.3398
— 0.3486

-0,050

-0,075 . . . . . . . —

g'e
Fig. 2b Numerical solution of the variational task for an electron in
the s state without taking into account the inhomogeneity of the ion
field. Different lines explain different values of screening parameter
A

Comparison of these solutions shows that the lowest value of the
effective charge of the ion g and the external screening potential of
the atom A will be when the heterogeneity of the ion field is
considered.
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4. Results and discussion
For comparison, Fig. 3 shows the solution of this task using the
previously used method of the variational solution of the

Schrodinger equation [1, 6].
1))

N /

—0.2677
—0.2765
— 0.2908
— 0.3081
— 0.3254
— 0.3398
— 0.3486

1
I3

/

Fig. 3 The variational solution of the Schréodinger equation by the
method [6].

[®)

Comparison of this solution with previous ones shows that the
effective charge of the ion and the screening parameter of the atom
are much higher and the binding energy exceeds the ionization
potential of carbon. It can be assumed that these discrepancies go
from the fact that the method of the variational solution of the
Schrdodinger equation [6] is more suitable for atoms with a large
number of valence electrons.
An analysis of the dependence of the solution of the variational task
on the parameter of the internal screening A of an ion in the Brandt
model is shown in Fig. 4.
It is interesting to note that the optimal value of A is close to its
value for a neutral atom in the Brandt model.
Figure 5 compares the obtained distribution of the field of a
hydrogen-like atom along the radius with analogous distributions in
[2,4].
0,4470 -
gle

0,4465

\\.__//

0,4455

0,4450 ; ; ; ; ; .
0,26 028 0,30 0,32 0,34 0,36

A
Fig. 4 Dependence of the effective charge of an ion on the
parameter of the internal screening of the ion A in the Brandt
model.
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Fig. 5 Comparison of the distribution of the field along the radius
of a hydrogen-like atom with similar distributions in [2,4].

It can be seen that the distribution of the field of the hydrogen-like
atom is allocated between the distributions near the nucleus in other
models and it decreases much more slowly in the distance.

When considering these results, it should be noted that the model
Brandt atom is surrounded by an electron gas, but only the effect of
neighboring atoms is taken into account in the model Abrahamson.
Because in the future we will be interested in the ground state of a
hydrogen atom in the lattice of graphene, then the profiles of the
potential distribution between two lattice sites in these models were
calculated.

7

U[Ry]

Ui+Ui
—— Ui+Uab
Ui+Uaa

-20

-25

-0,6 -0,4 -0,2 0,0

x/s

Fig. 6 Potential well for a weakly bound electron accounting the
field of an ion or atom at an adjacent graphene lattice site.

0,2 0,4 0,6

Figure 6 shows that in the Abrahamson model the potential well is
unnaturally deep while in the Brandt model it is close to the atom
and the surrounding ion.
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5. Conclusion

The problems of modeling the emission processes from the
graphene surface are considered. To describe the states of the
emission surface at zero temperature, we used a hydrogen-like atom
model, taking into account the screening of the ion in the Brandt
model. To calculate the ground state of an unbound electron located
in a graphene lattice site, we used the variational solution of the
Schrodinger equation. It corresponds to a minimum of the total
interaction energy of an unbound electron in the s state with the
corresponding lattice ion. In numerical experiments, minimization
was carried out in two parameters: the effective ion charge and the
ion screening parameter. However, we restricted ourselves to the
first iteration of the minimization of the energy functional, since it
is assumed hereinafter account of the influence of the field in the
immediate environment of the atoms of the electron energy with the
ion in the lattice site. Our calculations showed that in the considered
model it is important to take into account the inhomogeneity of the
field produced by the screened lattice ion.

The work was supported by Russian Fund for Basic Research
(Project No. 17-01-00973-a
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Abstract: The basic principles of functioning of subsystems of the information-technological complex, which is intended for the forecast of
structure and properties of the cast metal, are presented. The basis of subsystems are mathematical and simulation models of crystallization.
The subsystem of thermal analysis is based on mathematical models, which were developed within the framework of the dynamic theory of
metallic castings The subsystem of modeling of crystallization is based on a combination of mathematical models of heat conduction and
diffusion with cellular automata. The model makes it possible to investigate in computational experiment the effect of various cooling
conditions on the process of formation of the structure during crystallization. The results of computer experiment are shown.
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1. Introduction

One of the factors to solve the problem of improving the quality of
castings and increasing the efficiency of foundry production is the
availability of methods for the on-line monitoring of the melting
process and evaluation of the melt’s state immediately before
casting. Although the process of forming the quality of metal
products is complex and multistage, crystallization plays a special
role in it since it is at this stage the "primary" structure of solid
metal is formed, which significantly influences the formation of the
properties, which the final product must have. That is, it is
necessary to be able to on-line check of the melt's state and control
the crystallization process during the technological process of
smelting. As one of the variants of realization of this task it is
possible to use information-technological complex consisting of
subsystems of computer thermal analysis [1] and of simulation
modeling of metals’ and alloys’ crystallization [2]. Thermal
analysis provides information on thermal effects during hardening
of sample, which reflect the processes of formation of the cast
metal’s structure. This makes it possible to analyze the kinetics of
the crystallization process using data of the cooling curve and to
predict the service properties of metals and alloys in the solid state.
Simulation modeling makes it possible in the mode of computer
experiment to optimize known and develop new technological
modes for creating foundry products, which significantly reduces
time of development and material costs, gives an opportunity to
obtain important scientific information about the process of
crystallization of metals and alloys under both equilibrium and
nonequilibrium conditions (even those ones, which is difficult or
impossible to obtain under in laboratory conditions). Simulation
modeling makes it possible in the mode of computer experiment to
optimize known and develop new technological modes for creating
foundry products, which significantly reduces time of development
and material costs, gives an opportunity to obtain important
scientific information about the process of crystallization of metals
and alloys under both equilibrium and nonequilibrium conditions.

2. Preconditions and means for resolving the problem

The thermal analysis subsystem should record the change of the
temperature of metallic material, which is in the process of
crystallization (the cooling curve). Using the data of the cooling
curve with the help of mathematical modeling it is possible to single
out information on the dynamics of the crystallization process,
which helps to predict the properties of metals or alloys in the solid
state. Mathematical models in this case should be simple, since the
calculations based on them must be performed in the computer for
the minimum possible time [3]. Similar models are proposed in the
framework of the dynamic theory of hardening of metallic castings
[4]. Based on these models, a technique for computer thermal
analysis is proposed, which simulates differential thermal analysis
using the hardware of simple thermal analysis. The application of
this technique significantly increases the sensitivity of the method,
as well as the reliability of the forecast of the structure and
properties of the metal in the solid state.
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In the process of developing of a subsystem of simulation modeling
of the formation of the structure of metallic materials during their
crystallization, problems arise due to the complexity of the
mathematical formulation of the problem. At the same time, studies
of cellular automata have shown the principal possibility of their
use for modeling of similar processes [5]. However, the rules for
cellular automata’ operation of are usually given without connection
with real physical processes. In this paper we propose a simulation
model of crystallization, which is based on combination of
mathematical models of heat conduction and diffusion with cellular
automata. At that, the external cooling conditions and composition
of the liquid metal or melt at a certain point determine the possible
state (liquid or solid) of the corresponding cell of the cellular
automaton.

3. Structure and capabilities of the models

3.1. The subsystem of computer thermal analysis
Mathematical difficulties which arise while creating mathematical
models of crystallization can be significantly reduced if we consider
the case of solidification of a body whose temperature gradient
across its volume can be neglected. In the method of thermal
analysis, which is used in this work, portions of metal or metal
alloys which have small dimensions and cylindrical shape with a
diameter of 20 ... 40 mm are examined. Since metallic materials are
good conductors of heat, in this case it is possible to proceed to an
analysis of the heat balance equation for the whole sample as a
whole [4]. Then the heat balance equation is represented as:

dQ _dQ,  dQ, (1)
dt dt dt
where d& - the change in the amount of heat in the sample due to
dt
its release into the environment; dQ. . change in the amount of
dt

heat, which is released as a result of formation of a solid phase;

dQ. . change in the amount of heat in the sample due to changes
dt

of the material’s temperature.

Substituting the known relations in (1):

dQ, = —cmd(t) @
d
(T? = ts[r@ -1, Jrossfrem-T,°] ®3)
we obtain the differential equation in the form:
dz—ft)+kl[T(t)—T,,p]+kz[T4(t)—T4w]:Z(t)' O
0, mpu t Stk_p, t> tme
where Z(t) = (®)

Lm(t), upu th <t Stme
c m,



V(t)= 1 (6)
0="0
k=, ™)
cm,
K, =72, 6)
cm

0

where T(t), T, - are the temperatures of the metal (of cooling
curve) and of the environment; t - is the total time of the process; t,,
- is the time of onset of crystallization; t,, - time of the end of
crystallization; ¢, L, my — are, respectively, specific heat, specific
latent heat of crystallization and portion’s mass of the material that
is being investigated; m(t) - is the mass of the solidified part of the
sample to the instant t; ¢ - is the degree of blackness of the cooling
surface; o = 5,56-10% Jx/(m-K*) — is the Stefan-Boltzmann
constant.

Equation (4) simulates the technique of differential thermal
analysis, which has a high sensitivity of the beginning and end of
phase transformations. During the experiment, the cooling curve
T(t) is fixed in the computer memory. Then, its fourth degree and
derivative are calculated. Knowing the values of the coefficients k1,
k2, we can calculate the right-hand side of Z (t) equation (3). Before
the beginning of crystallization and after its termination, the value
of Z is zero. During crystallization, heat is released and the balance
is disrupted. These changes at the points t,, and t,, are easily
recorded in the experiment.

To determine the values of the coefficients k; and k», the initial and
final sections of the cooling curve are used, where there is no
release of crystallization heat and the right-hand side of equation (4)
is zero. These sections of the cooling curve are linearized by
dividing of both parts (4) by [T(t)-T.] and introducing of new
variables:

L T0-T) ©)
TM-T,
yoo_ 10 (10)
Tm-T,

Then equation (4) in these areas becomes the equation of a straight
line:

y =k, +k,x. (11)
The values of the coefficients are determined by the method of least
squares [6].
Thus, this technique of computer thermal analysis uses the hardware
part of simple thermal analysis and simulates differential thermal
analysis. Its use in the subsystem of the computer thermal analysis
makes it possible to analyze the kinetics of the crystallization
process using the data of the cooling curve and to predict the service
properties of metals in the solid state.
3.2. The subsystem of simulation modeling
The two-dimensional heat equation is used in the development of
the subsystem of simulation modeling of formation of the structure
of metallic materials during their crystallization. It assumes that
cooling of the body comes from all four sides of the plane, and
thermophysical characteristics of the melt (specific heat, density
and thermal conductivity) do not depend on temperature (ie, c, p, A
= const):

AT (X, yut) _ a[azT (xy.t), &°T(x, y,t)]iLas(x, y.t) (12

ot ox? ayz c ot
T(x,y,0)=T, =const, (13)
TOID - o ry.0-T,] )
X
w =, [T(%, Y, O)-T, ] (15)
X
TEOY _ b (x0,4)-T, ] (16)

oy
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or(x,y,,t
w:_% [T()(l yo:t) _To]y (17)
oy
where 5 _ A - is the coefficient of thermal diffusivity; e(x, y, t) - is

cp
the fraction of the solid phase in some elementary volume; Tj - is
the initial temperature; L - is the specific latent heat of
crystallization; a4, a,, as, a4 - heat transfer coefficients from four
sides; xo, Yo - are the dimensions of the system. The last term in the
heat equation.
The last term in the heat equation (12) takes into account the release
(or absorption) of heat during the phase transformation. Since a
cellular automaton is wused in the simulation model of
crystallization, it is convenient to solve this problem numerically.
This solution is realized by the splitting method using an implicit
numerical scheme.
Taking into account the need to enter the system time in the model,
the order of calculations is organized as follows. First and foremost,
the heat conduction problem is solved numerically, in which the
time step determines the system time of the entire model. At that,
one step of the system time is the total time of observation of the
diffusion problem. Therefore, the calculation of this task is carried
out anew at each step of the system time. At that, the initial
condition changes each time: the previous solution becomes a new
initial condition. The boundary conditions assume the absence of
exchange of matters at the boundaries of the system:

KX yt) _ b *K(x, y,t)+ O*K(x,y,t)). (18)
at ox? oy?

K(x,y,0)=K,(x,y) (19)
IKO.¥D _,, (20)

ox
K, ¥.8) _ 1)

OX
OK(x0.0 _, (22)

oy
KX Yo) g, (23)

oy

where K(x,y,t) - ) is concentration of the second component in the
melt; Ko(x,y,) - is an initial concentration, which is updated at each
step of the system time; D - is the diffusion coefficient of the
second component of the alloy in the melt. The solution of this
problem is completely analogous to the solution of the thermal
problem.

The temperature and concentration of the second component at each
point of melt determine the size of the local supercooling, which is
calculated as the difference of the liquidus temperature for this point
and its temperature at a given time. Subcooling in the liquid state is
the main driving force of crystallization. In its presence, there are
conditions for formation of a crystal or growth of an already
existing embryo. To calculate the presence and magnitude of
supercooling, the linearization of the liquidus lines and of the
solidus of the double-alloy state diagram with the eutectic is used.
Thus, in the subsystem of simulation modeling, mathematical
models of heat conduction and diffusion are organized in such a
way that it is possible to simulate various conditions of cooling
which take place during crystallization in the technological
processes of foundry. The simulation model itself has the possibility
of changing the cooling conditions (reducing or increasing the
intensity of the heat removal) directly in the course of the computer
experiment.

4. Results and discussion

The basis for predicting of the mechanical properties of the alloys
of the AL-Si and AI-Si-Mg systems in the cast state is that the
temporary tear resistance o, and relative elongation & are mainly
determined by the chemical composition of alloys’ main alloying
components (Si, Mg) and impurities, which significantly affect the
mechanical properties of these alloys (for example, Fe). In addition,



inherited metal’s properties and technology’s factors that are
difficult to control (for example, overheating or modifying) can also
change the average level of mechanical properties. The total effect
of these factors is manifested in the thermogram in the form of a
change in the values of recalescence during the formation of the a-
phase and the eutectic. As shown in [3], these parameters, in
particular eutectic recalescence, correlate with the level of
mechanical properties. Therefore, it is advisable to introduce its
value as an additional parameter into equation of forecasting of
mechanical properties. To create appropriate regression equations,
experiments were performed in which content of the silicon for Al-
Si and Al-Si-Mg alloys varied from 6.1% to 11.3% and of
magnesium - in the range from 0.15% to 0.40%. Equations are
obtained for the alloy of the Al-Si system, which bind the temporary
tear resistance and relative elongation with the calculated content of
silicon, iron, and with the value of eutectic recalescence. They have
the following form:
o, =14,37145+0,31076-Si —-131125- Fe—

-9,3304-Fe® +0,2431-AT,,  (24)
0 =4,4195-0,16663- Si—1,7786- Fe -
~1,06714- Fe? +0,0283-AT, » (25)
a 114 ciuiaBa cucremsl Al-Si-Mg:
o, =51,01231+4,13723- i +8,05964- Mg —
~4,6346-Fe+0,01782-AT, » (26)

§=-21175-13332-Si -0,2143-Mg —5,60762 - Fe +
+0,0171-4T,,  (27)

where AT,, - the value of the recalescence of temperature,
determined by the cooling curve in the region of formation of the
eutectic. Composition of alloys is also determined by the cooling
curve by means of the method, which is described in [3]. Fisher
criterion was used to prove the adequacy of the models, and the
error in forecasting of the properties was 5 ... 7%. When testing the
subsystem of computer thermal analysis under industrial conditions,
the equations described above showed the convergence of results
and the accuracy of the prediction of properties at the level of
standard methods of mechanical testing.

The use of cellular automata greatly simplifies mathematical
calculations while usage of the model and gives the principal
possibility of modeling of the emerging polycrystalline structure of
metallic materials. The influence of the external cooling conditions
of the system under study on the functioning of the cellular
automaton makes it possible to establish technological methods for

¥
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Fig. 1. Macrostructure of pure aluminum, which is simulated
at speed of cooling 5 deg/s

obtaining various structures of solid metal. Model structures were
obtained as a result of the computer experiment of homogeneous
crystallization of aluminum with usage of various cooling speed
during the process.

With equal speed of heat removal from all sides and a cooling rate
of 5 deg/s, a diverse granular structure of pure aluminum is formed
(Fig. 1). There are small grains in the center, and on the sides grains'
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sizes are much larger. It can be also observed that a solid metal's
structure is interrelated with the shape of the temperature's field
inside the system. Figure 2 shows the structure of aluminum, which

Fig. 2. Macrostructure of pure aluminum, simulated by an
alternate change in the coefficients of heat transfer in the
process of crystallization

Fig. 3. Macrostructure of pure aluminum, simulated with
asymmetric variation of heat transfer coefficients

R

was obtained by repeatedly changing intensity of heat removal. At
first, fine grains were formed at the boundaries of the system in
conditions of high cooling rate. Then the intensity of heat removal
from all sides was reduced symmetrically and the size of the
growing grains increased. After some time, the cooling rate was
increased, then reduced and then increased again As a result, the
final structure consists of several alternating areas with different
shapes and different average sizes of grains (Fig. 2). Complex
aluminum structure has been obtained in which grains of different
shapes, sizes, and orientations are observed (Fig. 3) as a result of
varying of the cooling rate by setting asymmetrical coefficients of
heat removal from different sides and by varying of their
magnitude. It can be assumed that in this case the properties of the
real metal will have anisotropy. Such regimes of crystallization are
not easy to be realized in practice, but these experiments
demonstrate the capabilities of this modeling subsystem.

5. Conclusion

1. Usage of mathematical models of solidification of a small portion
of metal allows to increase the sensitivity of thermal analysis to the
level of differential thermal analysis due to calculating of the
sample's heat balance before, after and during crystallization.

2. The resulting regression equations allow to predict the level of
breaking point and relative elongation of alloys of Al-Si and Al-Si-
Mg systems using data from the cooling curve of the thermal
analysis with an error of 5 ... 7%.

3. Simulation model of crystallization makes it possible to visualize
the process of formation of the macro structure of metals under
different conditions of crystallization, that makes it possible, within
the framework of a computer experiment, to develop techniques for
management of this process to obtain the necessary properties of
cast products.



4. Combination of the subsystem of simulation modeling of
crystallization and subsystem of computer thermal analysis as part
of the informational and technological complex significantly
expands possibilities of controlling the cast products' quality and
allows to obtain information by engineers-technologists both in
applied and in theoretical aspects.
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Abstract: Numerical modeling of electronic state evolution due to external electric field in the structure metal-insulator-semiconductor
with solitary donor center is carried out. Considering a nanometer disc-shaped gate as a source of the electric field, the problem for the
Laplace equation in infinite multilayered medium is solved to determine the gate potential. The energy spectrum of a bound electron is
calculated from the problem for the stationary Schrodinger equation. Finite difference schemes are constructed to solve both the problems.
Difference scheme for the Schrédinger equation takes into account cusp condition for the wave function at the donor location. To solve the
problem for the Laplace equation, asymptotic boundary conditions for approximating the potential at large distances from the gate are
proposed. On the basis of calculation results, a controlling parameter is suggested, which allows to determine the localization of electron

wave function regardless of insulator thickness and permittivity.
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1. Introduction

The sensitivity of the electrical, optical, and magnetic properties
of semiconductors to doping impurities is widely used to create
various semiconductor devices. Reducing the physical size of the
devices led to the need for taking into account quantum effects in
the design and optimization of modern semiconductor structures
[1]. Moreover, the achievements in technology of manufacturing
nanoscale structures have made it possible to construct devices with
only one impurity atom in the working region [2]. Designing of
such devices requires additional fundamental studies devoted to the
guantum mechanical modeling of their physical properties.

There are several proposals of using single impurity atoms to
physically realize qubits, which can be based on the nuclear spin of
a phosphorus impurity in silicon [3], the electron spin of a bound
electron [4] or its charge [5]. These proposals stimulated the
appearance of a number of papers devoted to modeling the
electronic states of a donor near semiconductor surface (see [6-13]).
The main attention was paid to the control of the donor electron
density with an external electric field when the critical characteristic
of the system under study was the critical field [9-10] or the critical
potential at the gate [6], which corresponds to the relocation of the
wave function of the donor electron into the gate area.

Taking into account all the features of the system (the finite size
of the gate, the presence of a dielectric layer of nonzero thickness,
the difference between the dielectric permittivities of semiconductor
and insulator layers) requires solving the problem for the Laplace
equation in a multilayered medium. As a result, it becomes
necessary to use numerical methods, in particular, the finite
difference method (FDM), which had shown its effectiveness in
solving similar problems [14]. Attempts of applying FDM for
modeling quantum mechanical effects in nanoscale structures with
single donors were made in Refs. [15-16]. However, in these
papers, the structures with confining potential of a simple form
were considered, that does not require solving the problem for the
Laplace equation.

The aim of this paper is to develop an algorithm for the
numerical simulation of electronic states in a metal-insulator-
semiconductor (MIS) structure with a single donor in the gate
region based on sequential solution of the problems for the Laplace
equation and the stationary Schrédinger equation. To calculate the
gate potential, wave functions, and energy levels, FDM is used. The
results of FDM calculations are compared with the results obtained
with the finite element method (FEM).
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2. Formulation of the problem

We consider a singly charged donor located in semiconductor at
a distance z, from the semiconductor-insulator interface. An
external electric field is created by an infinitely thin disc-shaped
gate of diameter d and potential ®,. The insulator layer, separating
the gate from the semiconductor, is located in the area —t,, <z <0.
The donor and the center of the gate are positioned on the Oz axis.

According to the effective mass approach, the energy E and the
electron wave function ¥ for states with zero projection of the
orbital angular momentum on the Oz axis are described with the
problem for the stationary Schrédinger equation (in cylindrical
coordinates):
p>0, z>0, 1)
where T is a kinetic energy operator, V s a potential energy
operator.

(f +\7)\1' =EY,

In Eq. (1), we use effective Bohr radius as a unit of length

. Ameg,h?
a = 02

m'e? @
and effective Rydberg as a unit of energy
. "’ 1 €
Ry =———= o 3
2m (a ) 4mee, 2a

where m” is electron effective mass in semiconductor, g IS

dielectric permittivity of semiconductor. The potential is measured
in units of Ry /e, respectively.

In Eq. (1), the kinetic energy operator T is defined as

The potential energy operator is the sum
V =V, 4V, 4V, 4V,

where \7D is the interaction between the electron and the donor
Vo= ©

\/(Z_Zo)2 +P2 ’

\7D‘ , \75im are the interactions of the electron with the donor image
and electron image respectively [12]:
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where dielectric permittivity of the medium &(p, z) is
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Operator \7G =-u(p,z) describes the electron potential energy

in external field, where gate potential u(p,z) is solution of the
following problem:

16[;) Gu]+6(6uj:Q p>0, —w<z<+no, (10)

— e — €
p op op) o\ oz
S (1)
op|,o
u—>0 as z—>zwo, p>0, 12)
Uu—>0 as p—o+mw, —0<Z<+o0. (13)

At the semiconductor boundary, an infinitely high potential
barrier is assumed, which allows to set the boundary condition for
the wave function in the form

¥| =0 (14)

=0 =

For bound states:

Y —>0 as p—>w, Z-—>o. (15)

At points on the axis p=0 outside the donor location, the wave
function must be continuously differentiable, so

oY

=0, z#z,. 16
% 0 (16)

p=0

At the donor location, condition (16) is not satisfied, since the
potential becomes infinite at this point. Using a method described in
[11], one can obtain the following condition

[a\lj + \IJ]
op

3. Calculation of the gate potential

=0, z=1z, a7

p=0

For numerical calculation of the gate potential, the unbounded
domain p>0, —w<z<+w, on which the problem is posed, was

replaced by a bounded domain O<p<L , -L,<z<L,. The

conditions on the boundary of this domain were set using the
assumption that at large distances the gate potential can be
approximately assumed to be equal to the potential of the point
charge q located in the center of the gate. This potential has been
found using Fourier-Bessel transform [18]:
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After differentiation we get the boundary conditions:
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Difference scheme for the problem (10) — (11), (18) — (20) was
constructed on the grid , , which is defined as follows:
L
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where h, isagrid step, N, isanumber of nodes on p direction,
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h® is a grid step, N® is a number of nodes on z direction. Then
Q =0,x (m?) Uo®U 0)(23)).
The values of the potential in grid nodes are denoted as
yi(jk) = uk (pl 1 Zﬁk))r k :11213'

As aresult, we get the following difference scheme [14]:
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where N, =[d/2h ]. Conditions (18) - (20) are approximated

with the second order using additional
computational domain and Egs. (21) — (22).

points outside the

4. Numerical solving of the Schrédinger equation

As in the case of potential computation, the problem for the
Schrddinger equation has been solved on the finite domain
0<p<L,, 0<z<L,. Since there is an exponential decay of the

wave function at infinity, zero boundary conditions for the wave
function were set on the boundary of the computational domain, i.e.
the boundary condition (15) has been replaced with the conditions:

¥ (25)

=L,

=0, W[ _ =0

The solution of the Schrédinger equation has been constructed
on a grid:

Qg =@, x ol
Denoting the values of the wave function at the grid nodes as
W = \P(Pivzgl))

we get the following difference scheme:

1
_7(pi+1/2wp)5 —W,, +Vw=Ew, (26)
W,=0, i=0,N, 27)
W o =0 1=0.N,, (28)
W, =0, j=LNJ-1 29)

where E, is approximate energy value, V, =V (p;,z") .

To increase the order of approximation of the boundary
condition (16), the difference approximation of the Schrédinger
equation (1) on the axis p=0 is used. As a result, we get

h
w, +Zp(Wﬁ ~Vo,w+EW)=0, j# j,i=0, (30)
where (0, jo) is the node corresponding to the donor location. The
value of the wave function at the donor location can be found from
the second order approximation for the condition (17):

SWQju =4w; — W, + thWo,Jo- (31)
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5. Error estimation

The error of calculating the energy will be different when the
electron is in the gate region and when it is located in the region
near the donor. In the first case, both the error in calculating the
potential and the error of the solution of the Schrodinger equation
affect the accuracy of energy calculation.

To estimate the error in calculating the potential, arising from
setting conditions (18) — (20) on the boundaries of computational
domain, we consider a test problem in which an infinitely thin disc
is in a homogeneous medium or on the boundary of two
homogeneous media. In this case, the exact analytic expression for
the potential is known [18]. Calculations of the gate potential using
FDM have been carried out for three model problems with different
conditions on the boundaries of the computational domain. In the
first problem, the value of the potential at the boundary is assumed
to be zero, in the second problem, the potential on the boundary is
exact [18] and, in the third problem, conditions (18) — (20) are set
on the boundary. The solutions obtained in all three cases were
compared with the exact value of the potential in the integral norm

on the domain 0<p<10a”, —10a"<z<10a . Calculations for
gate diameter d = 6a’, L = L, = L,y =L,3 in range from 10a” to 40a"
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and grid step h=h =h" =0.1 have shown that the use of the

conditions (18) — (20) instead of exact boundary conditions does not
increase relative energy error even for small computational
domains. On the contrary, when using zero boundary conditions on
the boundary of the computational domain, the computational error
increases sufficiently: the relative error at L = 10a" with zero
boundary conditions is more than twenty much greater than the
corresponding error for the problem with exact boundary
conditions.

We consider the case, when the electron is localized on the
donor, in the absence of external gate field and image charges.
Then, at the donor location, the potential in the Schrddinger
equation has a singularity, which can lead to additional errors. In
order to verify the effect of condition (17) on the accuracy of the
calculations, the dependences of the donor ground state energy on
the grid step in the problem with condition (17) and with condition
(16) at the donor location were calculated (Fig. 1). As one can see
from Fig. 1, the use of the condition (16) at the location of the donor
leads to the appearance of additional fluctuations in the error caused
by the relative position of the donor location (p=0, z = zp) with

respect to the grid. Thus, the use of conditions (17) has a significant
effect on the accuracy of the computations.
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Fig. 1 The effect of non-analyticity of the potential on calculation resutls of
the energies of the ground state (£;), for the distance from the donor to the
semiconductor surface z, = 8a*, at zero gate potential and neglecting image
charges; h is the grid step. The curves 1, 2 are calculated using FDM and
FEM, respectively, with conditions (16) at the donor location, the curve 3 is
calculated using FDM with condition (17).

6. Results and discussion

One of the main characteristics of the structure under study is
the value of the external electric field at which relocation of
electron wave function from the donor to the near-gate region takes
place. We denote corresponding critical gate potential as ®yc. The
critical potential depends on a number of parameters of the system:
the size of the gate, the position of the donor, the dielectric constant
of the media, and the thickness of the dielectric layer.

It had been shown in [19] that the critical field corresponds to a
minimum of the difference between the energies of the first excited
and ground states (E;—Eg). Therefore, to determine @y it is
sufficient to calculate the energy values of two states, which
essentially simplifies the problem.

Dependences of the critical potential on the thickness of the
dielectric layer are shown in Fig. 2. As one can see from the figure,
the critical potential increases with increasing thickness of the
dielectric faster for smaller values of &, e.g., for t,, = 2a" (= 6.3 nm
in silicon) ®gc = 231 mV for ¢, = 3.8 and ®gc = 95 mV for ¢, =
34.2. This means that when an insulator with a lower dielectric
permittivity is used, the device requires a larger potential at the
gate, which additionally increases the probability of dielectric
breakdown.



It had been shown in [19] that at zero insulator thickness the
redistribution of the ground state wave function depends only on the
potential difference between the point of the donor location and
semiconductor surface and does not depend on the position of the
donor. An analogous dependence also takes place for a nonzero
dielectric thickness. We consider the value A® which is the
potential difference between the donor and the semiconductor
surface:

A® = D(0,2,) - (0,0),

where

®(p,2) =V (p. 2) +Vp (P, 2) + Vi (0, 2).

Correspondingly, we introduce the value of A®¢ which is the
critical potential difference. The calculations show (Fig. 2) that the
value of Ad¢ is practically independent of the thickness and
material of the dielectric. This allows us to use the results of
calculations of the critical potential difference for a zero thickness
of the dielectric in modeling of structures with an arbitrary
thickness of the insulating layer.
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Fig. 2 The dependences of the critical potential (Poc) and critical potential
difference (4&c) on dielectric thickness for different dielectric constants of
the insulating layer; d = 6a", z,=8a", & = 11.4, & = 1.

7. Conclusion

Numerical simulation of the electronic structure of a metal-
insulator-semiconductor in the presence of a near-surface donor has
been carried out. To calculate the gate potential and solve the
problem for the stationary Schrédinger equation, a difference
scheme has been proposed. A method to approximate the boundary
conditions at infinity at calculations of the gate potential has been
proposed. It has been found that the use of the proposed boundary
conditions makes it possible to significantly reduce errors in
calculated potential as compared with the use of zero conditions at
the boundaries of calculation domain.

Using the suggested difference schemes, the dependences of the
ground and first excited state energies of the donor on the field of
disc-shaped gate in a three-layered medium have been obtained. On
the basis of these dependences, the critical potential of the gate has
been calculated, at which the electron density of the ground states is
relocated from the donor to the gate region. It has been found that
the critical potential difference between the donor and the
semiconductor surface is the controlling parameter when describing
the functioning of the device, since it practically does not depend on
the thickness and permittivity of the dielectric layer.
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Abstract: The magnetomechanical hysteresis models of Jiles and Sablik is extended to treat magnetic properties in the case of triaxial
stress state. Simulation results are compared with experimental results. Magnetic measurements were made under applied loading. To
obtain a triaxial stress state, hollow cylindrical samples were subjected to elastic deformation by uniaxial tension (compression) and torsion

under internal hydrostatic pressure.
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1. Bseoenue

[Tpobnema TEOPETUUECKOTO ONMCaHUsA U3MEHEHUH
HaMarHW4eHHOCTH (eppoMarHeTHKa INpHU BO3JCHCTBHM Ha HETO
BHEIIHETO MAarHUTHOTO TONSA M MEXaHWYECKHX HampsKeHHi
CBs3aHa C HEOOXOJUMOCTBIO y4€Ta €ero IOJHOHW CBOOOJTHOI
SHEPrHH, CIOXXHBIM 00pa30oM 3aBUCSAIIEH OT BHYTPEHHIX (HAKTOpOB
(BHYTpEHHHUX W  TPWIOKEHHBIX  HaNpsHKEHWH, MAarHUTHOH
AQHM30TPONIMM  3€peH,  JAWCIOKAIWM  PA3UYHBIX  THIIOB,
HEpaBHOBECHBIX TOYEYHBIX Ne(eKTOB M BKIIOYEHHUH, (asoBoro
coctaBa). OnmHa u3 Haubojee NOMYIAPHBIX MaTeMaTHYECKUX
Mojieieil MarHUTHOTO TucTepesuca (eppOMaruTHhIX MAaTEepUasIoB
Obuta pazpaborana B 1984 rogy lxaiincom u AteptoHoM [1] u B
JajpHelIeM ObuIa IOMOIHEHA YCHIMAMH IPYruX ydeHsIX. MoJenb
Jlxaiinca-AreproHa uMeeT Oojee BBICOKYIO BBIYHCIHTEIBHYIO
NPOU3BOJUTEIBHOCTD, IO CPAaBHEHHIO C ()EHOMEHOJIOTHYECKON
Mozensio [Ipeiisaxa u Monensio rucrepesuca Cronepa-Bonbgapra
[2]. A c yderom MoauduKanuii, BaXHBIMH NPEHMYLICCTBAMH
Mozenu Jlxaiinca-ATepToHa SBIAIOTCS BO3MOXHOCTH yCTaHOBHUTH
CBSI3b c peanbHBIMU bI3HIecKIMI mapaMeTpamMu
(eppoOMarHUTHOTO MaTepHana, pacueT MpPeAeNbHBIX M YaCTHBIX
IUKJIOB THCTEpe3nca Ha OJHMX M TeX jk€ INapameTpax MOJENH,
MOJIEIIMPOBAHNE MATEPHAIOB C M30TPONHBIMH M AHHW30TPOITHBIMU
CBOMCTBaMH, BO3MOXXHOCTh ydeTa ACHCTBYIOIIMX MEXaHHYECKHX
HalpsLKEHUH.

Jnst ydera MeXaHHYECKMX HAIpSDKCHWH MOJIENb THCTepe3nca
mony4ynia pa3BuTue B psage pador Cabnmka, KByna u Bypkxapara
[3-7]. OmHako Monens NMPUMEHSIACh s CIIy9aeB OJHOOCHOTO U
HEKOTOPBIX BHMIOB JBYXOCHOrO Harpyxenus. Llenpto naHHOH
paboThl SBISETCS DACIIMPEHHE MOJEIM Ha Cily4ail TPEeXOCHOTro
HaIpsHKEHHOTO COCTOSIHUSI U CPAaBHEHHY PacyeTHBIX PE3YJIbTaTOB C
JKCIIEPUMEHTAIBHBIMU JaHHBIMH.

2. Bazoeas mooenp

Mogens [[xaitnica-ATepToHa pa3pabaThiBaiach Kak MOIBITKA
CO37]aHMs KOJMYECTBEHHOM MOJEM THUCTepe3rca Ha OCHOBE
MaKpOMarHUTHOM (hopMynupoOBKH. Mopnens OnHMChIBaIa
M30TPOITHbIE MOJIMKPUCTAIUIMUECKHE MaTepHanbl (MHOTOJIOMEHHBIE
3epHA) C JBIDKEHHEM JOMEHHOH CTEHKH B KadecTBE OCHOBHOTO
rporecca HaMarHUYWBaHWA. MoJenb CTPOUTCS B [Ba IIara: Ha
TIEpBOM BBIUHUCIAETCSI Oe3rHcTepe3rcHas HaMarHHYEHHOCTh, 3aTeM
MpH  TOMOINM  CHCTeMBI  JuddepeHIuanbHbpIX  ypaBHEHUH
MOJENUPYETCs] THUCTEPE3UC, C YUETOM U3MEHEHUH BHEIIHETO
marauTHoro moiA. Ilom Oesrmcrepe3sncHOl HaMarHUYEHHOCTBIO
MOHMMAEeTCs HAMarHW4eHHOCTh, MONy4YEeHHAs! TPH OJHOBPEMEHHOM
JEHCTBUM MOCTOSIHHOTO TONS U NMEPEMEHHOTO TOJIS ¢ yObIBAIOIIEH
JI0 HyJISl aMIUTUTYJOMU.

PaCCMOTpI/IM OHCPTUIO €IUHHUIIBL o0bema JOME€Ha ¢ MAarHUTHBIM
MOMECHTOM M B BHCIIHEM I10JIC HAIIPSXKECHHOCTHIO H:
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(1) E=pyym(H +aM),

I7ie 0 — IapameTp, ONpeNeIIONNil MeXXIOMEHHYIO cBsi3b. CyMMy
H,=H +aM HasbBaor aeiictByiomum (win dddexTnBHBIM)

noneM. CBs3b 0€3rHCTEPEe3MCHON HAaMarHM4eHHOCTH M

oeszcucm
JICHCTBYIOUIMM I10JIEM OIUCHIBAETCS HEKOTOPOH HSMITMPUYECKON
q)opMynon M. =M mmm(He), BUJ] KOTOPOM B 3HAYUTCIIBHOU

oesecucm
CTCNCHH 3aBUCUT OT CBOMCTB Martepuana. Tak, Hanpumep, Jis
H30TPONHBIX  (heppomarHeTHkoB  JDKaiicoM — TpemioxkeHa
Moau(pUIpOBaHHAS GyHKIUS JlamxeBena

M

beseucm

H a )
=M, coth(e 2 |, rae M, - HaMarHW4YEHHOCTH
e

HaCHIIEHHs, 8 — Ko duImenT GpopMsl (KOHCTAHTa JUIS MaTepHaa,
HMeeT Ty XK€ pa3MepHOCTb YTO H JICHCTBYIOIIEE MOJIe).

Jnst Gomee TOYHOTO ONMCAaHHUS THCTEpe3nca HEoOXOIUMO
YUUTBIBATh BIIMSIHUE TPEHUS] NPU CMELIEHHU JOMEHHOH CTEHKH.
OpHUKIHOHHBIE CUIIBI BO3HMKAIOT W3-3a 3aKPEIUICHUS] JOMEHHBIX
CTEHOK Ha JedekTax (IMCIOKalMAX, IPUMECIX, TPaHHULAX 3€peH).
Jng ux ydera BBOAUTCSA JOTOJIHUTENBHBIA SHEPreTUYECKUM UJIeH
Ep — JHeprus, 3aTpayuBacMas Ha OTHEJICHHE (WM 3aKpEIJICHHUE)

JIOMEHHBIX CTEHOK. dEp =kdM , tme K — MHKpPOCTPYKTYpHBIit

napameTp, IPONOPIHOHANBHBIN INIOTHOCTH 3aKPEIUICHHUs CTEHOK U
SHEpruM 3aKperuieHus. st 0JHOTo MaTepuaia ero MOKHO CUHUTATh
KOHCTaHTOM.

B mpouecce HaMarHn4MBaHusg WK NEPEMarHn4rMBaHus IMOJIHAs
OHEPIrus Marepuala paBHa 3HEPruH, Kak €CIIN OBl Marepuain ObLI

0e3recTHpe3UCHBIM, 3a BBIUETOM OHEPrHH, IIOTEpSHHOW Ha
npeojofieHiHe  Ae(eKTOB  JAOMEHHbIMH  rpaHunamu.  OOmias
HAMarHW4e€HHOCTb  BBIpAXAeTcsi  CyMMOHW  oOpaTuMoid |

HeoOpaTuMoil HaMmarHudeHHocTd. OOpaTumas HaMarHWYEHHOCTH
BO3HHMKAaeT 3a CYET M3rMOOB JOMEHHBIX CTEHOK 0e€3 OTphIBa OT
nedexToB. B urore Mozelns rucTepesnca OMHCHIBAETCS CIIETYIONICH
cHCTEeMOi1 n3 Tpex AuddepeHnnaIbHbIX YpaBHEHHI:

(2) dM neobp _ M 6besaucm (H ) -M neobp ( H )
dH a( _a(Mée%ucm(H)_ Muegép(H))
(3) dm op dm Geseucm dm Heobp
dH dH dH
(4) d7M _ dm o6p dm neop
dH dH dH

roe o — MepeMeHHas, 0003HaYarolas HANpaBlICHHE H3MEHEHHUS
nonst (+1 Bo Bpems yBenuueHus H, u -1 B mporecce yMeHbLICHUS
H), ¢ — kxoHCTaHTa.

Jns ydera MeXaHMYECKHX HANpsDKEHHMIl MOZeNb TucTepesuca
[xaitnca-AtepToHa monmyumia pa3BuTHe B psjge pabdor Cabmmka,



Ksyna u Bypxxapara. OcHOBHAs u/es 3aK/TI0YACTCS BO BBEICHUH B
(opMyny HelCTBYIOIEro TOMS JONOTHHTENHHOIO —CJIaraeMoro
Hg(o-, M ), OOBACHSIONIET0 M3MEHEHHE DHEPIUH DJIeMEHTAPHOTO

o0beMa MOA JeWCTBHEM MEXaHWYEeCKUX HampspkeHuid. B [7]
MOKAa3aHO, YTO Uil OJHOOCHOTO DAaCTSHKEHHUS/CKATHS ClaracMoe
H_ [pOLOPUMOHAIBHO HANPSDKCHUSIM, HAMATHUYCHHOCTH U

MarHUTOCTPUKIUU A. B TO ke BpeMs MarHUTOCTPHUKIHS MOXET
CJIOKHBIM 00pa3oM 3aBHCETh OT HANpPsDKEHHH, a Tak JK€ BHEIIHETO
HOJIs WM HamarHudeHHOCTH. Takum oOpa3zoM, BbIOOp (YHKLUH,
OIHCHIBAIOLIEH MarHUTOCTPUKLMIO,  SIBJISIETCS OHON W3
BaXXHEHIIMNX 3a7a4 AJs IOCTPOEHU aJIcKBaTHON MOJAEIH.

Eme oxHO cymiecTBeHHOE IOIOTHEHHE MOJAENN HPECTABICHO
pabore [5]. B Heil paccMoTpeH ciydail NpPWIOKEHHS Harpy3KH
HECOOCHO BHEUIHEMY MarHUTHOMY moio. dopMyra gefcTByromero
10711 IPUHUMAET BH:

() H,=Hcosf+aM +H_,

3nech f — yrom MexIy HalpaBiICHHEM BHEIIHEro MHOJIi U

BEKTOPOM CYyMMapHO# HaMarHM4EeHHOCTH,
_30 04 2 .2\, Tae v — Koo dumuent [Tyaccona.
. =————(cos’ p—vsin® ¢
2 1y, M
HccnenoBaHust — BIMSIHMSA ~— JIBYXOCHBIX ~ HAarpy3ok  Ha

HaMarHW4YMBaHKE, B MPWIOXKEHHH K Mopenu J[xaifnca-ATeproHa,
npoBeneHsl B paborax Cabmuka [3, 4, 6]. Hecmorps Ha
OTPAaHMYEHHOCTb JKCHEPUMEHTaIbHON 6a3bl (ycTaHOBKa  JUIst
JBYXOCHOTO Harpy)keHHs ITO3BOJISUIA ITPOBOAUTE JIMOO pacTsDKEHUE
1o o6enm ocsaM, b0 cxaThe Mo 0O6euM ocsiM, a KOMOMHUPOBAHUE
pacTsDKeHHs U CKaTusl MOJIEIHPOBANOCh Yepe3 OTAENbHBIN
SKCHEPHMEHT Ha KpydeHue) B paboTax NMPHBOAATCS oOIIue WIeH,
KOTOpPBIE MOXXHO HCIIONB30BATh Ul BBIBOJA (HOPMyYI MpH APYrHX
BH/IaX 1epOPMHUPOBAHUS.

3. Mexanuueckan gpopmynuposexa

W neansHBIM (HO HEOCYIIECTBUMBIM) SIBISIETCSI SKCIIEPUMEHT I10
HE3aBUCHMOMY TPEXOCHOMY PacTsDKEHHIO Ky0a ¢ OZHOBPEMEHHBIM
U3MEPEHUEM H3MEHEHUIl MarHUTHBIX XapaKTepUCTHK. B naHHOM

pabore O00BEMHOE  HANpsDKCHHOE  COCTOSHHE  JIOCTHUTaeTcs
KOMOMHMPOBAaHMEM TaKHX BH/OB HArpYXCHHs, KaK OJHOOCHOE
pacTsDKeHHe/cKaTHe, KpydYeHHe W BHYTPEHHEE  JaBJICHHE.

HepeqncneHHHe BUJbI Hal"py)KeHPIﬁ 0 OTACJIBHOCTU MOTYT OBITH
HE XapaKTEPpHbI NJId KOHCprKHHﬁ. Nx HCO6XOZ[I/IMO paccMmaTpuBaTh
HUMEHHO C TOYKH 3pCEHHSA BO3MOXHOCTU CO3daHUA 00BEMHOTO
(TpeXOCHOFO) HapsAKEHHOI'0 COCTOSIHUA € B3aUMMHO-HE3aBUCUMbIM
U3MEHCHUEM BCEX TPEX I'TIABHBIX HaprDKeHPIﬁ.

Pacuersl HampsoKeHMH ~ BeIM B IPEANOJOXKEHHH 00
H30TPONHOCTH UCCIIEyeMOro Marepuaa. HopmainbHbie
HANpSDKEHUS. 0,, BBI3BaHHBIC PACTSHKCHHEM/CXKATHEM BIOJIb OCH
o0pasia, BEMHCISUIH 10 opMyIie:

©) 5 - F ,
UZ - RZ RZ

T ( out in)
rae F — marpyska, mpuioskeHHas K o0pasmy, Rj, — BHYTpeHHUI
pamuyc obpasua, Ry — BHemHMi pamuyc obpasua. [3MeHeHnem
cedeHus oOpasma mpu ynpyrom JedopMHpoBaHHU NpeHeOperay.
VYcpenueHHsle 10 00beMy 3HaYeHHS KacaTelbHBIX HaIPsDKSHHUH:

(7) r= ( out + Rin)
- 4 4
T ( Roul - Rin)

OnpeneneHue MEXaHUYECKUX HANPSKEHUH, BOZHUKAIOUINX 11O
JIECTBUEM THUJPOCTATUYECKOTO JABJICHHS, SIBJISETCA pPELICHHEM
KIaccuieckor 3amaun Jlame o TosicrocTeHHOU TpyOe. Benencteue
CUMMETPHUH TIPIIIOKECHHBIX HATPY30K HANPsDKEHUs U jaedopManuu
OyIyT TakkKe CHMMETPUYHBI OTHOCHUTEIBHO TPOJOJEHONH OCH
cummerpun nmnuHapa. [lox nelcTBuEM BHYTPEHHETO NaBJICHUS
BO3HUKAIOT PACTATMBAIOIIME OKPYXKHBIE HaNpsOKeHUs o0y U
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CXKUMAronMe paavuaJbHbIC HAIPSKCHUA Oy. Hx BCJIMYMHBI, KakK

(byHKIMH OT paauyca I, onpenessoTes GopMyIamu:

R2 R2
<] o = in _ _out ,
R o
o R (1 RA),
CRRLTE

Ie P — BEIMYMHA THIPOCTATHYECKOTO NaBleHMs. Tak Kak
KOHIIBI 00pas3Ia KECTKO 3aIeMJICHBI, TO I0J] IeHCTBHEM KPYIeHHUS
W/MIM  TUAPOCTAaTHYECKOro  JAaBICHUS ~ OyAyT  BO3HHKATb
npojxoibHble  ycwmus.  OXHAKO — YCTPOWCTBO — HCIIBITATENILHOM
YCTaHOBKH TIO3BOJISIET OMPEAENSATh M KOMIEHCHPOBATh 3TH yCHIIHS
KOHTpOJIMpYyeMOl oceBol Harpy3koii F, koropas BxoauT B
¢bopmyny (6). Ilpy KOMOWHHMPOBaHHM pacTsDKEHHS (CxKaTHA),
KPy4eHUs] M BHYTPEHHETO JAaBICHUS TEH30p HAampsHKeHHH B
IIIHHAPUIECKOH CHCTeMe KOOPIANHAT UMEeT BHI:

) o 0 O
A= 0 o, 7
0 7 o

Jiist HaxXOXJICHHS TIABHBIX HATIPSOKCHHH o k=12 3

peuraeM XapaKTepUCTUICCKOEC YPaBHCHHUEC!
(10) |A-E&|=0.

rae E — ennununas marpuna. Tak Kak MarHUTHbIC XapaKTEPUCTUKU
H3MEpsUTH BO BceM oObeMe pabouel actu obpasma, To Hac OymyT
HHTEPECOBAaTh YCPEAHCHHBIE IO O0BEMy 3HA4YCHUS TIJIABHBIX
HaInpsDKEHUH, KOTOPBIE IPUMYT BUJI:

R

out

1

o, == J.a,dr
(ll) Rou! - Rin =R,
o 1 R:’r‘ O'0+O'Z+\/(0'0+0'z)2+4(72—0'00'2)dr
g Ruut - Rin =Ry, 2
o = 1 Rj-“‘ 0'0+0'Z—\/(0'0+0'Z)2+4(12—0',,0'2)dr
b Rout - Rin =R, 2

TJIe MHIACKCHI i, jo ¥ j3 IPHHAMAIOT 3HaueHud 1, 2, 3 u3 ycnoBus
0,20,20;"

Jna onpeneneHus CUCTEMbI KOOPAMHAT, B KOTOPOHW TEH30p
HaIpsHKEHUH MMeeT JUaroHalbHBIH BHJ, HEOOXOJUMO OIpENeTHTh
HalpaBlIeHUs] TJIaBHBIX HampspkeHuid. Iloodepenno moxacTaBuM
Hali/IeHHbIE ITABHBIE HANPSKEHHS B CHCTEMY ypaBHEHHI

12) (A-Eo Ji; =0
ni+ng+n; =1
rie ﬁj - BEKTOP, C KOMIIOHEHTaMHU Nyj, Ng; 1 Ny, (K = 1..3). B sToit

CHCTEME TpPH U3 UETBIPEX YpPaBHEHUH SBIAIOTCA JMHEHHO
HE3aBUCUMBIMU. TakuMm 00pa3oM, PEIINB TPH CHCTEMBI, MOIYyYHM
HAaIpaBIIONINE KOCHHYCHI TJIAaBHBIX HAIPSKEHUH.

4. Moouguxauusn mooenu

Ilycts B LuMIMHApPHYECKOH cHCTEME KOOPAMHAT B KaXIOM
37IEMEHTapHOM o0beme JIEUCTBYIOT TpH B3aMHO-
HEePIEHUKYISAPHBIX [NABHBIX HANPSDKCHUS o), 0,, 0, Kaxnoe

U3 HUX MOXET OBITh HarpapJICHO 1O IPOU3BOJIbHBIM YIJIOM (//J. 1o

OTHOILICHUIO K HAIIPABJICHUIO HAMAarHM4nBarOUIETo I10JIA.

ﬂﬂf{ NPaKTUKN HAaC HEC UHTCPCCYIOT OGpaTI/IMaSI u HeOGpaTHMafI
COCTaBJIAIOIINMEC HAMAarHM4€HHOCTH IO OTACIIBHOCTH. IToncrasus (2)

u (3) B (4), u c yueToM |\] = %, TIOTYYNM €NHOE
Heobp
1+c
yYpaBHGHHE MOJICNH, OIKMCBHIBAIOIIEE HM3MEHCHHE CYMMAapHOMH
HAMarHM4E€HHOCTH:



(13) d7M = c dM beseucm 1 M 6beseucm (H ) -M (H ) .
dH 1+c dH  1+c k-a(Mg,,,(H) -M(H))

besaucm
HJ’IS{ OITMCaHusA CBA3U 6C3FHCTepe3HCHOfI HaMaroHn4€HHOCTHU

C JCWCTBYIOIIMM TOJEeM OyIeM HCIOJB30BaTh

beseucm
MoguunupoBannylo  Qynkmuio JlamkeBeHa, Tak Kak
JIOCTATOYHO XOPOUIO MOJXOAUT ISl KOHCTPYKIIMOHHBIX CTaJIei:

OHa

a

H

(14) M

beseucm

H
= M,| coth| —=
a e

Maruuroynpyras 3Heprust noJ AeHCTBUEM TPEX IMPOU3BOJIBHBIX
MCXaHUYCCKHX HaHpﬂ)KeHI/Iﬁ CKJIaAbIBACTCA U3 TPEX HE3aBUCUMBIX
yacTei, MO3TOMY H3MEHEHHE OJHEPruH >IEMEHTapHOro obObeMa
IpUMET CJIeIIyIOH_IPIﬁ BH/I:

3

OA;
Z O'jaﬁ

j=1

W)y -3
2414

31ech ,1j ompenensercs MO aHaloruu ¢ [5], HO BMECTO

(cos? p, —vsin? ;)

rnapamMerpa bq) HCIIONb3YyEM b(ﬂ. :éb(l +0 1—§Sin2 0,

(16)
7 =EB bw, ’ Z(G)mag(Ms)_(Dmag(M))_ bl]/’, ’ Zcbmag(Ms) '
"3\ Y Y Y Y

rae Y — moayine IOmwra, Do (M ): % oM 2 Taxum o6pasom,

AeiictByromee mone H, (5) OyAeT oOmpeneneHo CieAyrOLHM
ypaBHCHHEM:

3 .

0 .
(17) H, =Hcos B +aM +iz 0,-*’(0052% —US'nZ‘PJ) '

21,53 oM
Jnst  HaxoXIEHHs YIIOB (P, HEOOXOIMMO PpEIMTL TPH
YpaBHEHUS:
(18)

d |1 3 .
dTp[E 1M ? — 1 HM cos(arccosnzj —goj)—i/ljcrj(cos2 ?; —usnggj)} =0
J
rae j =1..3.

VYron f MexIy HanpaBiI€HHEM BHEIIHEro IOJsI U BEKTOPOM
HAMAarHM4E€HHOCTH, HEOOXOAMMBIH I pacuyera JACHCTBYIOLIETO
nonst (17), MOXXHO BBIPAa3UTh 4epe3 HalIEHHBIE YIJIBI C Y4ETOM
OJIMHAKOBOTO COOTHOIICHUS MEXIy yrJlaMH OT oceil 1o BekTopa
HAMarHW4YMBAaHMS W YIIaMH OT OCeH 10 JIMHUM JAeHCTBHA

MEXaHWYEeCKHX  HampspkeHuit. O6Go3Haumm npn°, n. n:

i a’ 7
HaIpaBIISIONIME KOCHHYChI BEKTOpa HAMArHUYEHHOCTH, €CIU ObI Ha
HEro JIeiCTBOBAIO TOJIBKO OJHO HAaNpsDKEHHUE of (i=1..3). To ectb

COS(!,//j - (0,'): n;.. Torna

(19) n = cos ﬁarccos(n,j)
Vi

. ?;
(20) 7 = cos —'arccos(nﬂ)
Vi
EHH HaXOXKJACHUA  HallpaBJICHWUA  HaMaroM4€HHOCTH  IIOJ

JCUCTBHEM TpEeX HANPSKEHUII I[OKOOPAMHATHO CIOKUM TpU
BeKkTopa. be3 HopMupoBaHUs OHU IPUMYT BUJ:

(@1) nr = Zal cos &arccos(n,j)
1 Y
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@2) n = icos ﬁarccos(nﬂ)
i Vi

3
@3) n; =3 cosly; ~¢;)
=

VckoMmblit yroi f onpenensiercst BBIpakeHueM

24) p - L arccos n,’
n

*

e HopMma ‘n*‘ = (n:)z + (n;)z + (n )2 . A Tak Ke YYHTBIBAaEM, 4TO

COSy/; = N,; — M3BECTHBIC BENMIHMHBI, PACCUNTAHHBIC 110 (12).

z

TakuM 00pa3oM, MOJICIMPOBAHUE TUCTEPE3HCa MPU 00HEMHOM
HaNpsDKEHHOM COCTOSTHUM HEOOXOIMMO BBINOJHSTH B CIEAYIOIICH
MOCJIeIOBATEIBHOCTH

1. Paccuurats rnaBHble HampspkeHus (11) m ux HampaBieHUs

(12).
2. Beibpars auana3on u3amenenuii osst H u mar dH.

3. Ha xaxxgoMm miare pemarts audpQepeHInaIbHoe ypaBHEHHE
(13). B mem Oe3rucrepe3ucHasi HaMarHHYEHHOCTh OIIpeAeNICHa
ypaBHeHueM (14), rme peiicTBylomee Imojie 3aJaHO BBIPAKEHHUEM
(17), MarHUTOCTPHUKIKSA OIIpeeseHa paBeHCTBOM (16), yrisl Mexay
BEKTOPOM HAMarHWYeHHOCTH U HANPaBICHHUSAMH JICHCTBHS TJIaBHBIX
HAaNpsKeHUH ¢, @, U @, SBISIOTCA PELICHUSAMH CHCTEMBI TPEX

ypaBHeHuit (18), a yron f Mexay BEKTOpaMH HaMAarHUYEHHOCTH H
BHEIIHEr0 MarHUTHOTO NOJIs 3a4aH (opmyioii (24).

5. Pesynomamul u ux oocyxcoenue

OKcnepuMeHTalbHbIe UCCIIE0BAHUS MPOBOAMIN Ha 0Opa3uax,
BBIPE3aHHBIX  BJOJb HANpPaBICHUS IPOKAaTKM W3  CBapHBIX
MIPSIMOIIOBHBIX TPYO CTall KOHTPOJIHPYEMOH IIPOKAaTKH Kiacca
npounoctd  X80. Jlns WcobITaHW Ha  KOMOWHHMpPOBAaHHOE
Harpy>keHUe IO CXEMe, ONUCAHHOW B paszene 3 HCHOIb30BaIU
Monble IUIMHAPUYECKHE 00paslbl, BHEMIHMH IUaMETp KOTOPBIX
Obu1 paBeH 12 MM, a BHyTpeHHUH — 9 MM. McnbITaHus TPOBOIMIN
IIpY KOMHATHOM TemIepaTrype Ha yHMBEpPCAJIbHOW HCHBITATENbHON
MalliHe C MAaKCHMalbHBIM ycunueM pacTspkeHus 50 xkH u
MaKCHMAaJBHBIM KpyTsamuM MomeHToM 200 H*M. ITo mocrimkenuro
ONIPE/ICJICHHON CTemeHH Jedopmanuu mpolecc HarpyKeHHs
NpUOCTaHABIMBAIN 0e3 pasrpy3kn oOpasna, W [pH  [TOMOIIN
MarHUTHO-M3MEpPUTENILHOTO  KoMmiuiekca Remagraph C-500 B
3aMKHYTOH MAarHHTHOM IIENIM PErHCTPUPOBAIN NETIH MarHUTHOTO
rucrepesuca. MarHuTHOE NOJNE HampsDKEHHOCTBIO 10 60 KA/M
MPHUKIaBIBAIIH BAOIH OCH 00pasIa.

Hecmotpss Ha TO, urO BCce napameTrpbl Moxenu Jlxaiica-
AtepToHa (M €€ MommdUKanuil) UMEIOT (HU3NUECKUH CMBICI, HX
SKCIEPUMEHTAIBHOE OIPEJEICHUE SBISIETCS HE TPUBHUAIBHON
3agadeil. bBoimee mnpakTHYHBIME SBISIFOTCS. METOABI  mojbopa
3HAUCHUIT MapaMeTPOB, 0 KOTOPHIM MOJKET OBITh TIOCTPOEHA METIIS
THCTEPE3UCa, C JOCTATOYHON TOYHOCTHIO BOCIPOM3BOANIAs TETIIIO,
MOTy4YeHHYIO B dKcriepuMente. [lapamerp Mg Hanpsimyro monydanu
U3  OINpPENENIEHHOW  3KCIEPUMEHTAIbHO  MPENENbHOM  NEeTIn
MarHUTHOTO rucTepesnuca. HecMoTpst Ha TO, YTO B 3KCIEPUMEHTE
HEBO3MOXKHO JOCTIKEHHE aOCONIIOTHOTO HACBHIMIEHHS MaTepuana,
OTJINYHE OT HETr0 COCTOSHMS TEXHHYECKOTO HACHINEHUs (B MO
HaNpsDKEHHOCTBI0 60 KA/M) MOXHO CUHTAaTh HECYIIECTBEHHBIM.
Jnst HaxoXKAEHHS ONTHMAJBHBIX IapaMeTpPOB MUHHMH3HpPYETCS
HEBSI3KU OJJHOBPEMEHHO 110 BCEM HEU3BECTHBIM:!

(25 R = i(Miexp -M (Hi))z

e (H,,M?) — OKCTIEPUMEHTANbHO TOMYHeHHbIE TOYKH MoJe-

HAMAarHM4€HHOCTb, N —KOJMYECTBO TOYEK B H3MEPEHHOH HeTie
rucrepesuca (~2000). [lns xaxngoro Habopa mapameTpoB H Ui



KQXIOM  TOYKM  3HAYCHUSA o

M(H;)

MaTeMaTUYECKON MOJEIHN, ONTMCAHHOM B NIPEABIIYLLIEM pa3JIele.

PpacCUnTBIBAIOTCA

B kauecTBe mpuMepa Ha pUCYHKe | NpUBEAEHA Cepus MeTellb
THCTEpe3nca HCCICAOBAaHHOM CTald NpU pasIMYHBIX BEIHYHHAX
MaKCHMaJIbHOTO JISHCTBYFOLIETO TOJIS.
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Puc. 1 Yacmuvle nemau cucmepesuca cmanu xiacca npournocnmu X80.

OTUM TETIsIM COOTBETCTBYIOT IapameTpbl MaTeMaTHYecKOM
MoJenn a 385.577976 (A/m), k = 813.94 (A/m), ¢ = 0.2,
M=1.663*10° (A/m), « 1.968*10°.  Ornocurenshoe
MaKCUMaJIbHOE OTKJIOHEHHE MOJEIU OT OSKCHEPHUMEHTAJIBHBIX
3HAYEHU He MpeBocXoauT 15%.

6. 3axknouenue

HpennomeHa MOZ[I/I(i)I/IKaL[I/ISI MaTeMaTH4eCKOU MOJCIN
THUCTCpE3UCa I[)Kaﬁnca—ATepTOHa JUIs ciry4as TPEXOCHOTO
HaOpsi?KEHHOT'O COCTOSTHUS. CpaBHeHI/Ie PacCUCTHBIX PE3YJILTATOB C
OKCHEPUMEHTAJIbHBIMU JTaHHBIMU Ha CTaJId KJlacCa NPOYHOCTHU X80
TIMOoKa3ajo aACKBAaTHOCTb MOJICIIH.

Paboma evinonunensvt npu noodepcke zpanma PODHUH Nel6-
38-00598 mon_a.
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Absract: This paper focuses on designing mathematical model a integrated bioethanol supply chain (IBSC) that will account for economic
and environmental aspects of sustainability. A mixed integer linear programming model is proposed to design an optimal IBSC. Bioethanol
production from renewable biomass has experienced increased interest in order to reduce Bulgarian dependence on imported oil and reduce
carbon emissions. Concerns regarding cost efficiency and environmental problems result in significant challenges that hinder the increased
bioethanol production from renewable biomass. The model considers key supply chain activities including biomass harvesting/processing
and transportation. The model uses the delivered feedstock cost, energy consumption, and GHG emissions as system performance criteria.
The utility of the supply chain simulation model is demonstrated by considering a biomass supply chain for a biofuel facility in Bulgarian
scale. The results show that the model is a useful tool for supply chain management, including selection of the optimal bioethanol facility
location, logistics design, inventory management, and information exchange.

KEYWORDS: BIOETHANOL SUPPLY CHAIN, MATHEMATICAL MODEL, ECONOMIC AND ENVIRONMENTAL ASPECTS

1. Introduction

Production and use of biofuels are promoted worldwide. Their use
could potentially reduce emissions of greenhouse gases and the
need for fossil fuels [1]. Accordingly, the European Union imposes
a mandatory target of 10% biofuels by 2020 [2]. These fuels are
produced from biomass. Their use for energy purposes has the
potential to provide important benefits. Burning them releases such
amount of CO, as was absorbed by the biomass in its formation [3].
Another advantage of biomass is its availability in the world due to
its variety of sources. Despite the advantages of biomass with
increasing quantities of biofuels to achieve the objectives of the
European Union, this is accompanied by growing quantities of
waste products. These wastes are related to the lifecycle of biofuels
from crop cultivation, transportation, production to distribution and
use. The main liquid biofuels are bioethanol and biodiesel.
Depending on the raw material used, production is considered in
three generations.

The first generation used as feedstock crops containing sugar and
starch to produce bioethanol, and oilseed crops to produce biodiesel
[4]. In the production of biodiesel, the advantage of these materials
is that they can be grown on contaminated and saline soils, as the
process does not affect the fuel production. The drawback is that
they raise issues related to their competitiveness in the food sector.
These materials also have a negative impact in terms of the quantity
of water consumed. This is related to their cultivation that requires
significant amounts of water resources. Excessive use of fertilizers,
pesticides and chemicals to grow them also leads to accumulation of
pollutants in groundwater that can penetrate into water courses and
thus degrade water quality.

According to the second generation, bioethanol is produced by
using as raw material waste biomass (agricultural and forest waste)
[5], i.e. lignocellulose which is transformed into a valuable resource
as bioethanol. Biofuel production second generation is an excellent
way to deal with increasingly restrictive national and European
regulations in this area and the use of organic waste for energy
production and fertilizer as a byproduct. Logistics and use of these
materials can be challenging due to the fact that they are usually
dispersed. Another disadvantage from an environmental perspective
is the need for further purification and processing.

The third generation comprises production from microalgae which
occur as promising feedstock for biofuel production. The advantage
of this biomass is that it is a year-round production and does not
compete with the food industry.

The main technologies for production of bioethanol are
fermentation, distillation and dehydration [6]. The wastes of
biofuels are divided into production and performance. The
technological waste is produced mainly in the creation of products
that occur as waste production. The management of these wastes is
related to their reduction, recovery and disposal. These guidelines
are united in the idea of acquiring more sophisticated production
processes. Efforts are focused on the use of new sources of raw
materials, new processes, and new ways of realization of the side
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products. The use of by-products as raw materials for other
production closes cycle in the supply chain, reducing the price of
obtaining fuel. Operational waste associated with gases and
emissions released during operation and the burning of biofuels.

2. Aim

The present study deals with the issue of designing optimal
Integrated Bioethanol Supply Chains (IBSC) for waste management
in the process of biofuel production and usage. Tools have been
developed for formulation of a mathematical model for description
of the parameter, the restrictions and the goal function.

3. Problem statement

The problem addressed in this work can be formally stated as
follows. Given are a set of biofuel crops that can be converted to
bioethanol. These include agricultural feedstock’s e.g. wheat, corn,
etc. A planning horizon of one year for government regulations
including manufacturing, construction and carbon tax is considered.
A IBSC network superstructure including a set of harvesting sites
and a set of demand zones, as well as the potential locations of a
number of collection facilities and bio refineries are set. Data for
biofuel crops production and harvesting are also given. For each
demand zone, the biofuel demand is given, and the environmental
burden associated with bioethanol distribution in the local region is
known. For each transportation link, the transportation capacity,
available transportation modes, distance, and emissions of each
transportation type are known.

3.1. General Formulation of the Problem

The overall problem can be summarized, as follows:

e Optimal locations of biofuel production centers,

o Demand for petroleum fuel for each of the demand centers,

e The minimum required ratio between petroleum fuel and
biofuel for blending,
Biomass feedstock types and their geographical availability,

e Specific Green House Gas (GHG) emission factors of the
biofuel life cycle stages,

e Potential areas where systems for utilization of solid waste from
production can be installed.

The objectives are to minimize total cost of a IBSC by optimizing

the following decision variables:

e Supply chain network structure,

e Locations and scales of bioethanol production facilities and

biomass cultivation sites,

Flows of each biomass type and bioethanol between regions,

Modes of transport for delivery for biomass and bioethanol,

The GHG emissions for each stage in the life cycle,

Supply strategy for biomass to be delivered to facilities,

Distribution processes for biofuel to be sent to demand zones.

4. Model formulation

The role of the optimization model is to identify what combination
of options is the most efficient approach to supply the facility. The
problem for the optimal location of bioethanol production plants



and the efficient use of the available land is formulated as a MILP
model with the following notation:

Greenhouse gas (GHG)
emissions for all supplv chain

Regions for
collection and
processing of
solid waste
wew

Regions for straw

pwnd PR

Regions for the production
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processing C eat
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Wheat straw
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Regions for mixing and
consumption bioethanol
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o

Regions for the production of
petroleum fuels
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-

Regions for the wheat-corn
customer zones for food
security
vev

Figure 1. Superstructure integrated bioethanol supply chain (IBSC)

4.1.  Mathematical model description

To start with the description of the MILP model, we first introduce
the parameters, that are constant and known a priori, and the
variables that are subject to optimization. Then we describe step by
step the mathematical model by presenting the objective function
and all the constraints. First of all, we introduce the set of time

intervals of the horizon of planning t= {1,2,...,T}.

In this article the mathematical model that is used in the network
design is described. Before describing the mathematical model, the
input parameters, the decision variables, and the sets, subsets and
indices are listed below.

4.1.1. Sets, subsets and indices

The following sets and subsets are introduced:

Sets/indices

| Set of biomass types indexed by i;

LF Set of transport modes indexed by If ;

P Set of plant size intervals indexed by p=1N_;

S Set of utilization plant size intervals indexed by s =1,_N5;

GF Set of regions of the territorial division indexed by g¢f ;

K Set of proportion of bioethanol and gasoline indexed by Kk ;

T Set of time intervals, indexed by t .

Subsets/indices

B Set of transport modes for bioethanol and gasoline is a
subset of LF (B < FL) indexed by b;

L Set of transport modes for biomass is a subset of LF
(LcLF)indexed by I ;

M Set of transport modes for solid wastes is a subset of LF
(M < LF ) indexed by m;

E Set of transport modes for straw is a subset of LF
(E c LF)indexed by e;

Z Set of transport modes for wheat-corn for food security is a
subset of LF (Z < LF ) indexed by z;

F Set of candidate regions for bioethanol plants established,
which is a subset of GF (F < GF ) indexed by f ;

C Set of bioethanol mixing and customer zones, which is a

subset of GF (C — GF ) indexed by c;
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D Set for delivery and production gasoline, which is a subset
of GF (D cGF ) indexed by d;

W Set for regions for collection and processing of solid waste,
which is a subset of GF (W < GF ) indexed by w;

u Set for regions for straw collection and processing, which is
asubset of GF (U — GF ) indexed by u ;

\% Set for regions for the wheat-corn customer zones, which is
a subset of GF (V < GF ) indexed by v;

4.1.2. Input parameters for the problem
Environmental parameters:

EFBR, Emission factor for bioethanol production from biomass
type i el using technology pe P, [kg CO,—eq/ton biofuel ];
ESW  Emission factor of pollution caused by one tone of solid

waste if not used, [ _K9CO, —ed
ton solid waste

EFDP,  Emission factor for gasoline production in region
de D, [kg CO, —eq/ton gasoline];
EFTRA, Emission factor for biomass iel supply via mode

leL,[kgCO,-eq/tonkm ];
EFTRB, Emission factor for bioethanol supply via mode beB,
[kg CO, —eq/tonkm ];

EFTM, Emission factor of transportation of biomass ie| for
mode leL, [kg CO,—eq/tonkm J;

EFTB,  Emission factor of transportation of bioethanol and
gasoline for mode be B, [ kg CO, —eq/tonkm ];

EFTRW, Emission factor for transport of solid waste with
transport me M , [ kg CO, —eq/tonkm J;

EFTRU, Emission factor for transport of straw with transport

ecE,[kgCO,-eq/tonkmT;
EFTRV,
security with transport ze Z , [ kg CO, —eq/tonkm J;

Emission factor for transport of wheat-corn for food



ECB,ECG Emissions emitted during the combustion of CO,
unit bioethanol and, gasoline, [kg CO, —eq/tonbioethanol ] or;
[ kg CO, —eq/ton gasolinel ].

Monetary parameter:

CosB, , CosW, Capital investment of bioethanol plant size peP

and capital investment of solid waste plant size seS,[$];

Ceo, Carbon tax per unit of carbon emitted from the operation of
the IBSC, [$/kg CO, —eq ];

PG  Price of gasoline, [ $/ton ];

uTl, ,UTB, ,UTG, ,UTS,,UTU,,UTV,, Unit transport cost for
biomass ie | ‘ viamode | e L, bioethanol via mode be B ’
gasoline via mode b e B, solid wastes via mode me M , straw via
mode e e E , wheat-corn for food security via mode z , [ $/ton km J;
Technical parameters:

PB,"*/ PB)™ Maximum/Minimum annual plant capacity of size
p € P for bioethanol production, [ton/ year ];

ENO,ENB Energy equivalent unit of gasoline&bioethanol,
[GJ/ton];

ADD,, , ADG, , ADF, , ADU ,
delivery distance between grids via model
(beB,leL,ecE,meM ,zeZ),[km];

SW,,  The total amount of solid waste generated for production of

ADW,,., , ADV,, Actual

of

dcb fwm

transport

ton solid waste ..

bioethanol using biomass i for technology p, [ -
ton biofuel

JobB, , JobO, The number of jobs needed to build and

operation a bio-refinery with size p e P for year;
JobG,,  The number of jobs required to grow a unit of i< |

biosource in the region g € G per year.
Environmental parameters depending on the time interval:
EFBC,, Emission factor for cultivation of biomass type ie | in

region g e G for each time interval t, [ kg CO, —eq/ton biomass ];

TEIM* Maximum total environmental impact, [ kg CO, —eqd™].

Monetary parameters depending on the time interval
G Interest rate, % ;

& Discount factor;

M & Factor to the change of the base price, depending on the
region f e F where the plant is installed, [ Dimensionless ];

CostPFfI Capital investment of plant size peP for bioethanol
production in each zones f e F,[$ ];

INS, The government incentive includes construction incentive

and volumetric from region f e F,[$/ton];

UPC,, Unit production costs for biomass type iel in region
g eG foreachtimeinterval teT ,[$/ton];
UPB,,; Unit bioethanol production cost from biomass type i< at

a biorafinery of scale p e P installed in region f e F,[$/ton];
UPD,, Unit gasoline production cost at a rafinery d, [$/ton].

Technical parameters depending on the time interval
Ko™  Proportion of bioethanol and gasoline subject of mixing for

each of the customer zones, [ Dimensionless ];
A Set-aside area available in region geG for biomass

production for each time interval teT ,[ha];

A Set-aside area available in region g G for food, [ha];
By Production rate of biomass i in region geG , [ton/ha];
LT,  Duration of time intervals teT , [ year ];
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a, Operating period for IBSC in a year, [ d/ year ];
7ipt
biomass i using technology p , [ton_bioethanol /ton_biomass];
YO,  Gasoline demand in customer zones ceC , [ton/ year];
PBIig"IIN /PBIiZ"IAX

which can be produced in the region, g € G per year, [ton/ year ];
Q™ Maximum flow rate of biomass i from region g, [ton/d ];

QB Maximum flow rate of bioethanol from region f , [ton/d ];

Biomass to bioethanol conversion factor specific for

Minimum/ Maximum biomass of type iel

QDM Maximum flow rate of gasoline from region d , [ton/d ];
QW M Maximum flow rate of solid wastes from f , [ton/d ];
QU Maximum flow rate of srtaw from region g€ G, [ton/d ];
QV MAX

gt
4.1.3. Decision variables for the problem X,

To find the optimal configuration of the IBSC, the following
decision variables are required:

A/ Positive continuous variables
PBB,, Biomass i demand inregion geG attimeinterval teT ;
Qlg Flow rate of biomass i<l via mode IeL from region
geG to f eF, foreach teT ,[ton/d];

QB,, Flow rate of bioethanol produced from all biomass i | via

Maximum flow rate of wheat-corn from ge G, [ton/d ];

mode be B fromregion f e F to ceC foreach teT ,[ton/d];
QBP,,,  Flow rate of bioethanol produced from biomass i via
mode b from f to ¢ using technology p foreach teT ,[ton/d ];
QD Flow rate of gasoline via mode beB from region d € D
to ceC, foreachtimeinterval teT ,[ton/d ];

QW,,,, Flow rate of solid waste via mode meM from region
feF to weW ,foreach teT,[ton/d];

QU,,. Flow rate of straw collection and processing via mode e
fromregion g to U, foreach teT ,[ton/d];

QV,,, Flow rate of wheat-corn for food security via mode zeZ

fromregion geG to veV ,foreach teT ,Jton/d ];
QED,, Quantity of gasoline to be supplied to meet the energy
needs of the region ceC , foreach teT ,[ton/ year];
QEB, Quantity of bioethanol produced from biomass to be
supplied to meet the energy needs of the region ceC , [ton/ year];

A,  Land occupied by crop iel inregion geG,[ha];

A; Land by crops iel needed for food security of the
population in the region g € G , foreach teT ,[ha];

B/ Binary variables

X 0-1 variable, equal to 1 if a biomass type i is transported

fromregion g to f using transport |, and O otherwise at teT ;
Y« 0-1variable, equal to 1 if a bioethanol is transported from

region f to c using transport b, |, and O otherwise at teT ;
WS, 0-1 variable, equal to 1 if a solid waste is transported from

region f to W using transport m and O otherwise for each teT ;
WU .. 0-1 variable, equal to 1 if a straw is transported from region

g to ueU using transport e E and 0 otherwise for each teT ;
WV,_ . 0-1 variable, equal to 1 if a wheat-corn is transported from

gzt
region g to V using transport z and O otherwise for each teT ;
ZW,,, 0-1 variable, equal to 1 if a solid waste utilization plant size

guet

s isinstalled in region W and 0 otherwise at time interval teT ;



ZWF,

. 0-1 variable, equal to 1 if a solid waste utilization plant
size s is to be working in region W and O otherwise at teT,
which includes the plants installed in the previous time and the new
ones built during this time which is calculate with equation

ZWF,, = ZWF,,. ,, +ZW,, for first year (t=1) configuration is
set by initializing ZWF,,,. = ZW,

Z,, 0-1variable, equal to 1 if a bioethanol production plant size

swl'?

p is to be established in region f and O otherwise foreach teT ;
ZF , 0-1 variable, equal to 1 if a bioethanol production plant size

p € P is to be working in region f € F and 0 otherwise at time

interval teT , which includes the plants installed in the previous
time interval and the new ones built during this time interval which
is calculate with equation ZF =ZF ., +Z , for first year (t =1)

configuration is set by initializing ZF,.. =2

swl '
PD, 0-1 variable, equal to 1 if a gasoline is manufactured by the

region d € D and 0 otherwise at time interval teT ;
DT, 0-1 variable, equal to 1 if a gasoline is transported from

region d to c¢ using transport b and 0 otherwise for each teT .

4.1. Basic Relationships

As noted above, the assessment of IBSC production and distribution
of bioethanol will be made by environmental and economic criteria.

4.1.1. Model of total environmental impact of IBSC
The environmental impact of the IBSC is measured in terms of total
GHG emissions (kg CO,—eq) stemming from supply chain

activities and the total emissions are converted to carbon credits by
multiplying them with the carbon price in the market.

The environmental objective is to minimize the total annual GHG
emission resulting from the operations of the IBSC. The
formulation of this objective is based on the field-to wheel life cycle
analysis, which takes into account the following life cycle stages of
biomass-based liquid transportation fuels:

o biomass cultivation, growth and acquisition,

e hiomass transportation from source locations to facilities,

e transportation of bioethanol facilities to the demand zones,

o local distribution of liquid transportation fuels in demand zones,

o emissions from bioethanol and gasoline usage.

Ecological assessment criteria will represent the total environmental
impact at work on IBSC through the resulting GHG emissions for
each time interval t. These emissions are equal to the sum of the
impact that each of the stages of life cycle has on the environment.
The GHG emission rate is defined as follows for each teT :

TEl, = ELS, + ELB, + ELD, + ETT, + ESW, + ECAR,, Vt
where
TEl, Total GHG impact at work on IBSC [ kg CO, —eqd™];

{ELSI ,ELB,,ELD,, ETTI} GHG impact of life cycle stages;
ECAR, Emissions from bioethanol and gasoline usage in vehicle

)

operations [kg CO,—eqd™];
ESW, Emissions from utilization solid waste for each teT

Evaluation of environmental impact at every stage of life cycle is:
A. Growing biomass ELS,;

. Production of bioethanol ELB, ;

. Production of petroleum gasoline ELD, ;
. Utilization of solid wastes ESW,

. Transportation biomass ETA;

. Transportation bioethanol ETE, ;

. Transportation gasoline ETD, ;

I oG MM Mmoo w

. Transportation of solid waste ETW, ;

Transportation of straw ETU,;
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J. Transportation of wheat-corn for food security ETV,;
K. Usage bioethanol and gasoline ECAR, .

1/ Greenhouse gases to grow biomass ELS, , [kg CO, —eqd™]

GHG emissions resulting from the production of biomass depend on
the cultivation practice adopted as well as on the geographical
region in which the biomass crop has been established [7]. In
particular, the actual environmental performance is affected by
fertilisers and pesticides usage, irrigation techniques and soil
characteristics. The factor may differ strongly from one production
region to another. Accordingly, the biomass production stage is

defined as follows:
ELS, =Y Z(EFBC@ Mj vt,
at

iel geG

@

2/ Total GHG emissions from bioethanol production ELB,

The environmental impact of the bioethanol production stage is
related to raw materials and the technology employed for the
production of bioethanol.

ELB, =Y 33> 3 (EFBP,QBP,,, ) Wt

iel feFceCbeB peP

®)

Since only one of the technologies peP can be selected for a
region feF (which is guaranteed by the condition
D ZF, <10 vt f ), it QBP,,,is equal to "0" for all except
peP

p e P for the selected technology. This is ensured by implementing

the inequality G"*ZF , >QBP, vi, f,c,b, p,t where G"~

there is a large enough number.
3/ Total GHG emissions from gasoline production ELD,
ELD, = Z Z z EDP,QDyy, V't
deDceCbeB
4/ The environmental impact of transportation ETT,

The global warming impact related to both biomass supply and fuel
distribution depends on the use of different transport means fuelled
with fossil energy, typically either conventional oil-based fuels. The
resulting GHG emissions of each transport option depend on both
the distance run by the specific means and the freight load
delivered. As a consequence, the emission factor represents the total
carbon dioxide emissions equivalent accordingly:

ETT, = ETA + ETB, + ETD, + ETW, + ETU, + ETV,

where,

ETA = Z Z ZZ(EFTMiIADGgfIQIigm )v vt

icl geG feF leL

fcbpt *

4)

®)

is environmental

impact of transportation biomass [ kg CO, —eqd™];

ETE, = ZZZ(EFTBbADchbQBm ) vt is environmental impact
feFceC beB

of transportation bioethanol from zones feF to ceC where

QB = Z ZQBPifcbpt [kg CO,-eq d™ I

iel peP

ETD, = Z Z Z(EFTBb ADD,,QD ), vt

deDceCbeB
impact of transportation gasoline from zones deD to ceC;

ETW, =Y > Z(EFTRWnn ADW,,, QW ) vVt is environmental

feFweWmeM

impact of transportation solid wastes from zones f e F to weW ;
ETU, = Y3 Y (EFTRU,ADU,,QU ) ¥t is environmental

geGueU ecE

is  environmental

impact of transportation straw from zones g G to ueU ;
ETV, = 33 3 (EFTRV,ADV, QV, . vt

geGveV zeZ
impact of transportation wheat-corn from zones geG to veV ;

is  environmental

5/ Total GHG emissions from utilization solid wastes ESW,
Z fz: ZCbZ: Z SWinBPifcbpt -
ESW _ iel feFceCbeB peP ESW, Vt , (6)
B DIPIPe. e

feFweWmeM



6/ GHG emissions from bioethanol and gasoline usage in
vehicle operations ECAR,

ECAR, =ECB Z Z ZQchm +ECG Z Z ZQDdcbt’ vt,

feFceCheB deDceCbeB
4.1.2.

Model of total cost of a IBSC

The annual operational cost includes the biomass feedstock
acquisition cost, the local distribution cost of final fuel product, the
production costs of final products, and the transportation costs of
biomass, and final products. In the production cost, we consider
both the fixed annual operating cost, which is given as a percentage
of the corresponding total capital investment, and the net variable
cost, which is proportional to the processing amount. In the
transportation cost, both distance-fixed cost and distance-variable
cost are considered. The economic criterion will be the cost of
living expenses to include total investment cost of bioethanol
production facilities and operation of the IBDS. This price is

expressed through the dependence [8] for each time interval teT :

Y]

TDC, =TIC, +TPC, +TTC, + TTAXB, -TL,, Vt 8)
where

TDC, Total cost of a IBSC for year [$ year™1;

TIC, Total investment costs of production capacity of IBSC

relative to the operational period per year [ $ year ™ ;
TPC,  Production cost for biorefineries [$ year™];
TTC,

TTAXB, A carbon tax levied according to the total amount of CO,

Total transportation cost of a IBSC [$ year™];

generated in the work of IBSC [$ year™];
TL, Government incentives for bioethanol production and use;
1/ Model investment costs for biorefineries by year TIC,

A rational IBSC planning over the time is based upon the
assumption that once a production facility has been built, it will be
operating for the remaining time frame.

TICtzgt;;Z(Cost;Zpﬂ), vt ©)
€F pe
where ¢, is calculate by equation (10):
1
& = 10
ey to

Capital cost of biorefinery for each region is determined by the
equation:
Cost;; =M {*'Cost,, VpeP,Vf e F, (11)

2/ Total production cost model of IBSC TPC, [$ year™]
Total production cost term, TPC, consists of biomass cultivation
TPA,, bioethanol production costs TPB, and production cost for
gasoline TPD, as follows for each time interval t :

TPC, =TPA +TPB,+TPD,, Vt, (12)
where the components of (12) are defined according to the relations:

TPA =Y 3 (UPC AL By )

iel geG

TPB, =Y. 33 >3 (&,UPB,,QBP,,, )i, Wt

iel feFceCbeB peP

TPD, = zz Z(atUPDmQDucm)

ceCbeBdeD
3/ Total transportation cost model TTC, [$ year™]
With regard to transports, both the biomass delivery to conversion
plants and the fuel distribution and transport of diesel to blending
terminals are treated as an additional service provided by existing
actors already operating within the industrial/transport
infrastructure. As a consequence, TTC, is evaluated as follows:

TTC, =TTCA+TTCB, +TTCD,+, vt (13)
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where, TTCA =>>">" Z(octUTCigﬂQligflt ) Vvt is transportation

leL iel feFgeG

cost for energy crops, TTCB, =3 Z(atUTchbQchbt ) vt , for

beBceC feF

bioethanol, TTCD, =Y 3 3" (¢ UTD,, QD ) Vt and for

beBceCdeD
gasoline, where,
UTCigfI =IA, +(|Bil ADGgﬂ)
UTB,, =OA, +(0B,ADF,,)
UTD,,, = OAD, +(OBD,ADD,, )
IA, and 1B, is fixed and variable cost for transportation biomass
type and (OA ,OB,) is fixed and variable cost for

transportation bioethanol.
The biomass transportation cost UTC,, is described by Borjesson

iel

and Gustavsson [9], for transportation by tractor, truck and train
UTB,, . They are composed of a fixed cost (1A, ,OA ) and a

variable cost (1B, ,0B,).

unloading costs. They do not depend on the distance of transport.
Variable costs include fuel cost, driver cost, maintenance cost etc.
4/ Government incentives for bioethanol production cost
model TL,, [$year™]

L = Y Y Y (INS QB ) Wt

feFceCheB

Fixed costs include loading and

(14)

5/ A carbon tax levied cost model TTAXB,, [$ year™]

Many countries are implementing various mechanisms to reduce
GHG emissions including incentives or mandatory targets to reduce
carbon footprint. Carbon taxes and carbon markets (emissions
trading) are recognized as the most cost-effective mechanisms. The
basic idea is to put a price tag on carbon emissions and create new
investment opportunities to generate a fund for green technology
development. There are already a number of active carbon markets
for GHG emissions [10].
TTAXB, =(a,TEI,)Cy, .

4.2. Restrictions

Plants capacity limited by upper and lower constrains
Plants capacity is limited by upper and lower bounds, where the
minimal production level in each region is obtained by:

vt (15)

> (PBM™ZF ) <@, Y 3 QB < X (PBI'"™ZF, ), vi,t  (16)
peP ceCheB peP

ZM ZVZVQW“”"“ QWM i

> > QU <QUI, Vg, Wt a7

ecEueU

> 2 QV, <QV™, Vg

zeZveV
Constraints balance of bioethanol to be produced from biomass
available in the regions

«¥ zzzz[—QBP"”“]

iel feFceCbeB peP ﬁigtyipt
A condition that ensures that the total amount of solid waste

generated by all bio-refineries can be processed in the plants built
for this purpose

> QWi < 333 (SW,,QBRy, ) Yt

weW meM peP iel ceC beB

A restriction that ensures that the amount of solid waste processed
at the plant is within its production capacity

Z PSMIN ZWstt S at Z ZQwamt

seS feFmeM

a Y YW, <Y P™ZwF,, |

feFmeM ses

=Y X (A ) vt

iel geG

(18)

(19)

vt,w (20)



Logical Constrains

e Restriction guarantees that a given region f eF installed
power plant with p € P for bioethanol production.
zzpf, <1
pe
, Vf,t
> ZF, <1 (1)
peP
and for a utilization systems of solid wastes (21):
ZZWSM <1
seS
, Vw,t
S ZWF,, <1 (22)

seS

e Limitation ensure the availability of at least one connection to a
region of bioresources and region for biofuel

zzxigflt = ZZchbt = ZZprﬂ Vl, f7t

geGleL ceCbeB peP

e Limit which guarantees that each region will provide only one
plant with a biomass type i< |

(23)

szigfltgl’ Vi,g,t (24)
feFleL
e Limitation of assurance that at least one region feF

producing bioethanol is connected to a costumer zones ceC
> > Y <1 Vet (25)

beB feF
e Limitation of assurance that at least one region f is connected

to a solid waste utilization plant located in region weW
Z ZWS,Wmt <1, vf,t
weWmeM
e Condition ensuring that the solid waste produced from a given
bio-refinery will be processed in only one of the plants for use

> Y WS = ZZFpﬂ, vi,t (27)
peP

meM weW

e Condition ensuring that a plant used in a given region will be

connected to at least one plant in which solid waste is generated
Z ZWwamt 2 ZZWFSWU VW,t (28)
meM feF seS

Transport Links
Restrictions on transportation of biomass are

PBIigIN;xlgfll SCZt;Qllgﬂt = PBIigAxgxigflt’Vi'QV fYt (29)

Mass balances between bioethanol plants and biomass regions
The connections between bioethanol plants and biomass regions:

ZZZ(QI@M)S Z[%], vf,t (30)

leL geG iel psP ipt
Mass balances between bioethanol plants and customer zones
3 3 (,QB o )= QEB,, Vet

beB feF

Energy Restriction

e limitation ensuring that the overall energy balance in the region
is provided

ENOY QEO, +ENBY QEB, =ENO) YO, , Vvt

ceC ceC ceC

(26)

()

(32)

e limitation ensuring that each region will be provided in the
desired proportions with fuels

ENB QEB, = K™ENO YO, Vc,t

ct ct?
4.3. Economic objective function
Objective function associated with the minimization of the
economic costs includes all the operating costs of the supply chain,
from the purchase of biomass feedstock to transportation of the final
product, as well as the investment cost of biorefineries [11]. The
costs of the supply chain are: the cost of raw material, the transport
of raw material to the facilities, the cost of transport to the
biorefineries, the cost of transformation into bioethanol and the cost
of final transport to the blending facilities. The economic objective
is to minimize the total annual costs. The terms of the cost objective

(33)
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corresponding to the annual operation costs of the IBSC are
described in the following equation:

COST =Y (LT,TDC,)

5. Optimization problem formulation

The problem for the optimal design of a IBSC is formulated as a
MILP model for the objective function of Minimizing cost.

The task of determining the optimal location of facilities in the
regions and their parameters is formulated as follows:

Find : Xl[Decision variables]T
MINIMIZE {COST } — (Eq.34)
st.:{Eq.16 - Eq.33}

The problem is an ordinary MILP and can thus be solved using
MILP techniques. The present model was developed in the
commercial software GAMS [12]. The model chooses the less
costly pathways from one set of biomass supply points to a specific
plant and further to a set of biofuel demand points. The final result
of the optimisation problem would then be a set of plants together
with their corresponding biomass and biofuel demand points.

6. Discussion and conclusion

This paper studies the interactions among biofuel supply chain
design, agricultural land use and local food market equilibrium. The
study has been focused on the eco comparable behavior of the
stakeholders in the biofuel supply chain incorporating them into the
supply chain design model. The model includes the problem of crop
rotation and solid waste utilization. The model is believed to be
important for practical application and can be used for design and
management of similar supply chains.

(34)

(35)
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Abstract: We consider a well known mathematical model of continuous methane fermentation, consisting of two nonlinear ordinary
differential equations and one algebraic equation for the gaseous output. The model involves one microbial population and one substrate.
We propose an output feedback including a discrete delay and use it for asymptotic stabilization of the model. Feedback control of
bioreactor models provides many advantages in operating a plant, mainly by increasing its efficiency. We also propose a numerical model-
based extremum seeking algorithm for maximizing the biogas (methane) flow rate in real time. Numerical simulations using this algorithm
are included. The simulations are implemented in the Python programming language which is recently recognized as a powerful modern

general purpose object-oriented language.

Keywords: BIOREACTOR MODEL, DELAY FEEDBACK CONTROL, EXTREMUM SEEKING ALGORITHM

1. Introduction

We consider a well known mathematical model of the
continuous methane fermentation, consisting of two nonlinear
ordinary differential equations and one algebraic equation

ds
o = lan@)xtulsn —s) 0
dx
i (u(s) — auw)x
with gaseous output
Q(s,x) = ka u(s)x, )

where x = x(t) and s = s(t) are state variables, x is biomass
concentration [g/dm®], s — substrate concentration [g/dm®], u —
dilution rate [day ], s;, — influent substrate concentration [g/dm?],
ke, — yield coefficient [-], k, — coefficient [(dm®)?/g], Q — methane
gas flow rate [dm®day]. The parameter a € (0,1) represents the
proportion of bacteria that are affected by the dilution; @ = 0 and
a =1 correspond to an ideal fixed bed reactor and to an ideal
continuous stirred tank reactor, respectively. The dilution rate u is
considered as a control variable. The model function u(s)
represents the specific growth rate of the biomass.

Assumption Al. We assume that p is defined for s € [0, +0),
1(0) =0 and u(s) >0 whenever s> 0, u(s) is continuously
differentiable for all s > 0.

We propose here an output feedback including a discrete delay
and use it for asymptotic stabilization of the dynamic model (1).
Feedback control of bioreactor models provides many advantages in
operating a plant and is used to increase its efficiency. On the other
hand, there is always a time delay between input and output
measurements in industrial and biological systems [4].

We make the following assumption.

Assumption A2. Assume that lower bounds s;, and k5 for the
values of s;,, and k, respectively, and an upper bound ki for the
value of k; are known.

Denote for simplicity
2 Sin
Define the following feedback control law:
k(s,x) = Bkyu(s)x with g € (B, +).
Replacing in the model (1)-(2) u by the feedback
k(s(t—1), x(t—1)),

where T > 0 is a discrete delay, we obtain the following control
system:

d

= = —lau(s©)x(®) "
+,[>’k2,u(s(t - T))x(t —-1) (sm - s(t))

d

= = WM @

—aﬁkz,u(s(t - r))x(t -1)
Choose some B € (B~, +) and let

ky
S==5, —— 5
5= =1 (5)
Obviously, 5 belongs to the interval (0, s;, ). Define
1
X = 6
=8 (6)
It is straightforward to see that the point
pp = (5,%)

is an equilibrium point for (3)-(4).

2. Stability analysis of the model

Assumption A3. We assume that the following inequalities
hold true

u(s™) <u@d) < us)
for each s~ € (0,5) and s™ € (5, s,).

Assumption A3 is technical. It is always fulfilled when the
function u(s) is monotone increasing (like the Monod specific
growth rate, see Section 4). If the function u(s) is not monotone
increasing (like e. g. the Haldane law) then the point 5 (i.e. 8) has to
be chosen in a proper way in order to satisfy Assumption A3.

Below we present a result about the local asymptotic stability of
the equilibrium point pg with respect to the parameters of the
closed-loop system (3)—(4). Denote for simplicity:

b = lyxu)u'(s)

1
d u@) (E n(3) — kﬂ#(S‘))

where the coefficients b and d depend on the parameter B, since §
and x are functions of 8, see (5) and (6).

Theorem 1.

(i) If b = d then the equilibrium point pg is locally asymptotically
stable for any value of the delay > 0.



(i) If b <d then there exists a delay 7y > 0 such that the
equilibrium point pg is locally asymptotically stable for all values ©
of the delay such that T < t,; the equilibrium is locally unstable if
T = 1, and a Hopf bifurcation occurs at T = ;.

The proof of the theorem is rather long and will not be
presented here due to the restricted paper length. The proof is based
on some ideas from [3], [5] and [6].

We suppose that in the cases when the equilibrium point ps is
locally asymptotically stable then it is also globally asymptotically
stable. The computer simulations confirm that assumption (see
Section 4). Proving global stability of pgwill be a subject of further
studies.

3. Maximizing the biogas production via extremum
seeking

Consider the equation (2) describing the process output, i.e. the
methane (biogas) production. In this section we shall shortly present
a numerical extremum seeking algorithm (ESA), cf. [1]-[2], to steer
and stabilize the dynamics (3)-(4) towards a steady state, where
maximum methane flow rate Q... is achieved. For that purpose we
compute Q on the set of all equilibrium points, parameterized with
respect to B. Denote the so obtained function by Q(f), where
B € (B~,+x). The function Q(B) is called input-output static
characteristic of the model. Assume that the function g8 - Q(f),
B € (B~,+), is strongly unimodal, i.e. there exists a unique point
Bmax € (B~,+) where Q(B) takes a maximum, Qmuax =
Q(Bmax ), the function strongly increases in the interval
(B~ , Bmax ) and strongly decreases in (Bmax » +)-

Let
PBiax — Simaxs Xmax)

be the steady state where Q,,,, is achieved. Our goal is to stabilize
in real time the system (3)—(4) towards this (unknown) equilibrium
point g and therefore to the maximum methane flow rate Q. .

The main idea of ESA is the following: we construct a
sequence of points g1, 52, ..., B, ... from the interval (5, +o0),
each B/ being in the form g/ = g/=1 + h, h > 0, and such that the
sequence {ﬁf} tends t0 Bnqx - Then by computing and comparing
the values Q(BY), Q(BY), ..., Q(B™), ..., we achieve the desired
equilibrium point pg  — and thus Qg .

In the computer implementation ESA is carried out in two
stages. In the first stage, “rough” intervals [] and [Q] are found
which enclose B, and Q... respectively; in the second stage,
the interval [B] is refined using an elimination procedure based on
the golden mean value (or Fibonacci search) strategy. The second
stage produces the final intervals [Bhax] = [Bmax,Brhax ] and

[Qmax] SUCh that ﬁmax E [ﬁmax]: Qmax E [Qmax] and ﬁn-"—tax -
Brmax < €, Where the tolerance & > 0 is specified by the user.

The ESA was firstly developed for the model (3)-(4) with t =0,
cf. [1], [2]. Now the algorithm is modified for the delayed model
and is implemented in the object-oriented language Python.
Nowadays, this programming language has become an integral part
of scientific and engineering computing due to the vast abundance
of open source libraries and interfaces to major software tools.

4. Numerical Simulation

In the simulation process we consider the Monod specific
growth rate
mySs
ks+s’

u(s) =

where m; is the maximum specific growth rate of the
microorganisms [1/day] and k is the saturation constant [g/dm®].
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We use the following numerical values for the model
parameters (cf. [1] and the references therein):

ky =274, sy =3, m; =04, k, =04, a=0.5,k, = 75.
With ki =27.6, s;, =2.8 and kj = 74.8 we obtain that

T
B~ =Sfl_ ~ 0.1318. Therefore the parameter B varies in the
in'2

interval (0.1318, +).

For the above parameter values, the input-output static
characteristic Q () is strongly unimodal and takes its maximum for
B = Bpnax = 0.16355 (see Figure 1), thus Q.. = 3.21376,
Smax = 0.76619and X,,,, = 0.16305.

¢ j‘]u- &3

35 0.16355, Q 3.21376

max

Q(B3)

3.0

25

2.0

15

10

Q [dm® /day] - methane flow rate

1.0 15
B[]

Fig. 1. The input-output static characteristic Q(8)

0.5

25

4.1. Simulation of the global dynamics behavior

First we shall demonstrate numerically the stability of the
system (3)-(4) towards the equilibrium point p; for different values
of the delay 7 and the parameter 3.

() B = Pmax = 0.16355

For this value of 8, the inequality b > d is fulfilled. According
to Theorem 1, the equilibrium point (S,,4x, Xmax ) = (0.76619,
0.16305) is stable for any 7 > 0 as it can be seen in the Figures 2
to 4 for the following values of the delay: T=1,t=5and t=15.

—

3F=0.16355, =1 day
— s

—_— X

=
o

g
o

:_t_t,“d m’ [

0.8 T—

—— 0.76619

0.6

0.4

Concentrations

0.2 — ——— 0.16305

0.0

20 30
Time |day|

40

Fig. 2. B = Bpax = 0.16355, 7 =1:
Time evolution of s and x towards 3,,,,, and ., respectively
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Fig. 4. B = Bpax = 0.16355, T =15:

Time evolution of s and x towards 3,,,,, and Xx,,,, respectively 3=1.0, =5 day
(") B =10 ® init. point # end point

Here b < d is valid. In this case 73 = 4.70326, § =
2.63467 and x = 0.02667. According to Theorem 1, the
equilibrium point (5,x) is stable for any T <t, and 03
unstable for any t > 7 q; this is demonstrated in Figures 5
to 8 when the delay takes the values t=1,t1=4.5,t=5
respectively.

0.4

x [gfdm®]
g

3=1.0, 7=1 day

s — % 01
30—~
- \=__ _— 2.6341 0.0
T=o2s
ﬁ 10 1?5 2:0 2.5 3.0
=0 8 [g;’dm"; ]
2
g 15 Fig.8. B =1, t = 5: Atrajectory in the phase plane (s, x)
g Existence of a periodic solution as a result of Hopf bifurcation
g e The graphic visualizations (see Figures 2 and 5), as well as other
S simulations, that are not presented in the paper, show that for a
03 delay T = 1 [day] the dynamics is stabilized approximately within
10 days, which is practically reasonable for the modeled process.
0.0l = = = = 22028t Increasing the delay leads to the appearance of damped oscillations

and the time for the solution stabilization increases (see Figures 3
and 6 for T = 5 and t = 4.5 respectively). For extremely large (and
practically unusual) value of the delay (z = 15 [days] in Figure 4),
as well as for t>1, (e.g. T = 5[days] in Figures 7 and 8)
sustainable oscillations do occur.

Time |day|

Fig.5. B =1, T = 1: Time evolution of s and x towards 5 and
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4.2. Simulation results from the extremum seeking
algorithm
The numerical results from the extremum seeking algorithm

(ESA) are visualized in Figures 9 to 12 for small values of the delay
t=1landt=3.

ESA: r=1 day
4.0 a3 s 8 s
— 5 [g/dm” ] — X [g/dm” | --- Qldm” [day|
35F |
| .
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Fig. 9. 7 = 1. Visualization of the numerical results from the ESA.
Time evolution of s,x and Q towards 5., , Xnax aNd Qax
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Fig. 10. T = 1. Visualization of the numerical results from the ESA.
A trajectory in the phase plane (s,x).
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Fig. 11. t = 3. Visualization of the numerical results from the ESA.
Time evolution of s,x and Q towards 3,4, , Xmax aNd Qax

68

ESA: 7=3 day
® init. point # end point
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Fig. 12. t = 3. Visualization of the numerical results from the ESA.
A trajectory in the phase plane (s,x).

5. Conclusion

In this paper we investigate a nonlinear functional-differential
model of an anaerobic bioreactor with methane (biogas) production,
involving one microbial population and one substrate. The
stabilization of the model solutions is carried out by a feedback
control low involving one discrete time delay. We have established
local asymptotic stability of the system dynamics towards a
previously chosen equilibrium point as well as bifurcations of this
equilibrium with respect to the time delay. The numerical
simulations suggest that in the cases when the equilibrium point is
locally asymptotically stable it is also globally stable. This allows
us to apply a numerical model-based extremum seeking algorithm
for stabilizing the dynamics towards the equilibrium point where
maximum production of methane is achieved. The facilities of the
algorithm are illustrated numerically as well.
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Abstract: In the paper are presented the main theoretical techniques used for the modeling and simulation of industrial processes. The main
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1. Introduction

The modeling and simulation are a basic approach to quantifying
processes and phenomena [1-3]. They have become realistic as a
result of the development of computing and applied mathematics. In
the industry, the modeling and simulation offer a quantitative
description of the kinetics of processes and systems for the purposes
of their optimal design or control.
In the industrial systems, the process models of the individual
devices are known in advance, and system models offer quantitative
descriptions of the systems (process systems engineering).
In the industry, quantification of systems can also be used for
various other tasks. For example, in periodically operating systems,
the optimal schedules of the apparatuses (machines) for conducting
different processes (operations) of different duration and different
sequence to obtain different substances (machined details) can be
determined. In these cases, the mass service theory offers models
that allow for optimal solutions.
The fundamentals of the modeling and simulation, as a part of
human knowledge and science, are related to the combination of
intuition and logic. They are in different scales in the individual
sciences [4, 5]. In the mathematics, logic dominates intuition, where
intuition is the axiom (unconditional truth that is not proof able),
and logic is the theorem (the logical consequences of the axiom). In
the natural sciences (physics, chemistry, biology), the logic/intuition
ratio is maintained, but axioms are usually conditional (principles,
postulates, laws). This ratio goes back to the humanities and reaches
the extreme in religion.
The modeling and simulation offer quantitative (mathematical)
descriptions that have different degrees of detail. The lowest level is
the thermodynamic (non-equilibrium thermodynamics) that
examines the volume of the phase (gas, liquid, solid). The next level
is the hydrodynamic, which examines the elementary phase
volumes (mechanics of continua), which are much smaller than the
phase volumes, but much larger than the intermolecular volumes,
i.e. the molecules are indistinguishable. The highest level is the
molecular (the kinetic theory of the ideal gas).
The modeling and simulation of industrial processes has a wide
application, so the processes in the chemical industry and related
biotechnologies and heating technologies, will be discussed. The
major part of these processes is the transfer of mass and heat as a
result of phase or phase boundary reactions. By reaction, will be
understand the creation or disappearance of a particular substance
(or amount of heat) as a result of a chemical reaction in the phase or
on the phase boundary, interphase mass transfer, adsorption on the
phase boundary or a liquid-vapor-liquid phase transition. These
reactions result in varying concentrations and temperatures in the
phases, i. e. to a deviation from the thermodynamic equilibrium and
as a result of the mass transfer and heat transfer to restore the
thermodynamic equilibrium. The models of the mass transfer and
heat transfer are analogous and, therefore, the models of mass
transfer in industrial processes will be presented.

2. Thermodynamic approximation
The reactions deviate the industrial systems from the
thermodynamic equilibrium and the industrial processes for its
recovery begin. The determining of the rate of these processes is a
major problem in the industry, as it is the basis for their optimal
design and control. This gives reason to use the thermodynamic
laws of irreversible processes such as mathematical structures in the
construction of the process models, described by extensive and
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intense variables (in the case of merging of two identical systems,
the extensive variables double their values, while the intensive
variables retain their values).

The kinetics of the irreversible processes uses the mathematical
structures, resulting from Onsanger's “linearity principle” [6].
According to him, the mean values of the derivatives at the time of
the extensive variables depend linearly on the mean deviations of
the conjugated intensive variables from their equilibrium states
(values). This principle is valid in the vicinity of the equilibrium,
and proportionality coefficients are kinetic (rate) constants.
According to the principle of linearity, the mass derivative at time

Jo

m
E [kg-mol.s™] depends linearly on the deviation from the

thermodynamic equilibrium AC [kg-mol.m™] of the concentration
in two phase volumes or in one phase and the phase boundary, i.e.

J, =k,Ac, )
where K, [m®.s™] is a proportionality coefficient.
Consider a system that contains two identical volumes in one phase
V, =V, =V [m?]. The system contains a substance whose masses

_ m,
M, [kg-mol] and concentrations C; =V—' [kg-mol.m-3] are

i
different in two volumes, i=1,2,. The system is not in
thermodynamic equilibrium. Let wus assume for certainty
C,—C, >0, 1=12. As a result, the mass of the substance

starts to be transferred from volume V, to volume V, for to
achieve the equilibrium. According to the principle of linearity, the
mass transfer rate between the two volumes ‘]o [kg-moll.s™] can be
represented as:

d dm

where k0 [kg-molt.m®s™] is a proportionality coefficient. If we

@

=V.C,i =12, the mass

replace masses with concentrations M, iCis
transfer rate in one phase J [kg-mol.m3.s™] between two points
with different concentrations is:
dc dc
=—2=——2=k(c,—¢,),
dt dt
where K [s] is a rate coefficient. This equation is capable of
presenting the rate of interphase mass transfer in the case of

adsorption or catalytic process, where C, is the concentration of the

®

substance in the gas phase, while C, is the concentration of the

substance in the gaseous portion of the solid (capillaries of the
adsorbent or catalyst) phase.

In the cases, where the volumes V, =V, =V are in different
phases (for example, 1 is a gas phase and 2 is a liquid phase), the



thermodynamic equilibrium law has the formC, — ¥C, = 0,ie

this is the Henry’s law and % is the Henry’s number. If

C,—xC, > O the mass transfer is from phase 1 to phase 2 and
the mass transfer rate between phases is:

J=k(c,—xc,), @

where K [s7] is the rate coefficient of the interphase mass transfer.
On the surface between two phases, the thermodynamic equilibrium

is immediately established, practically, i.e. CI —)(Cz =0, where

G, i=12, are the equilibrium concentrations on the phase

boundary. Thus, the mass transfer rate can be expressed by mass
transfer rate in two phases:

J=k(c,-c)=k,(c;-¢,). @
where K;, 1 =1,2 [s"] are mass transfer rate coefficients.

The Onsanger principle of linearity represents the thermodynamic
approximation of the mathematical description of the kinetics of
irreversible processes, but it does not show the way to reach
equilibrium, i.e. the mechanism of the process and as a result the
rate coefficient is not known. Obviously, this "thermodynamic
level" does not allow a real quantitative description of the kinetics
of irreversible processes in industry and the next level of detail of
the description, the so-called "hydrodynamic level", should be used.

3. Hydrodynamic approximation
The processes in the chemical industry and related biotechnologies
and heating technologies are realized in one-, two- and three-phase
systems (gas-liquid-solid). They are a result from the reactions, i.e.
processes of disappearance or creation of any substance. The
reactions are associated with a particular phase and can be
homogeneous (occurring in volume of the phase) or heterogeneous
(occurring at the interface with another phase). Homogeneous
reactions are usually chemical, while heterogeneous reactions may
be chemical, catalytic and adsorption. Heterogeneous reaction is the
interphase mass transfer too, where on the interphase boundary the
substance disappears (created) in one phase and creates (disappears)
in the other phase.
The volume reactions lead to different concentrations of the
reagents in the phase volumes and as a result two mass transfer
processes are realized — convective transfer (caused by the
movement of the phases) and diffusion transfer (caused by the
concentration gradients in the phases). The mass transfer models are
a mass balance in the phases, where components are convective
transfer, diffusion transfer and volume reactions (volume mass
sources or sings). The surface reactions participate as mass sources
or sings in the boundary conditions of the model equations. The
models of this complex process are possible to be created on the
basis of the mass transfer theory, whose models are created by the
models of the hydrodynamics, diffusion and reaction Kinetics.
The mass transfer theory combines the chemistry, physics and
mathematics and builds its logical structures on three main
“axioms”:
1. The postulate of Stokes for the linear relationship between the
stress and deformation rate, which is the basis of the Newtonian
fluid dynamics models;
2. The first law of Fick for the linear relationship between the mass
flow and the concentration gradient, which is the basis of the linear
theory of the mass transfer;
3. The first law of Fourier for the linear relationship between the
heat flux and the temperature gradient, which is the basis of the
linear theories of the heat transfer.
These are the laws of the impulse, mass and energy transfer.
In Boltzmann's kinetic theory of the ideal gas, these axioms are
replaced by the “elastic shock” axiom (in a shock between two
molecules the direction and the velocity of the movement change,
but the sum of their kinetic energies is retained, i.e. there is no loss
of kinetic energy) and the rate coefficients are theoretically
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determined by the average velocity and the average free run of the
molecules.
The contemporary mass transfer theory is based of diffusion
boundary layer theory (Landau, Levich [7]). This approach
substitutes (physically justified) elliptic partial differential equations
with parabolic partial differential equations, which facilitates their
mathematical solution and offers a mathematical description of
physical processes with free (not predetermined) ends.
The diffusion boundary layer theory is developed in the cases of
drops and bubbles (Levich, Krylov [8]), film flows (Levich, Krylov,
Boyadjiev, Beshkov[9, 10]), non-linear mass transfer and
hydrodynamic stability (Krylov, Boyadjiev, Babak [11, 12]).

3.1. Mass transfer theory
The complex industrial processes are a collection of elementary
physical and chemical processes. For example, the chemical
absorption in a packed bed column represents a physical absorption
of a gas phase component in the liquid phase and a subsequent
chemical reaction with a component of the liquid phase. The gas
moves in the column like jets and bubbles, while the liquid moves
in the form of drops, jets, and flowing films on the surface of the
packed bed. As a result, the chemical absorption in a packed bed
column is a combination of many elementary physical and chemical
processes, as absorption in the systems gas-liquid drops, liquid-gas
bubbles, gas-liquid film flow, etc. As an example will be considered
the gas absorption in liquid film with free interface.
Let us consider absorption of a slightly soluble gas in a laminar

liquid film [9, 10] in a coordinate system (X, y), flowing over a

flat vertical interface (y = 0). The hydrodynamic model has the

form:
2 ou
v O g0, M, M,
oy ox oy 6
. ou,
y=0, u, =0, u,=0; y=h,, 8y=
and the velocity distribution is:
ux=2%(2hoy—y2), u, =0. @)
| these conditions the convection-diffusion model has the form:
oc o’*c 0%
i(Zhoy— yz)— = D —2+—2 f
2v OX ox~ oy
x=0, c=c; X—>®©, Cc=C; , (8
oc N
y=0, 5:0; y=h,, c=c,

where the thermodynamically equilibrium exists at the film

interface (y = ho) and C denotes the equilibrium concentration.
The solid interface (y=0) is impenetrable for the diffusing

substance with inlet concentration C, < C (absorption).A film of

length | will be considered.
The diffusion boundary layer thickness & [2] is:

5:\/g:|7 pe:u;l é:i *:Lrﬁ

u JPe’ D' I Pe’ 2v
©)

where U*, Pe, Fo, are the film interface velocity, the Peclet and

Fourier numbers.
The diffusion boundary layer thickness O is less than liquid film

h, that

DI

Su'h’
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thickness permits the diffusion boundary layer



approximation to be applied. As a result, the next generalized
variables can be introduced:

x=IX, y=h,-08Y, c=c,+(c -¢,)C, (10
where 0 = % <1072,
The introduction of (10) into (8) yields:
2 2
(1+ Fo\(z)@=—?'2 pe1 0, 0C .
oX uo oxX*® oY
X=0, C=0; X—>wo, C=I (11)
Y >0 C=0; Y=0, C=1
where FO is a small parameter:
5° o°
—=Fo<10", —=Pe'<10? (12
5 §

The problem (11) in the diffusion boundary layer approximation (
1072 > Pe ™' = 0) has the form: namely:

(1+ FoY2)§ _oc.
oX

= W
X=0, C=0;, Y=0, C=1 Y >, C=0.
The mass transfer rate (J ) in the liquid film flow with a length |
is the average value of the local mass flux through the face
interphase (Y = h0 ). On the other hand this rate can be presented

(13)

using the mass transfer coefficient K . As a result

|
J:9j o dx =k(c" —c,). (14)
I oloy y=ho

In the generalized variables, from (14) the Sherwood number ( Sh)
is possible to be obtained:

kl [ oc
Sh=—=—Pef| =
5Pl )

where C(X,Y) is the solution of (13) [9, 10] developed by a
perturbation method [2]:
1-=_
120

Sh= /@
T 6

The examined example shows the theoretical techniques, used for
the modeling and simulation of the elementary processes in a
complex industrial process. The presence of the models of all
elementary processes in a complex industrial process does not give
a practical opportunity to synthesize its model. The role of
modeling and simulation of elementary processes is the theoretical
explanation of a number of physical and chemical effects observed
experimentally in industrial processes. An illustrative example in
this respect is the nonlinear theory of the mass transfer.
3.2. Non-linear mass transfer theory

The theory of the diffusion boundary layer [2] is the basis of
modern linear mass transfer theory, where the convection-diffusion
equation in (8) is linear, i. e. the velocity does not depend on the
concentration. In a number of cases, the experimental results for the
mass transfer rate are higher than the predictions of the linear theory
[11, 12]. This is due to nonlinear effects, where the mass transfer
influences the hydrodynamics and the velocity begin to depend on
concentrations. These non-linear effects are related to the induction
of secondary flows at the interphase boundaries as a result of
interphase mass transfer. Such effects are the effect of large
concentration gradients [11], the effect of Marangoni and the effect
of Stephan flow [12].

dXx, (15)

Fo 19F0°

(16)

7

The large concentration gradients create an intensive diffusion flux
that have a hydrodynamic character, and a secondary flow is
induces, directed at the normal of the interphase boundary and
results in an additional convective mass transfer.

The effect of Marangoni is a result of the gradient of the surface
tension on the interphase surface, as a result of the surface gradient
of the temperature or surface active agents concentration on the
liquid-gas (liquid) interphase, and induces a tangential flow. As a
result of the continuity of the flow, there appears to be a much
lower flow in the direction of the normal of the interphase boundary
and consequently an additional convective flow. Because of this,
this effect is relatively weak and occurs in motionless or slow
moving fluids.

The Stephan's flow is a result of a phase transition liquid-steam at
the interphase surface when the volume of the liquid (steam)
increases (decreases) a thousand times. As a result, there is a
secondary flow, directed to the normal of the interphase boundary,
and an additional convective mass transfer.

In the above three cases, an additional hydrodynamic effect appears
very often because the secondary currents disturb the hydrodynamic
stability of the flows and self-organizing dissipative structures
occur, which further accelerate the mass transfer [9]. To these
effects can be added the Benar instability [12] in the case of a
positive vertical gradient of the density of gases or liquids resulting
from concentration or temperature gradients.

The theory of mass transfer allows the construction of the process
model if its physical mechanism is known. The model thus obtained
allows for the identification of this mechanism, i.e. the determining
of the significant physical effects and rejection of the insignificant,
using the generalized analysis method [2].

4. Physical mechanism identification
The qualitative analysis of the models permits to be made the
physical mechanism identification, using generalized variables [2].
They are dimensionless variables, whereas as the characteristic
(inherent) scales are used the maximal or average values of the
variables. The introduction of the generalized variables leads to
dimensionless model. As a result the unity is the order of magnitude
of all functions and their derivatives in the model, i.e. the effects of
the physical and chemical phenomena (the contribution of the terms
in the model), are determined by the orders of magnitude of the
dimensionless parameters in the model. If all model equations are
divided by the dimensionless parameter, which has the maximal
order of magnitude, all terms in the model equations will be
classified in three parts:
1. The parameter is unity or its order of magnitude is unity,
i.e. this mathematical operator represents a main physical
effect;

. . -1 .
2. The parameter’s order of magnitude is 107 ie. this
mathematical operator represents a small physical effect;

3. The parameter’s order of magnitude is < 10_2, i.e. this
mathematical operator represents a very small (negligible)
physical effect and has to be neglected, because it is not
possible to be measured experimentally.

After the physical mechanism identification the model contains a
minimum number of parameters which must be determined
experimentally.

5. Parameters identification

In general case, the identification of the parameters in the model is
made by the minimization of the least squares function by the
inverse identification problem solution [1-3]. The least squares
function represents the sum of the squares of the differences
between the calculated and the experimental values of the functions
in the model and its minimum must be obtained with respect to the
parameters in the model. This inverse identification problem is very
often incorrect and needs special methods for the solutions [2].



6. Statistical analysis of the model adequacy

The stochastic nature of the errors during the experimental data
determination leads to subsequent errors of the model parameters.
The model is adequate if the variance of the statistical error of the
model does not exceed the variance of the statistical error of the
experimental data, i. e. the accuracy of the functions calculation by
the model is not less than the accuracy of the function experimental
measurement [2, 3].

7. Processes simulation
The process simulation uses the most common numerical methods
of applied mathematics to solve model equations. For this purpose,
commercial software is usually used. In many cases, however, it is
necessary to introduce this software into specialized algorithms [2,
13].

8. Modeling of industrial mass transfer processes in column
apparatuses

The diffusion boundary theory is not applicable for the modeling of
chemical, absorption, adsorption and catalytic processes in column
apparatuses, where the velocity distributions and interphase
boundaries are unknown.
The use of the physical approximations of the mechanics of
continua for the interphase mass transfer process modeling in
industrial column apparatuses is possible if the mass appearance
(disappearance) of the reagents on the interphase surfaces of the
elementary physical volumes (as a result of the heterogeneous
reactions) are replaced by the mass appearance (disappearance) of
the reagents in the same elementary physical volumes (as a result of
the equivalent homogenous reactions), i.e. the surface mass sources
(sinks), caused by absorption, adsorption or catalytic reactions must
be replaced with equivalent volume mass sources (sinks). The
solution of this problem is related with the creation of new type of
convection-diffusion and average-concentration models [13].
The convection-diffusion models permit the qualitative analysis of
the processes only, because the velocity distribution in the column
is unknown. On this base is possible to be obtained the role of the
different physical effect in the process and to reject those processes,
whose relative influence is less than 1%, i.e. to be made process
mechanism identification.
The average-concentration models are obtained from the
convection-diffusion models, where average velocities and
concentrations are introduced. The wvelocity distributions are
introduced by the parameters in the model, which must to be
determined experimentally.

Conclusions
The theoretical foundations of modeling and simulation of the
industrial processes are presented. The first step is the formulation
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of the physical mechanism of the industrial process and the
construction of a mathematical structure, containing the
mathematical operators that quantitatively describe the individual
physical effects in this mechanism. The introduction of generalized
(dimensionless) variables through characteristic scales permits to be
made a quality analysis of the industrial processes. The obtaining of
the experimental data and using it to calculate the model parameters
by solving a inverse identification problem leads to the final form of
the mathematical model. The statistical analysis of the model
adequacy leads to the practical applicability of the mathematical
model. The presented results are published in 8 monographies
(www.iche.bas.bg/Books_BG.htm).
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Abstract: In this study, a hybrid model was proposed to examine the expected properties of real working conditions of the part produced
by powder metallurgy processes. The hybrid model consists three steps: 1) fractional experimental design, 2) artificial neural network, 3)
grey relational analysis. In the proposed method, the effect of production parameters of synthetic diamond based cutting tool for concrete on
wear and operation times were examined and optimized. As the production parameters, composition of binder, sintering temperature and
holding time were defined. After the implementation of the proposed model steps, the percentage error of wear rate and operation time is
0.23 % and 5.98% in the test steps, respectively. Outside of training and test data group, 4 confirmation experiment predicted by using the
model from new data group were conducted and the percentage error of wear rate and operation time were 2.69% and 7.35%, respectively.
As a results of this study, this model can be used in powder metallurgy and other manufacturing methods in order to predict and optimized

new results.

Keywords: FRACTIONAL EXPERIMENTAL DESIGN, ARTIFICIAL NEURAL NETWORKS, GREY RELATIONAL

ANALYSIS

1. Introduction

More quality, lower cost ve shorter time of research and
development of products have become more important due to fast
developing technology and increasing competitive conditions. For
this purpose, scientists have focused on methodologies that used in
research and development processes and developed different
methodologies and hybrid methods. In the literature, there are a lot
of study about experimental design, optimization and multi criteria
decision methods [1-3].

Powder metallurgy is one of production methods. There are a
lot of parameters in production process. If someone want to develop
new part that produced by using powder metallurgy, he must
optimize the parameters, and examine the effect of product
properties under real working conditions. In other words, the
production parameters are modelled and optimized by using
different methods.

In this study, a hybrid model that discipline the experimental
studies of powder metallurgy processes is proposed and explained
with case study. The hybrid method consists three methods; 1)
fractional experimental design, 2) artificial neural network (ANN)
method, and 3) grey relational analysis (GRA) method. In this
method, fractional experimental design method was used to reduce
the number of experiments, the artificial neural network was used to
model the production parameters and the new results was predicted
using this ANN structure, the grey relational analysis method that
used to select optimal results in multi criteria decision making
situation was used to sort / optimize the experimental results. The
application of the hybrid model was conducted on optimization
production parameters of synthetic diamond based cutting tool
produced powder metallurgy method for concrete.

2. Proposed Hybrid Model

In the powder metallurgy processes, there are a lot of
production parameters for example: compacting pressure, sintering
temperature, holding time, additive powder ratio, heat rate, etc. In
the experimental design, the input parameters correspond to
production parameters. The output parameters correspond to the
desired properties of products for example; density, hardness, wear,
flexural strength, etc. For examination and optimization, the
production parameters according to output parameters of powder
metallurgy processes, if someone use the full-factorial experimental
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design method, he must conduct a lot of number of experiments and
spend a lot of time, then the situation lead to high cost. In this
method, there are 5 steps; 1) design of experiments (DOE), 2)
Developing the optimal ANN model, 3) Sorting results using GRA
method, 4) Optimization experimental results, 5) Confirmation of
the proposed model. In the first step, firstly, the input parameters of
experiments and their levels were defined, and appropriate
fractional experiment design table was selected using these
parameters, results of step 1, the experimental table was prepared.
In the next step, ANN step, the data was normalized between 0 and
1, and divided into traning and testing data set, and the ANN
topologies, training algorithms, and transfer functions were defined,
and the optimal ANN structured was obtained. The new
experimental conditions that untired were predicted by using the
optimal ANN structure. In the GRA step, the grey relational degree
of each experiments were calculated. In the optimization step, the
experiments were sorted and optimized by using the grey relational
degree of each experiments. In the end of step 4, the optimal results
and worst results of experiments were defined. To prove the validity
of the model, confirmation experiments were conducted. For this
purpose, the 4 number of experiments from predicted results were
selected, and the experiments were performed. Finally, for the
confirmation of the model, the predicted results and confirmation
experiments results were compared, and the percentage errors were
calculated for each confirmation experiments results. Flow chart of
proposed hybrid method was shown in Figure 1. |

2.1 Design of Experiments

Design of experiments (DOE) is a methodology that used in the
processes of product developments. There are two approach in
DOE; 1) full-factorial experimental design, 2) fractional
experimental design. Especially, with the development of powerful
prediction methods, the fractional experimental design method
become widespread, so, the costs of research and development
processes was reduced. In the fractional experimental design, the
Taguchi method was generally used in many engineering fields.

In the experimental design, there are input and output
parameters. The number of input parameters and their levels were
selected by experienced engineers and results of preliminary
experiment results, and the engineers prepared the experimental
table using different fractional experiments methods. The output
parameters were defined according to real working conditions of
product. The experimental design and optimization results is a
multi-criteria decision making process.



START

C )

DESIGN OF EXPERIMENT
(DOE)

1. Define the independence and
dependence variable, and constant
2. Obtain experimental table using
fractional  experimental  design
method
3. Conduct the experiment
4. Obtain the experimental results

ARTIFICIAL NEURAL
NETWORK (ANN)

1. Normalize the experimental
results

2. Define training and test data
groups

3. Define the network topologies,
training algorithm, and transfer

functions
4. Obtain optimal structure of ANN
5. Predict results of new

experimental data

GREY RELATIONAL
ANAL YSIS (GRA)
1. Normalize the predicted results
2. Calcute Grey Relational
Coffifient
3. Calculate Grey Relational Degree

OPTIMIZATION
1. Sort the predicted results using
Grey Relational Degrees
2. Select optimal results

CONFIRMATION OF THE

MODEL

1. Select 4 data from within

predicted resutls

2. Perform experiment uder these

experimental parameters

3. Compare the predicted and

experimental results

C )

Figure 1 Flow chart of proposed model

FINISHED

In the experimental design, input parameters or in other words
independent variables (Xij (for i=1, 2, ..., m, j=1, 2, ..., n)), output
parameters in other words dependent variables (Ykl (for k=1, 2, ...,
m, 1=1, 2, ..., n)) were listed in Table 1.

Table 1 Experimental table
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Input Variable Output Variable
X1 Xz Xj Xn Y1 Yz Yj Yk
Xu Xa Xj1 Xoi | Yu Yau Yiu Y
X Xz X2 Xn2 | Y2 Y22 Yi Yz
Xi Xy Xii Xoi | Yi Yo Yii Yid
X X
! 2 Kijm Xon | Yu Yz Yii Yu
m m

2.2 Artificial Neural Networks

Artificial neural network (ANN) is a modeling and prediction
tool, widely accepted as a technique offering an alternative way to
tackle complex problems, and in addition, can learn exemplars and,
one trained, can perform prediction and generalization at high speed
[4]. Artificial neural network is a branch of artificial intelligent. The
artificial neural network method was used in many engineering
areas for purpose of prediction and classification. Many artificial
neural networks structure have been developed so far, for example:
single layer perceptron (SLP), multilayer perceptron (MLP),
Hopfield network, and Radial Basis Network, etc. In the
experimental design and optimization, multilayer perceptron
structure is used more often to predict new results of experiments.

The ANN procedure has a series steps. First step, the data is
normalized according to transfer function. In the proposed model,
sigmoid is selected for transfer function and, the data is normalized
ranging from 0 to 1. Next step, the data set was sorted randomly,
and divided into training data set (75%) and testing data set (25%).
After the preparation of data, training processes was carried out.

MLP generally has three layers: 1) input layer, 2) hidden layer,
and 3) output layer. There is one or more artificial neuron in each
layers. The artificial neuron develops from the biological neurons.
The artificial neuron and biological neuron are shown in Figure 2.
In the ANN structure, the input parameters of experiments
correspond to number of neurons of input layers of MLP, the output
parameters of experiments correspond to number of output layer of
MLP. The number of hidden layer neurons is found by trial and
error method. General MLP structure is shown in Figure 3.

(a)

(b)
dendrites
; x

nucleus Y Wi | summation
./.. .\'\ - -
— I ¥
t '\'\','._ :: E\"'I\‘“I "iF{f.\',ll'r];'_'_'
~F transformation
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synapse

Figure 2 Biological and artificiala neuron [5]
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Figure 3 General MLP structure

Artificial neuron, in other words processes element, is basic
element of ANN structure, and general procedure of artificial
neuron and transfer function are shown in Figure 4.

f=@Lxiw)

Figure 4 Principle of artificial neuron

In the training step, the performance evaluations are perform
using mean square error (MSE) shown Equation 1. As the MSE
value approaches zero, the error is minimized. In the training step,
main goal is to obtain the minimal MSE error, and define the
optimal ANN structure parameters. MLP is the feed-forward and
back propagation network type. In this study, the momentum is used
for back propagation algorithm. After the successful traning step,
the test step is carried out. In this step, firstly, the testing operations
is performed using traning data set, secondly the testing operations
is performed using testing data set. The percentage error and
correlation coefficient value of each testing operations is calculated.

1 .
MSE = ;Z?:l(yi -3 1)

Where y; is output of network, ¥; is output of experimental results.
Final step of ANN procedure, new experimental table is

prepared and the results of this table are predict using obtained
optimal ANN structure.
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2.3 Grey Relational Analysis

The experimental results are multi-criteria and the multi-criteria
decision method must be used for optimization of experimental
results. The one of multi-criteria decision method is Grey Relational
Analysis (GRA). GRA procedure consists 3 steps: 1) grey relational
generating, 2) calculation of grey relational coefficient, 3)
calculation of grey relational grade, 4) sorting experimental results.

First step of GRA is grey relational generating. In this step, the
criteria’s values are normalized by using ‘the lower — the best’, ‘the
highest — the best’, ‘the target — the best’ approaches. For this, if
there are m unit and n variables, iy, alternative is expressed as
Yi=Yiss Vi Vize----- + Yijr---- Yin). Where, yj;is performance value of
variables of j and alternative i. The normalization procedure of ‘the
larger-the better’, ‘the lower- the better’, and ‘the target — the better’
approach is shown in Equation 2, 3, and 4, respectively [6].

Max {yii ,i=1,2,..,m}— Vij

Xy = Max{yij»i:1;2;---;m}_Min{yij:i:LZ;---;m} (2)
o = yij—Min {y;,i=1,2,..,m} @)
Y Max {y;,i=1,2,...,m}-Min{y; i=1.2,.,m}
yi—y
Xy = 1 by =] @

Max {Max {yij ,i:1,2,...,m}—yi’}’y;j —Min{yij ,i=1,2,..,m}

Where, fori=12,..,m,j=12,..,n

The second step of GRA is calculation of grey relational
coefficients. Firstly, the reference sequence is defined. The
reference sequence is X0, (x01, x02, ..., x0j, ... xOn) =
1,1,..,1,...,1). The deviation sequence is calculated using
reference sequence and normalized data. After this, the grey
relational coefficient is calculated using Equation 5.

Amin + (Amax

ori=12,...m j=12,..,n (6
Aij +(Amax f / ( )

V(XOJ,XU) =

Here, ( is a distinguishing coefficient between 0 and 1. Studies
demonstrate that the value of { does not affect the sorting that will
occur after the calculation of the Grey Relational Degree. A ij is
the amount of deviation between the reference series and
normalization values.

The third step of GRA procedure is calculation of grey
relational grade. The grey relational grade is calculated using
Equation 6.

n
rXo, X;) = Zw,—y(xoj,xij) fori=12..,m 5)
=1

Where 1(X,,X;) is expressed as grey relational grade. w; is
defined as weight of criteria.

Final step of GRA procedure, the experiments are sorted
using the grey relational grade. The experiment with the highest
grade is the best experimental conditions.

2.4 Confirmation of the model

To show the model’s performance, the best 5 experiments and the
worst 5 experiments are selected and the experiments are carried
out. The results of experiments and model is compared and
calculated the percentage error of the experiments. If the percentage
error is blow 15% error, the model is appropriate for modeling of
process parameters of powder metallurgy method.



3. Case Study

The application of the hybrid model is performed to optimize
production parameters of synthetic diamond based cutting tool for
concrete. In the concrete drilling operations, HILTI DD350
machines was used and the machine has an auto-feed property. The
machine working and cutting principle was shown in Figure 5.

Height of

Diamonds diamond protrusion

Matrix tail

Clearance

y/ _Rotational
Velocity

Figure 5 Principle of working and cutting of drilling machine

The segment that produced synthetic diamond based could be seen
in Figure 5. The segments are produced by using powder metallurgy
processes. The segments generally consists synthetic diamond (20
vol.%) and binder system (80vol%). The binder system
components is bronze, cobber, cobalt, iron and lubricator. In the
literature, different binding systems are used.

In this study, the bronze and cobalt composites were selected as
binding systems. The zinc stearate was used as lubricator.
Additional amonut of cobalt (wt.%), sintering temperature ("C), and
holding time (second) were selected input parameters of
experimental design. Wear rate and machining time were selected
as output parameters of experimental design. The input parameters
and their levels were listed in Table 2.

Table 2 The input factors and their levels

Factors 1 2 314156
Add. Amount of Co(wt.%) | 10 | 15 | 20 [25(30|35
Sint. Temp., 'C 800 | 850 [ 900
Holding Time, min 30 | 60 | 90

The experimental table was prepared using Taguchi experimental
design, and L18 orthogonal array was used according to number of
input factors and their levels. In the experimental procedure, the
powder and diamond mixture was obtained using 3D Turbula
mixer. Then, the segments were pressed using the feed-stock using
uniaxial hydraulic pressing machine under 10t load. The segments
dimensions and mold were shown in Figure 6. The bit diameter of
drilling machine is 100mm, and there were 10 segments of around
of bit equidistant.
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Figure 6 Dimension of segment and molding

After the cold pressing operations, the green segments were sintered
using pressureless sintering method under hydrogen atmosphere at
different sintering temperature according the experiment table.
After the sintering operations, the segments were examined and
some of the segments were selected as cutting performance
experiments. For the drilling experiments, the segments were
welded on bit. The drilling experiments were carried out using
special test stands. The test stands consist C40 quality concrete and
structural steel of 26mm. The drilling depth of concrete was 30cm.
During the test operations, the operation time is determined. Before
the experiments, the total height of bit was measured at top surface
using CMM machine at three points, and after the machining
operations, the total height of bit was also measured at same surface
at same points. Total machining length is 100 cm.

L18 experiments table, results of experiments were listed in Table
3.

Table 3 Results of experiments

# X1

10
10
10
15
15
15
20
20
20
25
25
25
30
30
30
35
35
35

X2 X3 Y1 Y2
800 30 5.08 105
850 60 3.22 138
900 90 2.55 143
800 30 4.82 115
850 60 3.11 148
900 90 1.72 155
800 60 4.35 128
850 90 295 161
900 30 0.95 169
800 90 4.18 132
850 30 2.88 172
900 60 0.77 175
800 60 3.95 145
850 90 222 171
900 30 0.44 180
800 90 3.88 168
850 30 1.88 188
900 60 0.38 213
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After the normalization process, the data was divined into traning
and testing data set. In the MLP structure, number of input layer
neurons were 3, number of output layer neurons were 2, and hidden
layer neurons number were defined trial error method ranging from
2 to 50 neurons. The maximum epoch and train times were 50 000
and 3, respectively. The ANN structure was developed using
Neurosolutions software. In the training step, the MSE changing
graphic according to hidden layer neurons was shown in Figure 7.
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Figure 7 MSE value of training step

According to the Figure 7, the minimal MSE value was
defined at 8 neurons number of hidden layer at 50 000 epochs. The
MSE value of optimal ANN is 0.4806. In the optimal ANN
structure, hidden layer neuron number, transfer function, and
traning algorithm is 8, sigmoid, and momentum, respectively.

In the testing step, firstly, the test operations were conducted
using traning data set. The results of this operations were shown in
Figure 8, and 9 for wear rate (Y1) and operation time (Y2). The
percentage error of experiments and output of network for wear rate
and operation time is 0.042%, and 0.804%, respectively. This error
values showed that the network was very powerful.
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Figure 8 Testing results of training data set for wear rate
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Figure 9 Testing results of training data set for operation time
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For test operations, secondly, the test operations were carried
out using testing data set. The percentage error of wear rate and
operation time between results of experiments and output of
networks were 0.23%, and 5.98%, respectively. The results show
that the ANN structure could be acceptable because the error was
blow 10% error level. The results of test operations for testing data
set was shown in Figure 10. The optimal ANN structure was shown
in Figure 11.
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Figure 10 testing results of optimal ANN structure
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Figure 11 Optimal ANN structure

After the training and testing operations, the optimal ANN
structure was defined, and new experiments table were prepared,
and total experiments were 532. The results of new experiments
conditions were predict using the optimal ANN structure. After the
prediction steps, the results were optimized using GRA procedure.
The best 5 experiments were listed in Table 4, and the worst
experiments were listed in Table 5 according to grey relational
degree value.

Table 4 The best 5 experiments

Predicted Results
X1| X2 | X3 Y1 Y2 G. R. Degree
151 925 | 40 | 1.6664 117.6528 0.7299
15| 925 | 30 | 1.0991 | 130.4332 0.7234
20| 925 | 50 | 1.0156 133.4620 0.7215
151 925 | 50 | 1.9599 115.8829 0.7170
20 | 925 [ 40 | 0.7827 | 144.2946 0.7165
Table 5 The worst 5 experiments
Predicted Results
X1| X2 | X3 Y1l Y2 G. R. Degree
40| 775 | 80 | 3.6786 192.3578 0.3974
30| 800 [ 50 | 3.6830 192.1116 0.3976
30| 800 | 40 | 3.7369 190.0973 0.3984
40| 775 | 70 | 3.5127 196.0550 0.3988
40 | 775 | 60 | 3.4658 196.4420 0.4002




The 4 experiments were selected during the best and worst
experiments conditions to verification of the model. The selected
experiments conditions, output and experimental results, and were
listed in Table 6, 7, and 8.

Table 6 Selected experiments conditions for verification

# X1 X2 X3
1 15 925 40
2 15 925 30
3 40 775 80
4 30 800 50
Table 7 Results of experiments and output of network
#| Y1lOut. Y2 Out. Y1 Exp. Y2 Exp.
1 1.67 117.65 1.58 122.00
2 1.10 130.43 1.12 139.00
3 3.68 192.36 3.59 210.00
4 3.68 192.11 3.72 173.00
Table 8
# Y1 Error, % Y2 Error, %
- 5.19 3.69
2 2.18 6.57
3 2.41 9.17
4 1.00 9.95
Average, % 2.69 7.35

As a results of the confirmation experiments, the average
percentage error of wear and operations time were 2.69% and
7.35%, respectively. This situation showed that the proposed model
is very powerful and the model could be applied different
engineering fields.

4, Conclusion

In this study, a hybrid method: fractional experiment design +
artificial neural network and grey relational analysis method was
developed and the method applied on optimization of production
parameters of powder metallurgy processes. In the case study, the
synthetic diamond based segments were produced by PM, and after
the applying the model procedure, the prediction error of wear and
operation time were 2.69% and 7.35%, respectively. This results
showed that the model could be used for optimization and modeling
of production parameters of powder metallurgy parts. The situation
leads to reduction of research and development time and costs of
product developments. In the future studies, the method will be
applied in different engineering areas.
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Abstract: In selection of experimental conditions, satisfaction function and distance measured based multi-criteria decision making
method was used. The method was used to optimize the results of turning operations. In the experimental design, the cutting tool type, cutting
speed and feed rate was selected as input parameters. Therefore, cutting force and surface roughness were defined as output parameters of
experiments. After the implementation of the method procedure, the optimal input parameters were defined according to output parameters
criteria’s. The results of the method were compared with results of grey relational analysis method. As a results, the satisfaction function and
distance measured based multi-criteria selection method could be successfully used in multi-criteria decision makine for optimization of

cutting parameters.
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1. Introduction

In the turning operations, experimental results must be sorted by
using different multi-criteria selection method in case of multi
criteria. Solving this problem, so far, a lot of method have been
developed and were applied to optimize the results of experiments
[1-3].

Satisfaction function and distance measure based multi-criteria
decision making method was applied on selection of optimal cutting
parameters of turning operations. Experiments were conducted at 2
axis CNC Turning machine, and 316L stainless steel material was
machined with different of tool type, cutting speed and feed rate. In
the experimental design, tool type, cutting speed and feed rate were
selected as input parameters, cutting force and surface roughness
were defined as output parameters of turning operations. The full
factorial experimental design method was used, and results of
experiments were sorted by the method.

2. Materials and Method

2.1 Experimental Studies

Full factorial experimental design method was used in
experimental studies. The input parameters of experiments were
cutting tool type, cutting speed, and feed rate. The levels of cutting
tools types were SNMG 12 04 08-MM, SNMG 12 04 08-MR,
SNMG 12 04 08-QM, SNMG 12 04 12 -MM, and SNMG 12 04
16-MM. The levels of cutting speed were 125, 150, 175, and 200
m/min. The levels of feed rate were 0.1, 0.2, and 0.3 mm/rev. The
turning cutting tool form (SANDVIK) used in experiments is shown
in Figure 1.
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Figure 1 The turning cutting tool form used in experiments

The cutting speed and feed rate value used in experiments were
listed in Table 1.

Table 1 cutting parameters of experiment conditions

Cutting Speed, (V, m/min) Feed Rate, (f, mm/rev.)

0.1

125 0.2

0.3

0.1

150 0.2

0.3

0.1

175 0.2

0.3

0.1

200 0.2

0.3

316L stainless steel was used as workpiece materials. The
material compositions were listed in Table 2.

Table 2 The chemical composition of 316L stainless steel

Quality | C Mn | Si | Cr Ni P S Mo
316L 0.03 | 2.0 | 1.0 | 16- 10- 0.045 | 0.03 | 2-3
18 14
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In the experiments, the 2 axis CNC turning machine was used.
Total 60 experiments were carried out by using full factorial
experimental design. The output parameters of experimental design
were cutting force and surface roughness. The cutting forces of each
experiments were measured using Kistler 9257B dynamometer. The
cutting force measure system was shown in Figure 2.
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Figure 2 Cutting force measuring system

The surface roughness value of each machined parts were
measured after machining by using Mahr Perthometer M1 at 5
points on each machined parts. The Ra values were calculated each
parts.

2.2 Satisfaction Function and Distance Based
Multi Criteria Decision Making Method

The satisfaction and distance based multi-criteria decision
making method was explained in reference 1 [4]. The method was
firstly applied on selection of robots by A. Kar and A. Kentli in
2011 [5]. The results of experiment results of turning operations
were used, initially, the satisfaction value of each experiment
number for every criterion were calculated. Then, distance measure
values were calculated, and the experimental results were sorting by
using this distance value. The minimum value of distance shows
that the experiment is the best experimental condition.

The method, satisfaction function and distance based multi-
criteria decision making method, consist two steps; 1) calculation of
satisfaction values for using ‘the smaller- the better’ and ‘the larger-
the better’ approaches, 2) calculation distance value, 3) Sorting
experimental results using distance values.

In the calculation satisfaction vaule of experiments, the
calculation procedure was shown in Figure 3.

Satisfaction Value

a X b
Expeniment Results

(a)

Satisfaction Value

a x b
Experiment Results

(b)

Figure 3 Calculation of satisfaction value a) ‘the smaller — the
better’, b) ‘the larger-the better’ approaches,

In the experimental design, there are two criterian: 1) cutting
force and surface roughness. The satisfaction value of cutting force
and surface roughness were calculated by using ‘the smaller — the

better’ approach.  After the calculation satisfaction value of

criterian, the distance values were calculated by using Equation 1.
1

d=[Xr(1-s)% (1)

Where, d is the distance value, n is experiment number, s is
satisfaction value.

3. Results and Discussion

During the experiments, cutting forces, F, of each
experimental conditions were measured by Kistler 9257B
Dynamometer, and after the experiments, the surface roughness
value, Ra, were measured using Mahr Perthometer M1 devices. The
experiments conditions, and the results of experiments were listed
in Table 3.

Table 3 Results of experiments

# | Tool Type \% f F Ra

1 SNMG 12 04 08-MM | 125 0.1 | 77177 1.58
2 SNMG 12 04 08-MM | 125 0.2 | 112598 | 2.15
3 SNMG 12 04 08-MM | 125 0.3 | 1496.98 | 4.34
4 SNMG 12 04 08-MM | 150 0.1 | 813.38 2.09
5 | SNMG 12 04 08-MM | 150 0.2 | 1195.87 | 2.96
6 SNMG 12 04 08-MM | 150 0.3 | 1560.75 | 5.15
7 SNMG 12 04 08-MM | 175 0.1 | 777.96 143
8 SNMG 12 04 08-MM | 175 0.2 | 1165.86 | 2.22
9 SNMG 12 04 08-MM | 175 0.3 | 1518.31 | 4.45
10 | SNMG 12 04 08-MM | 200 0.1 | 727.76 1.74
11 | SNMG 12 04 08-MM | 200 0.2 | 1150.49 | 2.30
12 | SNMG 12 04 08-MM | 200 0.3 | 1506.08 | 3.91
13 | SNMG 12 04 08-MR | 125 0.1 | 1603.53 | 4.04
14 | SNMG 12 04 08-MR | 125 0.2 | 1250.35 | 2.85
15 | SNMG 12 04 08-MR | 125 0.3 | 1634.98 | 4.18
16 | SNMG 12 04 08-MR | 150 0.1 | 849.13 1.54
17 | SNMG 12 04 08-MR | 150 0.2 | 129525 | 251
18 | SNMG 12 04 08-MR | 150 0.3 | 1622.21 | 4.20
19 | SNMG 12 04 08-MR | 175 0.1 | 816.17 0.82
20 | SNMG 12 04 08-MR | 175 0.2 | 1251.24 | 1.79
21 | SNMG 12 04 08-MR | 175 0.3 | 1629.10 | 4.94
22 | SNMG 12 04 08-MR | 200 0.1 | 817.97 1.35
23 | SNMG 12 04 08-MR | 200 0.2 | 1218.58 | 1.89
24 | SNMG 12 04 08-MR | 200 0.3 | 1631.77 | 4.34
25 | SNMG 12 04 08-QM | 125 0.1 |824.92 | 1.28
26 | SNMG 12 04 08-QM | 125 0.2 | 119242 | 2.46
27 | SNMG 12 04 08-QM | 125 0.3 | 1629.02 | 4.08
28 | SNMG 12 04 08-QM | 150 0.1 | 796.00 1.22
29 | SNMG 12 04 08-QM | 150 0.2 | 1165.78 | 2.26
30 | SNMG 12 04 08-QM | 150 0.3 | 1546.21 | 4.03
31 | SNMG 12 04 08-QM | 175 0.1 | 779.79 1.21
32 | SNMG 12 04 08-QM | 175 0.2 | 121584 | 2.16
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As seen the Figure 4, the minimum distance value was 0.0359

measured in experiment 52. The best and worst 4 experiments

conditions were listed in Table 4 and Table 5, respectively.
Table 4 The best 5 experiments

# Tool Type \% f d
52 SNMG 12 04 16-MM 150 0.1 0.0359
43 SNMG 12 04 12-MM 175 0.1 0.0450
40 SNMG 12 04 12-MM 150 | 0.1 | 0.0930
49 SNMG 12 04 16-MM 125 | 0.1 | 0.1093
Table 5 The worst 5 experiments
# Tool Type \% f d
24 SNMG 12 04 08-MR | 200 | 0.3 1.2911
33 SNMG 12 04 08-QM | 175 | 0.3 1.3018
6 SNMG 12 04 08-MM | 150 | 0.3 1.3596
21 SNMG 12 04 08-MR | 175 | 0.3 1.3762

33 | SNMG 12 04 08-QM | 175 0.3 | 1624.44 | 4.46
34 | SNMG 12 04 08-QM | 200 0.1 | 78599 | 1.69
35 | SNMG 12 04 08-QM | 200 0.2 | 1203.99 | 2.65
36 | SNMG 12 04 08-QM | 200 0.3 | 1594.93 | 4.41
37 | SNMG 12 04 12-MM | 125 0.1 | 798.20 | 0.63
38 | SNMG 12 04 12-MM | 125 0.2 | 1158.55 | 1.30
39 | SNMG 12 04 12-MM | 125 0.3 | 1541.40 | 2.65
40 | SNMG 12 04 12-MM | 150 0.1 | 77400 | 0.78
41 | SNMG 12 04 12-MM | 150 0.2 | 1140.12 | 1.30
42 | SNMG 12 04 12-MM | 150 0.3 | 1517.23 | 2.86
43 | SNMG 12 04 12-MM | 175 0.1 | 72762 | 0.73
44 | SNMG 12 04 12-MM | 175 0.2 | 1116.02 | 1.41
45 | SNMG 12 04 12-MM | 175 0.3 | 1561.01 | 3.33
46 | SNMG 12 04 12-MM | 200 01 | 767.79 | 1.26
47 | SNMG 12 04 12-MM | 200 0.2 | 111485 | 1.25
48 | SNMG 12 04 12-MM | 200 0.3 | 1456.34 | 2.43
49 | SNMG 12 04 16-MM | 125 0.1 | 78294 | 0.86
50 | SNMG 12 04 16-MM | 125 0.2 | 1188.20 | 1.60
51 | SNMG 12 04 16-MM | 125 0.3 | 1517.03 | 2.78
52 | SNMG 12 04 16-MM | 150 0.1 | 728.01 | 0.61
53 | SNMG 12 04 16-MM | 150 0.2 | 1176.22 | 0.80
54 | SNMG 12 04 16-MM | 150 0.3 | 1512.36 | 1.41
55 | SNMG 12 04 16-MM | 175 0.1 | 69423 | 1.26
56 | SNMG 12 04 16-MM | 175 0.2 | 1072.19 | 2.14
57 | SNMG 12 04 16-MM | 175 0.3 | 1511.82 | 2.23
58 | SNMG 12 04 16-MM | 200 0.1 | 74248 | 1.33
59 | SNMG 12 04 16-MM | 200 0.2 | 1127.84 | 1.37
60 | SNMG 12 04 16-MM | 200 0.3 | 1496.96 | 1.93

The next step of study, applying the method on the
experiment results were performed. Firstly, the satisfaction values
were calculated according to ‘the smaller — the better’ approach.
The cutting force and surface roughness must be smaller. For this,
the satisfaction values were calculated by using Figure 1. Secondly,
the distance measures were carried out by using Equation 1, and
finally, total distance of each criterion were calculated. The total
distance values of each experiments were shown in Figure 4.
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Figure 4 Total distance value of experiments
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4, Conclusion

In this paper, application of satisfaction function and distance
measured based multi-criteria selection method on selection optimal
turning operation parameters was carried out. There are 3 input
parameters and 2 output parameters of experiments. The input
parameters were tool types, cutting speed, and federate. The tool types
were SNMG 12 04 08-MM, SNMG 12 04 08-MR, SNMG 12 04 08-
QM, SNMG 12 04 12 -MM, and SNMG 12 04 16-MM. The cutting
speed levels were 125, 150, 175, 200 m/min. The feed rate levels were
0.1, 0.2, and 0.3 mm/rev. The workpiece materials was 316L quality of
stainless steel. In the experimental design, full factorial experimental
approach was used, and total 60 experiments were conducted. During
the experiments, the cutting forces of each experiments were measured
by using Kistler dynamometer. After the experiments, the surface
roughness values of each experiments were measured by Mahr
Perthometer M1. After the experimental procedure, firstly, the
satisfaction value of each criterian were calculated. Then, using this
satisfaction value, the distances measure was performed. Therefore, the
experiments were sorted by using this distance value. Optimal
experiments conditions, on other words, minimal distance value was
0.0359 measured in experiment 52. The worst experiments conditions,
on other words, maximal distance value was 1.3762 measured in
experiment 21. When the experimental results were examined in general
and viewed in terms of the best and worst experimental conditions, it
can be said that the application of the method is successful. As a results
of this study, the satisfaction value and distance measured based multi-
criteria decision making method can be used in turning operations to
optimization of experimental results.
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AETEKTHPOBAHHUA OBBEKTOB B [IOCJIENOBATEJIbHOCTH KAJAPOB 1JIA
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Pestome: B oannoii pabome paccmampusaemcs 3a0a4a CUnmesd aneoOpummd OemeKmuposaHus Neulexo008, YCmouuueo2o K
YACMUYHOMY NEPeKpuImuio 00beKma U NA0XoMYy Kauecmsy uszobpasicenus. JJannvlll areopumm paspabamuiéancs O UHMENNIeKmyaIbHOU

cucmemvl  8UOCOHADNIOOEHUs,  UCHONbIVIOWEl

pobomuzuposanuyo

suoeokamepy.  Buruucnumenvuuili  dKcnepumenm — noKasan

IpPexmusHocmy ONUCAHHO20 MEMOOd, YUMo NO360JAem NPedaazams UCHOIb308AMb OAHHbI NOOX00 HA NPAKMUKe.
Kniouesvie cnosa: J[ETEKTUPOBAHUE OBBEKTA, METOH I'MCTOI'PAMM OPHUEHTHPOBAHHBIX TI'PA/IMEHTOB,
HETEKTOP JJBM)KEHUA, AHAJIN3 U30bPAKEHNUA, KOMIIBIOTEPHOE 3PEHUE.

BBenenne

OnmHoit w3 wHamboree CIOXKHBIX 3amad B 00JacTh
ABTOMATU3UPOBAHHOTO CJIEKCHUS 3aKIF0YACTCs B OOHAPYKCHUU
00bEKTa TIOMCKA B KaJIpax BHJICOIMOCICAOBATEIEHOCTH CO
CIIO)KHOM  JUHAMHYECKOM CIIEHOHM, a TakkKe HaX0XICHHE
mapaMeTpoB 3TOro OOBEKTa, TAaKUX KaK pa3Mep, CKOPOCTb,
MOJIOXKEHNE W OPHEHTALUs B MPOCTPAHCTBE M Tak janee. Taroke
cpead Mpoumx MpoOieM HEpPenKo BCTPEUAIOTCS TaKue, Kak
JIUHAMHYECKOE HW3MEHEHHE OCBEIEHHOCTH CLEHBI HAOJIOACHUS,
YACTUYHOE WIIM TOJIHOE OTCYTCTBHE HMH(MOpMAUU 00 OOBEKTE,
OTCYTCTBUE HH(POPMAIIUH O MOJICITH JIBHIKCHUSI.

Jlnst cuHTe3a MOJIENM 00BEKTa HEOOXOIUMO COCTaBUTH
KOMIUICKCHYIO ~ CHCTEMY  IpPH3HAKOB,  00ECHEYHBAIOUIYIO
AICKBaTHYI0  CJIOKHOCTh TIPH  H3BJICUYCHHH HEOOXOIUMOH
vHpopmary. BaxHoi mnpobinemMoil 3mech SBIAETCS OICHKA
LIEHHOCTH TaKod MH(OPMAIMU U OIEHKA TOYHOCTU OIHCAHUS C
MOMOIIBIO JIaHHOM MOJENU TPH3HAKOB. I3 BBHINIECKA3aHHOTO
CJICyeT, 4TO pa3paboTKa HOBBIX METOJIOB JUIi OOHAPYXKCHUS
00bEKTOB (B TOM 4YHCJIE TOJBHXKHBIX) SBISCTCS BaXHOU U
aKTYaJIbHOW HAay4YHO-KCCIICIOBATEIbCKON 3a1a4eH.

DopMyJIMPOBKA 321241

[lenbio MCCICAOBAHUS SIBIACTCS CHHTE3 aJIrOPHTMA
JETEKTUPOBAHUS IMEIIEXO0J0B, YCTOWYMBOTO K YaCTUYHOMY
nepekpeiTuio o0bekTa (He Oonee 40%) M IIIOXOMY KauecTBY
n3o0paxxeHus. BakHbIM TpeOOBaHMEM K aIrOPUTMY CTaBHIIOCH
obecrieyeHHe BBICOKOH  CKOpocTH 00paGoTkm Kajpa it
obecrieueHns1 paboThI B pexnMe peabHoOro Bpemenu (Menee 100
MC. Ha OJIUH KajIp).

OcHoBHas 4acTh

OOBIYHO HA TpPaKTHUKE IS pelleHWs  3aJadu
JIeTeKTHPOBAHUS HEIIeX0/10B HCIIOJIB3YIOTCS METO/IBI
KaTeropraibHOTO pacro3HaBaHus (KiIaccHpUKanus OOBEKTOB)
[1, 26]. DT0 0OOYCIOBICHO BBICOKOW TOYHOCTHIO M CKOPOCTBIO

AJITOPUTMOB TIpU XOPOLIKUX YCJIOBUAX CHEMKHU (OCBeH_[eHHOCTL,
[}

OTCYTCTBHE TIEPEKpHITHSI 00BEKTa,
OpnHako, TPU HECOOMIONCHHH  TaKHUX
KaTeropualbHOr0  Paclo3HaBaHUs  BBIJABAIM  BBICOKYIO
HorpemHocTs.  J[s  HUBEIMPOBAaHWS  JTOrO  HEJOCTaTKa
HEOOXOOVMO  BHEIPUTH  JOMOJHHUTENBHBIA  ETEKTOp IS
BBISIBJICHHSI KOCBEHHOTO TPH3HaKa. B kauecTBe Takoro mpu3Haka
OyZeM HMCIOJNb30BaTh ABMKEHUE 00beKTa. PaccMOTpuM, KaxIbIid
nerekrop OoJiee AETaIbHO.

Jns pacno3HaBaHusl TMEHIEX0J0B (NEPBBIA AETEKTOP)
UCIIONIB3YeTCs AJTOPHUTM, OCHOBaHHBIH Ha MeTOJIe,
MCIIONB3YIOIINH NHpaMHIaIbHbIE TUCTOTPaMMBbI
opuentupoBanusix rpaguentoB (PHOG) [2, 84]. Ausropurm
MMOCTPOCHUS JIECKPUNITOPOB TPENCTABISAET M3 Ce0sl COBOKYITHOCTh
Pa3INYHBIX TEXHHK:

CTaTUYHOCTh
ycIoBUH

KaMephbl).
METO/IbI

1. WHTerpanpHoOe MpeCcTaBICHIE
n300paKeHUH;

2. WHTerpanbHble rpagneHTh;

3. [popexuBanue;

4. VIMuTALHS aNrOpPUTMA CKOJIBKCHHU.

Hust paboter ¢ PHOG nmeckpunropaMu HCIOIb30BaICS
METO/I OTIOPHBIX BeKTOPOoB(SVM).

Jl1s pacrio3HaBaHMSL JBHXKCHHs (BTOPOH IETEKTOP)
HCIOJIb30BAJICS AITOPUTM, OCHOBAaHHBIN Ha IH((hepeHIHaNIbHBIX
METO/Iax epBOro MOPs/IKa, PACCMOTPEHHBIH HUKE.

Bocnonbsyemes ypaBHEHHEM HEPa3PHIBHOCTH
onrryeckoro noroka(l):
ag
—+fTvg=0 1
/g 1

rae f — onTHMUecKWil MOTOK, g — (YHKIHUS BECOBBIX
K03 GULHEHTOB NHKCEICH.

Jlenaercst IIPEANOJIOKEHHUE, 4YTO ONTUYECKMH IIOTOK
SIBJISICTCS [IOCTOSIHHBIM B oOnactu [3, 236]. Mmes orpaHuveHUs
HEpa3pBIBHOCTH ONTHYECKOI'0 IIOTOKa BO MHOTHX TOUYKaxX, Takas
CHCTEMa MOXET OBITh pelleHa ¢ ITOMOIIbI0 MUHHMH3HPOBAHHS
(yHKIMOHATA OMINOKY.

llell} = f w(x —x,t—t) (flgx(x') + fo9,(x) + gt(x'))2 d?x'dt' )

38.[[3‘18. peuraeTcsa € NMOMOMIIBIO METOJIa HAaWMMCHBIINX

KBQJIpaToB. 3aTeM HCIONb3yeTCcsd MpOLEIypa B3BELIEHHOTO
YCPEAHEHUs, 4YTOObI MONYYUTh COKpAIIEHHWE ISl ypaBHEHHs
CBEPTKU:

2 — .
llells = (igx + f29y + g:)* = min 3)
PeIJ.ICHI/Ie JUISL OIITUYECKOTO ITOTOKA MOXET 6I>ITL
3aMKCaHo B CIEIYIOLEM BUJIE:

(9

f1__|ze

7= 90 @
59,

Moxem BBIJACIIMTD TPU ClIydas:
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1 9:9x > 0,9,g9, > 0: IIPOCTPAHCTBEHHBIE
W3MEHEHUsT YPOBHEW SAPKOCTH IO BceM HampaBieHusM. OO0e
KOMIIOHEHTHI OIITHYECKOT0 MOTOKA MOTYT OBITH ONPEJICIICHBI.

2. 9:9x > 0,g9,9, =0: IIPOCTPAHCTBCHHBIE
W3MEHEHHUs YpPOBHEH SPKOCTH TONBKO B HAaNpaBIeHHH X
(HepHeHAUKYIIPHO  KOHTYpY). TOJIBKO  KOMIIOHEHTa B
HAaIpaBJIeHUH X MOXKET OBITh OMpe/IeIeHa.

3. 9:9x =0,9,9, =0: HET

MIPOCTPAHCTBEHHBIX HM3MEHEHHH YpPOBHEH SAPKOCTH B 000HX
HampaBleHHUsAX. B ciydae mnocTosHHOM 00mMacTM HU OAHA
KOMIIOHEHTa ONTHYECKOTO NMOTOKAa HE MOXKET OBITH ONpeseneHa
BOOOIIIE.



JleTexTop IBIKEHUS SABISETCA BcHoMorarenbHbiM. OH
HPEIOCTaBIseT MH(POPMALUIO O HANPABICHUH JABIKCHHS B
OKPECTHOCTH 00JIaCTH MpEIbIIYIIero Kaapa, MOMEYEHHOH Kak
00macTb uckoMoro oobvekTa. Ecim jeTekTop He CMOT paclio3HaTh
00BEKT, BTOPO JETEKTOpP JaeT MH(YOPMAIIHIO O PEATIoIaraeMoM
HaNpaBIEHUH JBI)KEHHS O0O0BbeKkTa. OTO CHIDKaeT MpOIEHT
omnboK u YBEIUYUBAET 3¢ peKTHBHOCTH CHCTEM,
HCTIONIB3YIONIHUX JaHHYIO TEXHOJIOTHIO.

JKCIepUMeHTAIbHOe HCCIel0BaHne

Jlns SKCIEepUMEHTOB MCIIOJIB30BAJIOCh H300paKeHue
pasmepom 1920x1080, mrar ckombxeHHs cocTaBmstn 1 X 1,
MPOMOPIIMK CKOJIB3SIIEr0 OKHA COCTAaBISUIH 8X8. AJrOpHTMEI
peanu3oBbIBANKCH Ha s3bike C# ¢ UCMONb30BaHHEM OHOIHOTEKH
KoMIbloTepHOTO 3perust EmguCV.

CpenHee BpeMsi 00pa0OTKH OJHOTO Kajpa COCTABUIIO
68 mc. (59 Mmc. Ge3 BCIIOMOraTenbHOTO JAETEKTOpA), CPEemHsS
ommbka jgerektupoBanusi  cocraBwia 0,12 (0,28  0Ge3
BCIIOMOTATEJIbHOTO JETEKTOpa). DKCIEPUMCHT IPOBOAMIICS Ha
BBIYHCIUTENbHON MaluHe ¢ npoueccopom Intel Core i7-4790.

83

3akiueHune

Bnaromapsi BHEAPEHHIO BCIOMOTATENBHOTO JETEKTOpa
MBIDKCHHS, pa3pabOTaHHBIl aIrOPUTM AETEKTHPOBAHUS HMEET
GoJiee BBICOKYIO TOYHOCTh W JIydllle IMOAXOTHUT IUisi paboThl B
IUIOXUX YCIOBHAX CheMKH. CHHTE3UPOBAHHBIA  aNrOPUTM
YIOBIICTBOPSET BCEM INPEIbSIBICHHBIM TPECOOBAHUSAM H MOXKET
OBbITh WCIOJIb30BAaH HA TPAaKTHKEC TPH PEHICHUH  3a7a4
JIETEKTUPOBAHUSI MEIIEXO0/I0B.
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Abstract: We reported the investigation the effect of the optical and recombination losses in solar cells (SCs) based on n-
CdS(znSe, ZnS)/p-Cu,ZnSn(S,Se), heterojunctions with n-ITO(ZnO) frontal charge-collecting contacts on the internal (Qjn), external (Qey)
quantum yields, short-circuit current density (Js) and maximum efficiency () of solar cells

KEYWORDS: CU,ZNSNS, FILMS; OPTICAL LOSSES; RECOMBINATION LOSSES; QUANTUM YIELD; SHORT-CIRCUIT

CURRENT,; EFFICIENCY.

1. Introduction

The future forecast for the renewable energy demonstrates that
the solar power will become the dominant energy source from the
middle of the 21st century. One of the most perspective routes to
utilize the solar energy is its conversion into electricity by using the
solar cells (SCs).

Nowadays, the silicon-based SCs are the most commercialized
and widespread technology. But alternative are thin-film SCs based
on CdS/p-CdTe heterojunction (HJ) with n-ITO frontal charge-
collecting contact have also been widely spread on the photovoltaic
market [1, 2]. However, the shortcomings, such as toxicity of Cd,
high price and low abundance of In and Te, give rise to the search
for the alternative materials to the functional layers in the
photovoltaic devices. Nowadays, the compound Cu,ZnSn(S,Se),
(CZTSSe) is regarded as a promising substitute for the traditional Si,
CdTe, Cu(In,Ga)(S,Se), absorber layers. CZTSSe possesses the
controlled band gap for the solar light absorption (E,““"™* = 1.0-1.5
eV), p-type conductivity and high absorption coefficients (o~ 10*
10° cm™) [3, 4]. The promising alternatives for the well-known SCs
are considered the structure with ZnSe or ZnS window layers and
ZnO charge collecting contact [5-7]. These structures contain only
the abundant and non-toxic elements. ZnS, ZnO, ZnSe
(E;°=3.68¢eV, E;/"0=3.37eV, E/=267¢V) are the wide-
band gap semiconductors allowing to increase the number of the
photons incoming to CZTSSe absorber layer.

According to Shockley-Queisser analysis, the maximum
theoretical efficiency of the thin-film SCs with CZTSSe absorber
layer is about (32-34) % [3,8]. However, the experimental
efficiency of CZTSSe SCs is only 12.6 % [9, 10]. The difference
between the theoretical and experimental values of the efficiency
can be explained by the optical, electrical and recombination losses
which take place during the conversion of the solar energy into
electricity.

The enhancement of the SC efficiency might be achieved by
the minimization of the described losses by using the optimized
structures based on the functional layers with the improved
characteristics.

The foregoing discussions identified the main goal of this work
— to determine and compare the optical and recombination losses in
the SCs based on n-CdS(ZnSe, ZnS)/p-CZTSSe HJs with n-
ITO(ZnO) frontal charge-collecting contacts.

2. Methodologies

The light flow, before reaching CZTSSe absorber layer in
which the generation of the electron-hole pairs is occurred, passes
through the ITO(ZnO) and CdS(ZnSe, ZnS) layers of the SCs.
Herewith, the optical losses of energy as a consequence of the light

84

reflection from the air/ITO(ZnO), 1TO(ZnO)/CdS(ZnSe, ZnS),
CdS(ZnSe, ZnS)/CZTSSe interfaces and the light absorption of
ITO(ZnO), CdS(ZnSe, ZnS) are observed.

The reflection coefficients at the interfaces of the contacted
layers can be determined by using Fresnel equation [11]:

=

where n;, n; — refractive indices of the first and second
contacted materials, respectively.

n,—n,;

()

n, +n;

In the case of the electrically conductive material, the
reflection coefficients might be calculated by using the following
expression [12]:

=] n))? (K —k)?
B ni*+n’;| G +n,)% +(k +k;)?

2

ij

where n*, nj* — the complex refractive indices; k;, k; — the
extinction coefficients.

The spectral dependencies of n and k were taken from the
literature data on the refractive and extinction coefficients of ITO,
ZnO, CdS, ZnSe, ZnS, CZTS [3, 13, 14]. It was assumed that the air
hasn=1andk=0.

The transmission coefficients taking into account both the light
reflection and absorption of the charge-collecting and window
layers can be calculated using the expression [11, 15]:

T(4)=(@1-R,)A-Ry)A-Ry, )1 -R,) exp(-a,d,) exp(-a,d,) (3)

where «a;, o, — the absorption coefficients of the charge-
collecting and window layers; d;, d, — the charge-collecting and
window layer thicknesses.

The absorption coefficients of the materials «(4), considering
the extinction coefficient k(2), can be calculated by using the
following equation [11]:

Ar
A)=—k )
a(2)==

The modeling of the light reflection and absorption processes in
the multilayer structures was carried out by using the different
thicknesses of the window, dcasizuse, zis) = (25-100) nm, and frontal
charge-collecting, dirozno)= (100-200) nm, layers. These thickness
values of the layers are typical for the practical SCs.



The important parameter for the analysis of the recombination
losses in the SCs is the width of space charge region (w), in other
words, the depletion region, occurring at the interface between the
heteropairs, where the electrical field is acting as a separator for the
photogenerated electron-hole pairs.

This width mainly depends on the concentration of
uncompensated acceptors (N, — Ng) (i.e., the difference between the
acceptor and donor concentrations), locating in the semiconductor
materials, and the contact barrier height. However, the latter value
for the investigated junctions, unfortunately, was not known. This
problem was solved by means of the construction of the energy
band diagrams of the HJs.

It was considered that the small amount of the surface states
exists at the interface between heteropairs. At the same time, the
charge transport mechanism was described accordingly to Anderson
model.

Vacuum level
CZTS N ]
VcZTsTJ;-*C"I_\_."M ]VD Zns
Yezs=4.3eV | Wezrs=5.26 e\a’; Wos=4.12 eV

i Vezreg | ‘iTV Yans= 3.90 &V
E=1.13eV e ! E,

R e e i N pro

v T _____
E=004eV Er=022¢V

| E,=368¢V

€,
X W, W,

Fig. 1. Energy band diagrams of n-ZnS/p-CZTS HJ.

Unlike the fact that the charge transport processes at n-CdS/p-
CdTe HJ are analogous to those occurring in the Schottky diodes
[1], the same charge transport mechanisms for n-CdS(ZnSe, ZnS)/p-
CZTS heterosystems are not acceptable. It is due to the fact that the
doping levels in CZTS (N, =10"-10" cm™ [16]) are higher than in
CdTe material (N, = 10*-10Y cm™ [17]) and even higher than in
the window materials (Ng = 10'%-10%7 cm™ [14]). It means that SCR
is located both in the window (w,) and absorber (w,) layers, and
SCR width can be determined by the equations [18]:

We \/28n5p50;\£,3

1
eNp  g,N4

)

where &, & — the relative permittivity of the window and
absorber materials; & — the vacuum permittivity; Vp = qVy; — the
contact barrier height (Vp; — the built-in potential); U — the applied
external voltage; q — the elementary charge; Na, Np — the
concentration of uncompensated acceptors and donors in the
absorber and window layers.

Kosyachenko et al. showed that the solution of the continuity
equation is effective for the determination of the drift component of
the internal quantum yield (Qqrix) Of the SC, while taking into
account the recombination at the HJ interface and in SCR, by using
the following equation [11, 17]:

1+ S [ap(n) * 2 (VD SU)]
_ pp(nn) P(“ T _ exp(_ap(n)wp(”))
Qurin p(n) — 1+a,,. L
1S [2 v, - qu)] pm * Inp(pm
Dpp(nn) D(") KT

where S — the recombination velocity of the charge carriers at
the HJ interface and in SCR; D, ;) — the diffusion coefficients of
the holes (electrons) in the absorber (window) layers; oy — the
light absorption coefficients of the absorber (window) layer; k — the
Boltzmann constant; 7'—the temperature; L,ppn — the diffusion

©)

(6)
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length of the electrons (holes) in the absorber (window) layer (L,
= () D)%, Where () — the lifetime of the electrons (holes),
Dni — the diffusion coefficients of the electrons (holes) in the
relevant layers).

It should be noted that the equation (6) does not consider the
recombination in the quasineutral regions of the window and
absorber materials and on the back surface of CZTS layer. To
account these losses, the diffusion (Qgitpr) component of the

quantum yield can be evaluated by the following equation [17]:
Qur st = @y Lasiom | @y’ oy =) EXPLt VW)@ nm'ﬂn o~
(08, 55/ s g )(€ON( ) = W)/ Ly yp00) = XDy = W )) 8N ) =Wy T L
(S:LW“,,/D oom) SINN((A 5y = Wy )/an )+cush((dm—wD”)IL

i Lnion Py g = W)

o)

()

where dp — the thicknesses of the absorber and window layers;
S, — the recombination velocity in the quasineutral regions and on
the back surface of the absorber layer.

The total internal quantum yield of the SCs is easy to determine
as the sum of all quantum yields, considering the directions of the
drift and diffusion currents in the space charge and quasineutral
regions. The account of the optical losses owing to the reflection
and absorption of the light by the auxiliary layers (ITO, CdS, ZnSe,
ZnS) of the SCs gives the opportunity to determine the external
quantum yield (Qey) of the device [11,17]:

=T(A)Qu ®)

ext

The optical losses described in the previous subsections are
important for the analysis of the SC efficiency. As a consequence of
its consideration, we built the spectral dependencies of the external
quantum yield (Qgy) for the investigated SCs. The calculations were
carried out using the following physical values: N, = 10" cm?,
Ng=1017cm-3,  diroznoy=100nm,  deuszuse,  zusy= 25 nm,
dczrs =1 um. The concentrations of uncompensated acceptors and
donors coincide with SCR widths which are close to the device
thicknesses. At the same time, the thicknesses of all functional
layers were taken close to those used in the practical SCs [2].

The short-circuit current density (J,) of the SCs was
determined using the well-known formula:

qb(z)

qZTw Qu (A)A4, ©)

where @;(4;) — the spectral power density of the solar radiation;
AZ; — the interval between neighboring values of the wavelength;
hv; — the photon energy.

The calculation of Jy, was carried out under AM 1.5G radiation
conditions [19]. Herewith, the maximum short-circuit current
density (Jmaxsc) €an be obtained by neglecting the light losses owing
to the absorption of the auxiliary layers, i.e. T(1) = 1, and under the
circumstance that every photon generates the electron-hole pair
which  reaches the charge-collecting contacts  without
recombination, i.e. Qgy(A)=1. It was established, that the
maximum value of the short-circuit current density of the
investigated SCs is equaled t0 Jyuy sc = 34.82 mA/cm?.

The solar cell efficiency () is determined by the well-known
equation [10, 29, 38]:

(10)

where U,. — the open-circuit voltage; Ji. — the short-circuit
current density; FF — the fill factor; P;, — the input power (100

mW/cm?, illumination AM 1.5G).
To determine the effect of the optical and recombination
losses on the maximum efficiencies of the SCs with

ITO(ZnO)/CdS(ZnSe, ZnS)/ICZTS structures, the values of open-
circuit voltage were taken as those that coinciding with the height of



the contact potential differences at the HJs: Uy = (0.72 V)cgs, (1.07
V)znse, (1.14 V)zns, and the values of the fill factor that matching
the maximum possible FF =89 % [5]. Accordingly, it was found
that the maximum efficiency of the single junction SC was 33.5%

(5]

3. Results and discussions

The analysis of the optical losses owing the light reflection
and absorption of the window and charge-collecting layers showed
that, as it was expected, the replacement of the traditional window
material (CdS) with wide band gap materials (ZnSe, ZnS) caused
the increase of the transmission coefficients of the multilayer
structures, primarily, in the short wave region with dcgsznse,
zns) = (25-100) nm. This tendency was valid for applying ITO and
ZnO layers with diroznoy = (100-200) nm as the charge-collecting
contacts.

ZnO layer is more attractive than 1TO because it improves the
light transmission coefficients toward CZTS absorber layer
regardless of the considered window materials.

However, it should be noted that the values of T for the best
and worst structures differed only in (5.2-13.5) %.

d, =25nm, d = (100-200) nm

Cas(znss.Zng) Deniznse zagy = 25 N, d, = (100-200) nm

1.0
0%k
08
orl
08
05t
04k
03
02k
01p
°%

10
ol T
ity r—2
0Tk

osf
osf
o4l
oal
oz|
oaf

O
TG

TNETIRT

400 800 1000 800 1000

00 600 20 400 600 1200
& (nm) & (nem)
Oeyszame 24z = 125-100) nm, o = 100 nm esiznza zogy ™ (25-100) i, o, = 100 nm
1.0 10 Zns)
c — d
[ — ' o
— —_ 08 s
osl "' 08 J
548 ’ =—1(25 nm) o7 |.-" -1 {25 nm)
s == 1 {100 nm) {7| =11100 nm)
1 06
2 {25 nm) 2 (25
Z 05F b =i—2(100 nm) z 08 I 2{5’0"'“1
~ oal J,f 328 0m) = /‘- (100 nm)
aal |~—-—f, 3 (100 nm} 03 f
oz //, 0.2
0.1 / 0.1 3 (25 nm)
agl £ - oql=3li0omm |,
200 400 600  BOO 1000 1200 1400 200 400 600 800 1000 1200

 (nm) A (nm)

Fig.2. Spectral dependencies of the transmission coefficients of the
SCs with the structures ITO/CAS/CZTS (1), ITO/ZnSe/CZTS (2),
ITO/ZnS/CZTS (3) (a, ¢); ZnO/CdS/CZTS (1), ZnO/ZnSe/CZTS (2),
Zn0O/ZnS/CZTS (3) (b, d) with the different thicknesses of the window and
charge-collecting layers. The light reflection from the interfaces and
absorption of the auxiliary layers were taken into account.

It was established that the increase of the donor concentration
in the window material at the constant values of N, in the absorber
layer resulted in the increase of the quantum efficiency of the SC
based on n-CdS/p-CZTS HJ in the photosensitive region for both
CZTS and CdS materials. However, this increase had a weak
influence on the internal quantum yield in the photosensitive region
of the window materials in the SCs based on n-(ZnSe, ZnS)/p-
CZTS HJs. For the investigated HJs, the increase of the donor
concentration caused the increase of the quantum vyields in both
middle and long wavelength regions, due to the extension of SCR in
the absorber layer, and, as a consequence, reduced impact of the
diffusion component on the total photocurrent (Jpp).

The analysis of the obtained dependencies showed that the
values of Q. of the SC based on n-ZnS/p-CZTS HJ were slightly
higher than those of the structure with CdS and ZnSe window layers
regardless of the material of the charge-collecting contacts. Thus, as
it was expected, SCs with the window layers, which possess the
higher values of the band gap, demonstrated the higher quantum
yields.
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Fig. 3. Spectral dependencies of the external quantum yield (Qex) of
the SCs based on n-CdS(ZnSe, ZnS)/p-CZTS HJs with ITO (a) and ZnO (b)
charge-collecting  layers  with: ~ N,=10"%cm?®  Nyg=10"cm?
dito znoy = 100 NM, dcds zuse zas) = 25 NM, dezrs = 1 zm.

However, it should be noted that we neglected the inequality
state at the interfaces of the different HJs. However, in reality, the
mismatch density of the dislocations at the interfaces of the
considered HJs is varied.

The dependencies of the SC efficiencies () on the
thicknesses of the window (CdS, ZnSe, ZnS) and charge-collecting
(ITO, ZnO) layers are presented in Fig. 3. As can be seen from Fig.
4, the best devices,

ITO = 100 nm Zn0 = 100 nm
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Fig.4. The effect of the optical and recombination losses on the
efficiency of the SCs based on CdS/CZTS (1), ZnSe/CZTS (2), ZnS/CZTS (3)
HJs with the variable thicknesses of the window layers and two constant
thicknesses of the charge-collecting contacts: 100 nm (a, b) and 200 nm (c,
d).

among the investigated SC structures, contain ZnS window
layer (n =23.8-27.7 %), and the highest values of the efficiency
were demonstrated by a device with ZnO/ZnS/CZTS structure (7 ~
28 % with dzn,o = 100 nm, dz,s = 25 nm).

It should be mentioned, that the efficiency of the well-known
SC with ITO/CdS/CZTS structure was about (13.9-15.5) %. These
values are well correlated with the results obtained for the best SC
with the analogous structure (7 = 12.6 %) [9]. The SCs with ZnSe
window layer showed the quite high efficiencies as well, y = (21.7-
25.7) %.

4. Conclusions

It was found that, under the consideration of the losses owing to
the reflection and absorption of the auxiliary layers of devices, the
values of Ji. of the SCs with the ZnO/ZnS/CZTS (dz.,s = (25-
100) nm, dito@znoy) =100 nm) structure were higher in (3.06-
3.27) mA/cm? than those obtained for devices with ITO/CdS/CZTS
structure in the overall interval of the thickness alteration. The
increase of the charge-collecting layer thickness up to 200 nm led to
the decrease of J, and the difference between the best
(Zn0O/ZnS/CZTS) and worst (ITO/ZnSe/CZTS) structures of the
SCs was found to be ~3.15 mA/ecm?. It should be noted that the



optical and recombination losses caused the decrease of Ji by
(21.5-37.4) %.

The best devices, among the investigated SC structures,
contain ZnS window layer (5 = 23.8-27.7 %), and the highest values
of the efficiency were demonstrated by the device with
Zn0O/ZnSICZTS structure (n ~ 28 % with dz,o = 100 nm, dz,s = 25
nm). The SCs with ZnSe window layer showed the quite high
efficiency as well, = (21.7-25.7) %. It should be mentioned, that
the efficiency of the well-known SC with ITO/CdS/CZTS structure
was about (13.9-15.5) %. These values are well correlated with the
results obtained for the best SC with the analogous structure (5 =
12.6 %).

The presented results show the maximum values of the
efficiencies of the SCs based on n-CdS(ZnSe, ZnSe)/p-CZTS HJs
and open the way for the optimization of the practical thin film SCs.
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DECISION OF OPTIMIZATION PROBLEMS USING SYMMETRIC ALGORITHM OF
HEAVY BALL METHOD
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Abstract: The algorithm of the heavy ball method, based on the principle of symmetry, to find a global extremum is described. The
computer simulation of the method for the three test functions (Ackley, Griewank and Schwefel) is carried out. The results of the study of the
efficiency of this algorithm are given. The results of mathematical modeling in the graphs, describing the process of convergence of
representative points to the global optimum point of test functions, are shown. Conclusions about the efficacy of the described algorithm

applied to optimization problems are drawn.
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1. Introduction

One of the main factors that must be considered in solving the
problems of synthesis of modern adaptive identification systems
and information measuring systems is the inertia of the control
object and measuring equipment. The creators of these systems use
various optimization methods to ensure high efficiency of taken
decisions.

In most cases, the seeking global extremum of multiextremal
objective functions is carried out dynamically using the heavy ball
method. But a moving heavy ball can have both a lack of kinetic
energy and an excess of it. In the first case, it can stop at the one of
the local extremes, before reaching the global extremum, and in the
second case - to jump over it.

In the current situation, it is actual to organize the boosting of
additional kinetic energy of the ball moving to the global extremum
or to remove its excess.

2. Analysis of the literature sources

Today, both global optimization algorithms for solving a
separate class of problems [1] and for more universal ones have
been developed. When considering dynamic optimization problems,
the relaxation method [2,3] is often applied, the realization of which
is carried out by means of nonstationary processes that are
described by vector differential equations of the form

@m-xD ) +r-xO(t)+gradf (x)=0, m>0, r>0;

(2)%+k grad f (x)=0, k>0.

These processes to solve the task are eventually established.

The equation (1) describes the heavy ball method, which (with an
appropriate choice of the parameters m and r) is referred to methods
of seeking for a global extremum. The relaxation method, realized
according to equation (2), is called the steepest gradient descent
method, it is usually referred to methods of seeking for a local
extremum of the function.

It is known that surface elongation of the objective function along
one of the directions and its complex relief sharply worsens the
effectiveness of these methods. The heavy ball method and the
steepest gradient descent method in solving seeking global
extremum problems, with an increase of the oscillations amplitude
do not give a positive result, and the process of motion of the
representing point stops at the first local extremum.

The purpose of the article is to construct algorithms for
seeking for a global extremum of functions based on the principle
of symmetry of the interaction of two heavy balls and to justify the
advantage of this algorithm in seeking for a global extremum of the
multiextremal function in comparison with other relaxation
algorithms.
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3. Results and discussion

The problem of seeking for the minimum of a multiextremal
function can be solved by using the concept of symmetry, which has
proven itself in such one-dimensional optimization methods such as
methods of dichotomy, Fibonacci and golden section. In these
methods, two representative points move symmetrically to the
extremum of the function, significantly reducing the interval of
uncertainty (localization).

Let us consider multidimensional methods improving process
of function extremum seeking by applying the concept of symmetry
[4,5].

Let us represent the expression of a downward-convex
function f(x) (x is a vector argument), which extremum is sought, in
the form

(3) f(x)=0.5((x—x)TQ(x—x)+ f(x)+ f(x)),

where Q is a positive definite symmetric matrix.

Then, replacing one of the vectors x with the vector y and the
other with the vector z in the expression (3), we obtain an auxiliary
function

@ F(y,2)=05[(y-2) Q(y-2)+ f (¥)+ ()

the extremum of which will take place under the condition that
y=z=x*, where x* is the value of the vector argument at which the
function f(x) takes an extreme value.
The motion to a minimum of the auxiliary function F (y, z) is
ensured as a result of a simultaneous coherent change of vector
arguments y and z by any of the known extremum seeking
algorithms.

The algorithm (1) of a heavy ball method [6.7] when working
with an auxiliary function F(y,z) will be such as

d%y dy oF(y,z)
mi2 — :O,
g
2
mgwg aF(y'Z):O.
dt2 dt oz

It should be noted that for the extremum seeking of the
auxiliary function (5), both continuous and discrete algorithms of
several converging points can be used. This allows them to
overcome local extremes.

Let us consider the efficiency of the heavy ball method, based
on the principle of symmetry, on the example of three standard test
functions: Ackley, Griewank and Schwefel [8].

The Ackley function (Fig.1,a) has many local extremums
near the global optimum. On the interval [-7; 3], the function takes a
minimum value at the point 0, where x=0 and corresponds to the
following description



(6) f(x)=20+e-20-exp(-0.2 1 gj xiz)—exp(1 E cos(27xy)) -
\ni<1 Ni=1

Then the auxiliary symmetric function F(y,z) according to the
equation (4) for the Ackley function (6) will have the following
form:

™ F(y,z) =0.5(2(20 +e) — 20exp(-0.2y?) —exp(cos(27y)) —
—20exp(-0.22%) —exp(cos(27z)) + 0.5q(y — z)?,

and the corresponding algorithm (5) for the function (7)

y]_' ) =y,
_ [, 2 00 ]y.2
. r 1 q(yl zl)+2y1 ) exp[ 0.2y, ]+
Yo (t):*a)’Z** ,
® +7rsm(Zﬁyl)exp(cos(zﬁyl))
Z'(t)=1,,
, r 1 q(zl—yl)+221,l212 exp(—O.Z 212]+
Zy (t)=—azz—E )
+7rsin(Zﬁzl)exp(cos(erzl))
where yy =y, 7z =12

Fig.1. Graphs illustrating the process of the global extremum
seeking of a function with use of the concept of symmetry: a - the
type of the Ackley test function; b - solution of the system (8)
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Fig.2. Graphs illustrating the process of the global extremum
seeking of a function with the use of the concept of symmetry: a -
the type of the Griewank test function; b - solution of the system
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For the solution of the system (8) initial conditions were set:
y1(0) = 5,2,(0) =2 and the following parameters were chosen: a
mass of a heavy ball m = 1.5, damping coefficient r=2 and q = 2.
Fig. 1(b) shows the result of the solution of the system (8), which
describes the process of convergence of the representative points to
the point of the global optimum (x* = 0). The following values are
obtained: y; =0.000002 and z; =-0.001472. The solution of the
problem (6) with the usual heavy ball method according to the
expression (1), with constant values of the parameters m and r, gave
the following results: x = - 4.9862 (from the initial point x (0) = -5)
and x = 1.9745 (from the point x (0) = 2).

There are many local minimums in the Griewank function
(Fig. 2, a). On the interval [-50; 100], the function takes a minimum
value at the point 0, where x = 0 and has such description

© f()=1+ 3 D ol %
(x)= +i§1mfi];[1cos 7l

Then the auxiliary symmetric function F(y,z) for the Griewank
function (9) is written so

2

2
_ y© _ -
F(y,z2)=052+-2—~ cos(y)+4000 ’

4000
—cos(z)) +0.5q(y — z)?

(10)

and the corresponding algorithm (5) for the function (10)

i () =Y
, r 1 Y1 .
t)=——y, ——| q(y, — ) +—2-+05 ,
Yo' (1) m Y2 m [Q(yl 21)+ 4000 + Sm(yl):|
(11)
' () =25
, r 1 2} .
)=——2,——|q(z - y;)+—2-+05 .
2, (t) po S {Q(Zl Y1)+ 2000 " 5'”(21)}

For the solution of the system (11) initial conditions were set:
y1(0) = - 47, ,(0) = 53 and the following parameters were chosen: a
mass of a heavy ball m =7, damping coefficient r=1 and q = 2.
Fig. 2(b) shows the result of the solution of the system (11), which
describes the process of convergence of the representative points to
the point of the global optimum (x"=0). The calculated values
were: y; =-10.000254 and z; =-0.000862. The solution of the
problem (9) with the usual heavy ball method according to the
expression (1) gave the following results: x =-43.9603(from the
initial point x (0) = -47) and x = 50.2403 (from the point x (0) = 53).

The Schwefel function (Fig. 3(a)) as well as the two above-
mentioned functions, has a local minimums near global optimum.
On the interval [-500; 500], the function takes a minimum value at
the point 0, where x =420 and corresponds to the following
description

(12) (x) = 418.9829 - n + 3 (-, -sin(y/x])) .
i=1

For the Schwefel function (12), the auxiliary symmetric function
F(y,z) will be
F(y,2) =0.5(2-418.9829 - ysin(y/|y]) -
13) )
~zsin(y|2])) + 0.5a(y - 2)2

and the corresponding algorithm (5) for the function (13)



yi' (6) = Y23
. a(v—1z) —O.55in(M) -
’ r .
y2 (t) = e ylcos(M)~3|gn(yl) :
ENA

(14)
' (t) =25
a(z - y1) - 05sin(Jz]) -
zy (1) = —%Zz —% g cos(M) -sign(z)
4|

For the solution of the system (14) initial conditions were set:
y1(0) =-200,z,(0) = 480 and the following parameters were chosen:
a mass of a heavy ball m = 57.8, damping coefficient r = 0.67 and
g = 2. Fig. 3(b) shows the result of the solution of the system (14),
which describes the process of convergence of the representative
points to the point of the global optimum (x" = 420).The following
values are obtained: y; =420.0194 and z, = 420.0862.The solution
of the given problem (12) by the heavy ball method according to the
equation (1) from the initial point x (0) 0=-4.5 did not give a
positive result, the representing point completed its motion at x = -
124.8345, from the point x (0) = 3.75 the global optimum point is
found with a low accuracy x = 420.8741.
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Fig.3. Graphs illustrating the process of the global extremum
seeking of a function with the use of the concept of symmetry: a -
the type of the Schwefel test function; b - solution of the system (14)

Let us analyze the work of the heavy ball method by comparing it
with the method of coordinate descent and the gradient method with
a constant step, applying the concept of symmetry to them.

The algorithm of the steepest gradient descent method of when
working with F(y,z) is:

d
d—)t/=—kQ(y—z)—O,5k grad £ (y), y(0)=Yyp

(15) dz Yo # 2o
a:—kQ(z—y)—O,Sk grad f (z), z(0)=z,

In contrast to the differential equation (1), which may be
represented as a system of two first order differential equations and
which describes the motion of one representative point, the
algorithm (15) describes the energy interaction of two
representative points. These points form a single system.

Let us study the work of the principle of the concept of symmetry
by applying it to a function:

(16) f (x) =k - (x—a)2 — ¢ - cos(277X) + b,
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the graph of which is shown in Fig.4(a). It can be seen from Fig.
4(a) that the function under consideration has local extremums,
which are located near the global extremum, which is at the point
with the coordinate x = 4.
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Fig. 4. a - the graph of the function (16); b - the process of mot ¢
of the representative points to the global extremum according to the
algorithm of the heavy ball method, ¢ — according to the gradient
method.

Using equation (4), for the function (16), we obtain the auxiliary

function F(y,z) :

F(y,z):O,S[k(y—a)2 —c~cos(27ry)+k(z—a)2 -
(17)

—c-cos(27z) + 2b]+0.5q(y — 2)2.

The motion to the minimum of the function f(x) of two
representative points with the initial values of the coordinates y = 0
and z = 10, belonging to the initial function (16), in accordance with
the algorithm of the heavy ball method is shown in Fig. 4(b), of the
gradient method - in Fig. 4(c).

To minimize the function (17) we’ll apply the following methods:
coordinate descent, gradient method with constant pitch and heavy
ball method. Lines of the function level (17) with the motion path of
representative points to its minimum, in accordance with the
algorithms of the abovementioned methods (with k =0.2, a =4,

b=3, c=2,andq=1) are presented in Fig. 5-7.
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Fig. 5. Graphical illustration of the movement to a minimum by the
coordinate descent method
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Fig. 6. Graphical illustration of the movement to a minimum by the
gradient method with constant pitch
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Fig. 7. Graphical illustration of the movement to a minimum by the
heavy ball method
When the amplitude is increased in methods of coordinate descent

and gradient descent with a constant pitch, the representative points
end their motion in local extremums (y =6.8420 and z=2.1491 -
coordinate descent method, y =4.1595 and z =4.6124 - gradient
descent method with constant pitch). In the heavy ball method the
process of motion of the representative points ends at the point of
the global optimum x* = 4. The calculated values were: y = 4.0006
and z = 3.9973, with a mass of heavy balls m = 2.3 and a damping
factor r = 2.
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4. Conclusion

The work of the algorithm of the modified heavy ball method, based
on the principle of symmetry was investigated. The results of the
research showed that for the test functions of Ackley, Griewank and
Schwefel the seeking for a global extremum of a function using the
usual heavy ball method does not give a positive result. However,
the application of the concept of symmetry to the algorithm of the
heavy ball method gave the desired result: the algorithms converge
over time to the global minimum of multiextremal functions. When
the amplitude of the oscillations of the multiextremal function (16)
is increased, gradient methods of zero and first order are unsuitable
for seeking for the global extremum of the function, since the
representative points terminate at local minima. In addition, the
considered algorithm of the heavy ball method with the application
of the symmetry principle has good operability and high accuracy.
Thus, the parallelization of the process of seeking for an extremum
of a function based on the use of the concept of symmetry with
regard to optimization problems will subsequently yield a number
of positive results for estimating unknown parameters of objects in
solving the problems of metrology of dynamic measurements and
the synthesis of adaptive identification systems.
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ENERGY AND EXERGY ANALYSIS OF SEA WATER PUMP FOR THE MAIN
CONDENSER COOLING IN THE LNG CARRIER STEAM PROPULSION SYSTEM
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Abstract: Energy and exergy analysis of sea water pump which is used for the main condenser cooling at lower steam propulsion system
loads on conventional LNG carrier is presented in this paper. By using the measured variables from the exploitation, it is presented different
influences of pump used power on cumulative energy and exergy power inputs. Energy and exergy pump power losses are reverse
proportional, while pump energy and exergy efficiencies are directly proportional to increase in pump load. The highest obtained pump
energy efficiency amounts 59.61 %, while the highest obtained pump exergy efficiency amounts 60.25 %. From the viewpoint of efficiencies
and power losses, it will be optimal that analyzed pump operates at the highest possible loads.

Keywords: ENERGY EFFICIENCY, ENERGY POWER LOSSES, EXERGY EFFICIENCY, EXERGY DESTRUCTION, SEA WATER PUMP

1. Introduction

Steam propulsion systems are dominant propulsion systems of
LNG carriers [1]. Such steam propulsion systems have many
components, not only for ship propulsion, but also for electricity
and heat production [2]. One of the constituent components of such
marine steam propulsion system is main condenser. Main condenser
is cooled with sea water, while the condenser cooling system can be
performed in two different ways. First one is cooling with the sea
water pump (or more of them) only. Second is combination of
cooling with sea water pump at the low steam system loads [3],
while on the high steam system loads (at high ship speed) sea water
pump is switched off and condenser cooling is performed with the
scoop. The scoop is a tube mounted under the ship and it leads sea
water directly to main condenser cooling tubes. Condenser cooling
with a scoop is very dependable on ship current speed so it cannot
be performed under optimal ship speed, defined with scoop
producer specifications.

In this paper is analyzed sea water pump from a conventional
LNG carrier, which uses main condenser cooling with sea water
pump at low and with scoop at high steam system loads. Main
characteristics of the LNG carrier in which steam propulsion system
is mounted analyzed sea water pump are presented in Table 1.

Table 1. Main characteristics of the LNG carrier

Dead weight tonnage | 84,812 DWT
Overall length 288 m

Max breadth 44m

Design draft 9.3m

Mitsubishi MS40-2

(max. power 29.420 kW)

2 x Shinko RGA 92-2

(max. power 3.850 kW each)

Propulsion turbine

Turbo-generators

The main goal of this paper is to perform analysis of sea water
pump during its operation from the aspect of energy and exergy. It
was investigated the influences of pump driving power on energy
and exergy pump inputs and it was performed analysis of pump
energy and exergy power losses, for the entire pump operation
range. Based on a measured data from ship exploitation, it was
observed the change in pump energy and exergy efficiencies from
the lowest to the highest pump load.

2. Sea water pump energy and exergy analysis

2.1. General equations for energy and exergy analysis

The first law of thermodynamics defined energy analysis of any
steam system component [4]. Mass and energy balance equations
for a standard volume in steady state disregarding potential and
kinetic energy can be expressed according to [5]:

)]

ZmIN :ZmOUT
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Q_P:ZmOUT‘hOUT_ZmlN‘th (2)
Energy power of a flow for any fluid stream can be calculated

according to the [6] by using the equation:

E,,=m-h (3)
Energy efficiency may take different forms and types. Usually,

energy efficiency can be written as [7]:

_ Energy output

4
" Energy input @
Second law of thermodynamics defines exergy analysis [8]. The

main exergy balance equation for a standard volume in steady state

is [9]:

®)

Xheat =P =2 Moyt - €our —ZMin-€ v+ Eexp

where the net exergy transfer by heat ( X, ) at the temperature
T is equal to [10]:

X et =Z(17TT—°)~Q 6)

Specific exergy was defined according to [11] by an equation:

e=(—-hy)=T, (5—5,) (7
The total exergy of a flow for every fluid stream can be

calculated according to [6]:

ey =Mh-g=m-[(h—hy) =Ty - (5 - )] 8)
Exergy efficiency is also called second law efficiency or

effectiveness [12]. It can be defined as:

_ Exergy output

= 9
Exergy input ®)

ex

2.2. Sea water pump efficiencies and losses (energy and
exergy)

Analyzed sea water pump is used in LNG carrier steam
propulsion system for the main condenser cooling at low propulsion
system loads. Main condenser cooling on this LNG carrier is
performed in two ways: at low propulsion system loads (at low ship
speed) main condenser is cooled with pump, while at high
propulsion system loads (at high ship speed) main condenser is
cooled with the scoop. According to producer specifications [13],
main pump characteristics are:

- Pump maximum capacity: 6000 m*h
- Pump maximum delivery height: 13 m
- Standard pump operation revolutions: 390 rpm



Power for sea water pump operation, in each operating point, is
calculated according to producer specifications [13] by using sea
water volume flow at the pump inlet. Sea water volume flow can be
calculated by using measured sea parameters at the pump inlet:
temperature, pressure and mass flow. Pump used power (P) is
approximated by using sixth degree polynomial:

P =1.3216361-10%° .V ¢ - 2.4675409-10¢ .V 5 +
+1.7487692-10%2 .V * - 6.0343228-10° -V % +
+1.0365022-10° .V 2 - 4.2656487 10 -V +
+120.657

(10)

where pump used power P is obtained in (kW) when in equation
(10) is placed sea water volume flow at the pump inlet V in (m*/h).

For the analyzed sea water pump, all necessary operating points
were presented in Fig. 1. The required specific enthalpies and
specific entropies as well as other thermodynamic properties were
calculated from measured pressures and temperatures for each fluid
stream by using NIST REFPROP software [14].

2

Fig. 1. Sea water pump symbol with marked inlets (inputs) and
outlet (output)

Mass, energy and exergy balances for the analyzed pump,
according to Fig. 1, are:

Mass balance:

My =y, (11

Energy balance:
- Energy power input (only sea water flow):

Een,IN,sw =M, - hl (12)

- Energy power input (cumulative):

Een,IN,c = rh1 ) h’l +P (13)

- Energy power output:

Een,OUT =M, - hz (14)

- Energy power loss:

EenpL = Eenine = Eenour =My -y + P —m, - hy (15)

- Energy efficiency [15]:
E'en,OUT B Een,IN,sw
P

_tit -y — iy -y

5 (16)

Ten =

Exergy balance:
- Exergy power input (only sea water flow):

Eex,IN,sw = ml té (17)
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- Exergy power input (cumulative):

Eexine =My & +P (18)
- Exergy power output:

Eex,OUT =m,-& (19)
- Exergy power loss (exergy destruction):

Ee><,D = Eex,IN,c - Eex,OUT =y -&+P-m,-g (20)
- Exergy efficiency [16]:

Ny = Eex,OUT B Eex,lN,sw _ My &, —M - & (21)

P P

Ambient conditions during measurements were:

po=0.1 MPa =1 bar,
To=25°C=298.15 K.

- pressure:
- temperature:

3. Measurement results and measuring equipment of
the analyzed sea water pump

Measurement results for sea water pump during pump operation
are presented in Table 2. Pump operating parameters were presented
in relation to propulsion propeller speed. Propulsion propeller speed
is directly proportional to steam system load - higher propulsion
propeller speed denotes a higher steam system load and vice versa.
It also should be noted that the sea water pump load is directly
proportional to steam system load, during the entire pump operating
time.

Table 2. Measurement results for sea water pump during its
operation

5 Sea water pump - Sea water

= inlet pump - outlet
2~

£ E

oo |o = [

S5 |3 e~ 2_ | 3 e _
28 150|122 85 | 50 |32
ISERZI =N X o2 o=
a  |F & =

0.00 | 30 | 0.1 | 1120106 | 30.003 | 0.223
2558 | 22 | 0.1 | 1346990 | 22.002 | 0.221
3433 | 22 | 0.1 | 1795986 | 22.002 | 0.217
41.78 | 22 | 0.1 | 1795986 | 22.002 | 0.218
53.50 | 22 | 0.1 | 2244983 | 22.002 | 0.214
56.65 | 18 | 0.1 | 2471535 | 18.001 | 0.212

The measurement results were obtained from the existing
measuring equipment mounted on the pump inlet and outlet. All
measuring equipment is tested and calibrated by producers. List of
all used measuring equipment is presented in Table 3.

Table 3. Used measuring equipment for the pump analysis

Sea temperature Greisinger GTF 401-Pt100
(pump inlet and outlet) - Immersion probe [17]

Sea pressure Yamatake JTG940A -
(pump inlet and outlet) pressure transmitter [18]
Promass 80F - Coriolis
Mass Flow Measuring
System [19]

Kyma Shaft Power Meter
(KPM-PFS) [20]

Sea mass flow (pump inlet)

Propulsion propeller speed




4. Results of pump energy and exergy analysis

At each operating point of the analyzed sea water pump is
calculated sea volume flow, an essential element for pump used
power calculation. Sea water volume flow is calculated for the
pump inlet by using measured sea temperature and pressure along
with measured sea mass flow, Table 2.

Fig. 2 presents the change in sea water volume flow at the pump
inlet for each pump (steam system) load during pump operation.
Increase in pump load causes a continuous increase in sea water
volume flow from the lowest value (1125 m°h at propulsion
propeller speed of 0.00 rpm) to the highest value (2475 m¥h at
propulsion propeller speed of 56.65 rpm).

Sl

25.58 4178 53,50 56,65

2500

pump

inlet {m°/h)

Sea water volume flow at the

Propulsion propeller speed (rpm)

Fig. 2. Change in sea water volume flow at the pump inlet for
various pump loads

Pump used power is calculated from the sea water volume flow at
the pump inlet, according to equation (10). As presented in Fig. 3,
pump used power change has the same trend as sea water volume
flow. At the lowest load (0.00 rpm of the propulsion propeller)
pump uses power of 122.77 kW, while at the highest load (56.65
rpm of the propulsion propeller) pump uses power of 127.85 kW.
As expected, sea water pump used power increases during the
increase in pump (steam system) load.

,.||Il

41.78 53.50

Pump used power (kW)

Propulsion propeller speed (rpm)
Fig. 3. Change in a pump used power for various pump loads

Energy power input and output of the analyzed pump in each
observed operating point is presented in Fig. 4. According to
equation (13), cumulative energy power input is a sum of only sea
water flow power input and pump used power. At each pump
operating point, pump used power influence on cumulative energy
power input is very small, the dominant element of the cumulative
energy power input is sea water flow energy power input. Only sea
water flow energy power input amounts from 99.64 % to 99.78 %
of cumulative pump energy power input.

In the entire pump operating range, cumulative energy power
input amounts from 34686 kW up to 57732 kW, while energy
power output amounts from 34608 kW up to 57676 kW. Energy
power loss in each observed pump operating point is the difference
between cumulative energy power input and energy power output.
By taking into account the amount of cumulative energy power
input and output, energy power loss for the observed pump will
have small values in each operating point, which will not exceed 85
kW.
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D Energy power input - cumulative
D Energy power output

50000 +

45000 +

Energy power input and output (kW)

34.33 41.78 53.50

Propulsion propeller speed (rpm)

Fig. 4. Change in pump energy power input and output for various
pump loads

Fig. 5 presents change in sea water pump energy power losses
and energy efficiency. At the lowest pump load (0.00 rpm of the
propulsion propeller) energy power loss is the highest and amounts
82.32 kW. Pump energy power losses continuously decrease during
the increase in pump load and the lowest energy power loss was
obtained at the highest pump load (56.65 rpm of the propulsion
propeller) and amounts 51.64 kW.

The lowest pump energy efficiency was obtained at the lowest
pump load and amounts 32.95 %, while the highest pump energy
efficiency was obtained at the highest pump load and amounts
59.61 %. From Fig. 5 can be seen that pump energy efficiency
continuously increases during the increase in pump load.

85 —

—
- t 85

P . - 50
—— -Enww poWer loss
o - Ener efficienc
T 48
T 40
k35
. -__ 2

2558 41.78 5350

Energy power loss (kW)
Energy efficiency (%)

Propulsion propeller speed (rpm)

Fig. 5. Change in pump energy power loss and energy efficiency for
various pump loads

Change in pump exergy power input and output is presented in
Fig. 6. Pump used power has a strong influence on pump
cumulative exergy power input. Only sea water flow exergy power
input amounts from 16.12 % to 30.52 % of cumulative pump exergy
power input for all pump operating points except for one at the
highest pump load. It can be concluded that pump used power has a
strong influence on pump cumulative exergy power input, while its
influence on cumulative pump energy power input is low, Fig. 4.

For the whole sea water pump operating range, cumulative pump
exergy power input amounts from 147.50 kW up to 367.64 kW,
while pump exergy power output amounts from 69.15 kW up to
316.82 kw.

400

350

E1Exergy power Input - only sea water flow
£ Exergy power Input - cumulative
Ol Exergy power output

300 1

250 1

200 1

FRRRE

25.58

Exergy power input and output (kW)

41.78 56.65

Propulsion propeller speed (rpm)

Fig. 6. Change in pump exergy power input and output for various
pump loads



The change in sea water pump exergy power losses (exergy
destruction) and exergy efficiency is presented in Fig. 7. The lowest
pump exergy efficiency was obtained at the lowest pump load (0.00
rpm of the propulsion propeller) and amounts 31.31 %, while the
highest pump exergy efficiency was obtained at the highest pump
load (56.65 rpm of the propulsion propeller) and amounts 60.25 %.

At the lowest pump load exergy destruction has the highest value
and amounts 84.33 kW. Pump exergy destruction continuously
decreases during the increase in pump load and the lowest exergy
destruction was obtained at the highest pump load and amounts
50.83 kW.

a5

80

754
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/
1 & B Exergy destruction|

- + Exergy efficienc:

- - 46
V4
/ “
= e
' } } ; ._,_—;_ Y
0.00 53.50

2558

Exergy destruction (kW)
Exergy efficiency (%)

3433 41.78 56.85

Propulsion propeller speed (rpm)

Fig. 7. Change in pump exergy destruction and exergy efficiency for
various pump loads

5. Conclusions

The paper presents energy and exergy analysis of sea water pump
which is used for the main condenser cooling at lower steam
propulsion system loads on conventional LNG carrier.

By using the measured variables from the exploitation, it can be
concluded that pump used power has a strong influence on pump
cumulative exergy power input, while its influence on pump
cumulative energy power input is minor, for the whole observed
pump operation range.

Pump energy power losses and exergy destruction are reverse
proportional to pump load. Increase in pump load also causes a
continuous increase in both energy and exergy efficiencies. The
highest pump energy efficiency amounts 59.61 %, while the highest
pump exergy efficiency amounts 60.25 %. Increase in both
efficiencies (and decrease in both power losses at the same time)
will be possible if the pump operates at the highest possible loads,
higher that presented ones from LNG carrier exploitation.
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NOMENCLATURE Greek symbols:

& specific exergy, kJ/kg
Abbreviations: n efficiency, -
LNG Liquefied Natural Gas

Subscripts:
Latin Symbols: 0 ambient state
E stream flow power, kJ/s c cumulative
h specific enthalpy, kJ/kg D destruction
m mass flow, kg/s or kg/h en energy
p pressure, MPa ex exergy
P power, kJ/s IN inlet
Q heat transfer, ki/s ouT outlet
S specific entropy, ki/kg-K  PL power loss
X heat heat exergy transfer, kJ/s  sw sea water
T temperature, °C or K
Y, volume flow, m¥h

95

7. References

[1] Schinas, ©O., Butler, M.: Feasibility and commercial
considerations of LNG-fueled ships, Ocean Engineering 122, p.
84-96, 2016. (doi:10.1016/j.0ceaneng.2016.04.031)

[2] Baldi, F., Ahlgren, F., Melino, F., Gabrielii, C., Andersson, K.:
Optimal load allocation of complex ship power plants, Energy
Conversion and Management 124, p. 344-356, 2016.
(doi:10.1016/j.enconman.2016.07.009)

[3] Fernandez, I. A., Gémez, M. R., Gémez, J. R., Insua, A. A. B.
Review of propulsion systems on LNG carriers, Renewable and
Sustainable Energy Reviews 67, p. 1395-1411, 2017.
(doi:10.1016/j.rser.2016.09.095)

[4] Kaushik, S. C., Siva Reddy, V., Tyagi, S. K.: Energy and
exergy analyses of thermal power plants: A review, Renewable
and Sustainable Energy Reviews 15, p. 1857-1872, 2011.
(doi:10.1016/j.rser.2010.12.007)

[5] Hafdhi, F., Khir, T., Ben Yahyia, A., Ben Brahim, A.: Energetic
and exergetic analysis of a steam turbine power plant in an
existing phosphoric acid factory, Energy Conversion and
Management 106, p. 1230-1241, 2015.
(doi:10.1016/j.enconman.2015.10.044)

[6] Mrzljak, V., Poljak, I., Mrakov¢i¢, T.: Energy and exergy
analysis of the turbo-generators and steam turbine for the main
feed water pump drive on LNG carrier, Energy Conversion and

Management 140, p. 307-323, 2017.
(doi:10.1016/j.enconman.2017.03.007)
[7] Mrzljak, V., Poljak, 1., Medica-Viola, V.. Dual fuel

consumption and efficiency of marine steam generators for the
propulsion of LNG carrier, Applied Thermal Engineering 119,
p. 331-346, 2017. (doi:10.1016/j.applthermaleng.2017.03.078)

[8] Kanoglu, M., Cengel, Y.A., Dincer, |.: Efficiency Evaluation of
Energy Systems, Springer Briefs in Energy, Springer, 2012.
(doi:10.1007/978-1-4614-2242-6)

[9] Zisopoulos, F. K., Moejes, S. N., Rossier-Miranda, F. J., Van
der Goot, A. J., Boom, R. M.: Exergetic comparison of food
waste valorization in industrial bread production, Energy 82, p.
640-649, 2015. (doi:10.1016/j.energy.2015.01.073)

[10]JAhmadi, G., Toghraie, D., Azimian, A., Ali Akbari, O.:
Evaluation of synchronous execution of full repowering and
solar assisting in a 200 MW steam power plant, a case study,
Applied Thermal Engineering 112, p. 111-123, 2017.
(doi:10.1016/j.applthermaleng.2016.10.083)

[11]Ahmadi, G., Toghraie, D., Ali Akbari, O.: Solar parallel feed
water heating repowering of a steam power plant: A case study
in Iran, Renewable and Sustainable Energy Reviews 77, p.
474-485, 2017. (doi:10.1016/j.rser.2017.04.019)

[12]Szargut, J.: Exergy Method - Technical and Ecological
Applications, WIT Press, 2005.

[13]Final drawing for Main Sea Water Circulation Pump, Shinko
IND. LTD., Hiroshima, Japan, 2006., ship documentation

[14]Lemmon, E. W., Huber, M. L., McLinden, M. O.: NIST
Reference Fluid Thermodynamic and Transport Properties-
REFPROP, Version 8.0, User’s Guide, Colorado, 2007.

[15]Cengel Y., Boles M.: Thermodynamics an engineering
approach, Eighth edition, McGraw-Hill Education, 2015.

[16]Moran M., Shapiro H., Boettner, D. D., Bailey, M. B.:
Fundamentals of engineering thermodynamics, Seventh edition,
John Wiley and Sons, Inc., 2011.

[17] https://www.greisinger.de (accessed: 18.09.2017.)

[18] http://www.industriascontrolpro.com (accessed: 18.09.2017.)

[19] https://portal.endress.com (accessed: 22.09.2017.)

[20] https://www.kyma.no (accessed: 02.10.2017.)



https://www.greisinger.de/
http://www.industriascontrolpro.com/
https://portal.endress.com/
https://www.kyma.no/

THE PECULIARITIES OF THE METALLURGICAL DESIGN DEVELOPED
THROUGH PROJECT MANAGEMENT PRINCIPLES

Prof.Tontchev N.%, Assoc. Prof. Dimitrov D.! Prof. Hai Hao?
«Todor Kableshtov» Higher School of Transport, Sofia, Bulgaria
?Dalian University of Technology (DUT): K EH T A%

Abstract. The tools for statistical expert evaluation of the influence of alloy composition elements on pre-selected quality indicators are
described in order to improve the mechanical properties of the products through the prism of project management. Through the defined
approach, it is possible to define a composition providing relatively best meanings of the values of the selected mechanical indices.
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1. Introduction

At the design stage, the material selection process reflects a
whole strand of material science. The traditional alloy development
strategy consists of producing multiple samples with varying
composition and variations in chemical composition and
processing mode to define an alloy with better properties [1]. This
approach, known as “trial-error” leads to high experimental costs
[2]. In most cases, experimental research may be difficult, too long
and unacceptably expensive. An alternative effective approach is
the use of previous experience data processed into a statistical
model based on a large amount of data associated with
composition, processing and properties. Compared to physical
models, the advantage of statistical models lies in their ability to

Complex of

obtain complex informative in a peculiar and effective way even
when there are no well-established physical theories and models
(31, [4].

We develop a system of methods for modeling the properties
and optimization of the composition of different alloys. This paper
attempts to point to a number of examples with the formulations of
which, from various daughter projects, it is possible to develop
further and improve the original idea developed in [7]. The
formulated task stems directly from the subject of material science
and it is already implemented for alloys of iron [7], titanium [9]
and magnesium [9] base. In this regard, the graphical visualization
of the basic problems of the material science — the basis of the
projects for research of the relationship between properties and
structure — is depicted in Fig. 1.

Innovative

properties

Specific

Normal
problem

First group input parameters — the
chemical composition

properties

)’ u a solution
Specific

application

Inverse
problem

Second group input parameters — heat
treatment

Fig.1. Relationship between the elements of the problems and the projects from material science.

The number of all parameters in the project is
determined by the sum of the two sets of parameters (the
parameters for the type, the number and the quantity of the
alloying elements and the parameters of thermal, physical or
mechanical impact).

The right task examines the impact of these
parameters to synthesize new materials and in the inverse task
and a defined and known application or characteristic values of
the exploitation behavior, a rational type of material is
determined with its composition and processing parameters.
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The numeric metallurgical design is not only
designing in the base of allying elements by type, number and
quantities but also taking into account their synergistic effect. It
is necessary to select such a synergistic effect by a combination
of elements in which the more expensive elements are in
smaller quantities. Along with the accomplishment of this task,
the metallurgical design has to fulfill the desired compromise
between the properties of the product, depending on the
processing parameters. These several groups of parameters
should form the overall processing and composition parameters.
The complexity of the so formulated problem lies in the large



number of input parameters and in the fact circumstance that
the chemical composition participates implicitly via the
synergistic effect in the system “composition — processing —
structure — properties — price.

Alloy composition design and optimization of process
parameters are directly related to resolving the trade-off
between measured values relative to defined selected quality
indicators for a set of materials in a surveyed group or class.

The process system also optimized the technological
parameters of the processes, such as ionization, pouring, post-
casting, as well as casting and thermal treatment of aluminum
wheels.

With the quoted system, there have been optimized
also the technological parameters of the processes such as
ionization, plastering, post-casting, as well as casting and
thermal treatment of aluminum wheels.

2. Classification of Material-Science

Projects

The pursuit of strengthening in defining the specific
purpose of a project in the field of material science is associated
with its uniqueness. In this subject area, in the development of
projects arising from the main task and also from “studying the
relationship between the influence of chemical composition and
heat treatment on mechanical properties in order to search for
new applications”, the projects have a unique effect because —
as a result of the optimization — a new innovative solution is
usually obtained (Fig.1).

The specificity of these tasks is associated with a
certain complex of properties, which analyzes several criteria
(different qualitative indicators, which are most often
contradictory in character), and the optimization of which
determines solutions that are inherently effective. This goal is
defined in the literature as the SMART goal, and the meaning
of this abbreviation is described and explained in more detail in
the table below.

Table 1. Defining the SMART-goal abbreviation

Specific
Measurable
Achievable
Realistic
Timed

—H[3|> | Z|n

The specificity of such projects is a consequence of
the subject matter of the material science from which the basic
relationship “structure-properties” derives. For the definition of
qualitative indicators (most often mechanical characteristics)
there are standardized methodologies that guarantee a
measurable quality result. Many examples from our previous
experience prove that the objectives of such a project are
achievable. They depend on the database used, and the result of
the project is to apply authoring methods that can determine
chemical compositions outside the database to exceed the
mechanical performance of the database. In this sense, the
purpose of the project is realistic.

Determining the project over time depends on the
volume of tasks set such as the size and the number of research
quantities, and the organization of the implementation of the
key activities. The main focus of this organization is at the
stage of experimental testing of the prescribed compositions,
which are determined by the application of the methodology as
optimal.

Since the process of formulating the goal is not an
easy process, there are projects that start with an undefined
purpose. There is a certain categorization in this sense, which is
presented in Fig. 2. It — besides an established or unsettled
SMART goal - has also been implemented through known and
unknown methods and technologies that will be implemented
during the implementation of the project.
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Unsettled technologies & PR
unknown methods of work ‘Open” projects
Established technologies & i o i

known methods of operation Closed” projects
Established SMART goal Unsettled SMART goal

Fig.2. Classification of projects for clarified goals and used
technologies

“Closed” projects are standard and routine projects.
They are most likely to be successful and their performance is
associated with the least risk. However, in any organization
there is a “narrow” place, shaped as a project where the goal is
difficult to be determined and the technology for its solution is
unknown.

A clear set of materials with a

Unsettled technologies &
unknown methods of work

Established technologies &
known methods of operation

complex of properties with an
unspecified test method

Synthesis of a new material
with an undefined complex
of properties

Solving the classical task of
material science by defining a
qualitative indicator with an
existing methodology

Use of material with a
composition subject to
investigation for which the
test procedures are defined

Established SMART goal

Unsettled SMART goal

Fig.3. Specifying the classification from Fig.1 for projects in the
field of material science

In this sense, the project team has never solved such
problems, and these projects are called “open” because the issue
is open to both the goal and the technologies and methods to be
used. The organization balances its activity by accepting to
develop both “open” and “closed” projects. “Closed” projects
are implemented in a short-term perspective, but similar
projects are also being implemented by competitors so they are
not very lucrative.

Fig.3 presents a specific application of the above
Classification for Material Science projects to elucidate the
structure-property relationship in order to provide a more
rational application.

In the discovered project of the type described, there
is a partial requirement for the material group and the conditions
for the operational work in which the workpiece/product will
work are known. If it is on a metal base, it is possible to apply a
solution theoretically developed by the cited project, consisting
of the following:

The existing system of numerical methods, by means
of which it is possible to determine optimal thermal processing
compositions and parameters, associated with a pre-search
complex of properties. Various iterations, specifying shape and
size, are performed with CAD / CAE system calculations. The
search object in the project does not appear in the CAD system
database. The calculations are performed with the material
closest to the research class. On the basis of the strength
calculations the complex of properties is determined. If there is
no standardized test in the set of properties, a methodology is
developed and experimental research is performed. Project
calculations provide optimal formulations for the desired
complex of properties. These compositions are validated as
being appropriate after an experimental check. Following the
verification, the database can be supplemented with the newly
defined compositions.

The existing system of numerical methods, by means
of which it is possible to determine optimal thermal processing
compositions and parameters, associated with a pre-search
complex of properties. In various iterations, specifying shape
and dimensions, calculations for the strength are performed with
the CAD/CAE system. The material being searched for in the
project is not included in the CAD system database. The



calculations are performed with the material closest to the
research class. On the basis of the strength calculations the
complex of properties is determined. If there is no standardized
test in the set of properties, a methodology is developed and
experimental research is performed. Project -calculations
provide optimal formulations for the desired complex of
properties. These compositions are validated as being
appropriate after an experimental check. Following the check,
the database with the newly defined compilations can be added.

The Project Life Cycle is related to the full set of
stages (phases) of the project, the definition and number of
which define the technology of production and the control
needs of the organizations involved in the project.

“Open” and “closed” projects differ in their lifecycle
approaches. Each project is fragmented in steps. Defining the
lifecycle of the “closed project” bears the name “waterfall”,
because the tasks are done in a top-down sequence and it
resembles a cascade of water.

The example of the “closed” project authorizing the
classical task “chemical composition — property” according to
an approved methodology of the tested indicator is defined by
the following phases of the “waterfall” life cycle:
1.Start the project.

2. Collecting existing experience, described by experimental
data, expressing the relationship between the different chemical
elements of the alloy and the

3.Data processing to obtain a regression [ model ] or neuronal
model.

4. A single-criterion optimization of the derived model,
resulting in a composition, guaranteeing an optimal value of the
studied property.

5.Experimental examination of the theoretically determined
composition.

6.Final of the project with a specified optimal chemical
composition.

The definition of the waterfall life cycle model is
related to the definition of the main project parameters (content,
time, price cost and thus it determines the start of the project.
Planning takes place for each project, and some of the phases
can be run in parallel. The model is effective when it has a high
degree of certainty.

However, the algorithm for “open” projects is
[somewhat] different. The first necessary condition is to take
steps to clarify the goals and technologies under which these
projects will be implemented. However, this condition is not
always possible to fulfill in conditions of great uncertainty and
a constantly changing external environment. In this case, the
“waterfall” life cycle ceases to work. If it is applied, time and
resources may be lost and when the project finishes, it can be
ascertained that the results obtained are not needed by our
applicant.

For open projects where there is a large uncertainty,
an iterative life cycle model is being developed. This model
involves breaking the content of the project into small
iterations. The end of each iteration is controlled by the
applicant who has a feedback on the execution of the
corresponding intermediate state. Then work continues and
begins the next iteration, which in a certain sense is another
mini project at the end of which a feedback from our applicant
is expected again.

The result of the last stage may be unsatisfactory,
which means it is possible to go back [with] a step back before
proceeding with the new iteration. After a certain number of
iterations, the applicant is fully satisfied with the outcome and
this determines the end of the project. This result is ensured at
all stages of the project. The end of the project was unknown
and it was determined in the course of the work. The great
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advantage of the iterative approach is to work with a large
variability in the external environment.

The iterations ensure the improvement of the resulting
product in the course of the project. Planning is performed only
for the upcoming iteration. The disadvantage of the iterative
approach is that re-expenditures are incurred for the individual
iterations of the project itself. The team performs planned
actions, some of which the applicant in the process of work may
not accept, as a result, and then go another way.

The example of an iteration from the defined in Fig. 2
“open” project is limited to the following:

1. Sequential gradual clarification of the influence of
individual elements of the chemical composition on the
investigated properties. Determining the synergistic effect of the
specified elements and selecting a combination that contains
smaller quantities of costly elements. This synergistic effect
should relate to the properties of the entire explored complex.

This example is typical for the application of the
iterative life cycle, because the simulation uses the idea of a
“trial-error” method to elucidate the effect of a combination of
individual elements on a sought-after complex of properties.

3. Tools Used to Implement Material Science

Projects

In the process of a numerical experiment, the solutions
determining the predictive potential of the regression and neural
models in the multi-criteria optimization of a number of
properties are compared in varying the percentage of the
alloying elements or the processing parameters.

The recommended tools are looking for and finding
convergent and compromising solutions in the presence of
diversity and heterogeneity of the output data. This is also done
for the contradiction of the requirements to the designed objects.
The influence and the interaction between the alloying elements
and their synergistic effect related to the properties of the alloys
and in particular their strength and performance properties are
monitored.

The methodology of the research project consists of
the following stages:

- Preliminary statistical analysis of the research data
with visualization of the dependencies between
observed quantities. This includes the determination
of the basic (descriptive) statistical characteristics, the
presence of a correlation of the parameters of the
experimental studies.

- Simplification of the dependencies between the
participating in the alloy chemical elements and its
mechanical properties using neural models.

The most important task at this stage is to find an
opportunity to find a possible relation between the independent
parameters and the dependent characteristics in the
experimental research. The statistical analysis allows determine
the uncorrelated input parameters from the experiment that can
be used to construct a regression model — the percentage of
elements in the composition of the alloy under consideration.
The limited number of observations sometimes does not make it
possible to draw conclusions on the statistical distribution of the
observed variables.

Then with these problems with the construction of the
statistical models, approximating the influence of the predictors
on the values of the result quantities, most often of Rm and A,
there is a need to seek the modeling of the studied relationships
with other means. To solve the specific problem, the most
commonly used approach is the use of neuronal models of the
“multilayer perceptron” (MMP) type. This approach is not a
novelty, but it proves to be too effective in cases where classical
statistical methods do not work. It allows for the compilation of
approximation models in cases where the relations between the



observed values are considerably more complex and sometimes
implicit.

In general, neural models are not related to statistical
techniques, but they are regarded as self-contained outcomes of
machine learning. However, many authors note the
computational similarity of these models with the methods of
statistical analysis. It is possible to use the Automatic Neural
Network of the popular statistic package Statistica. It enables an
experiment with more than 2000 models for each of the
approximate searches, the selection being made according to
the value of the correlation coefficients between the observed
and the calculated result values (respectively for the learning,
the test and the validation sets).

The analysis of the results of the approximation with the
fixed neuronal models can be supplemented by a sensitivity
analysis. The latter shows the relative importance of the
predictors in the formation of the values of the resultant
variables. There is a significant influence of the predictor is if
its value is greater than 1.

Following these statistical techniques, it is recommendable
to use a Pareto front, which is an established traditional method
in multi-criteria research. It makes it possible to assess the
appropriateness and the expected effect of combining different
preferences regarding the significance of the physico-
mechanical parameters of the material, such as the tensile
strength Rm and the relative elongation A. The classical
formulation of the task of building a set of non-dominated
solutions for the multi-criteria selection has the following
appearance:

- Basic optimization task - presented in the following

form:
max(£,%), £, 00
where:
f,.(x), ,(X),..., . (X) are the private

optimization criteria (physico-mechanical characteristics of the
material);

xeDcR",M<2,x= (X, Xy,..., X) @

are the conditions defining the decision domain D of
the solution vector Xx=(Xy,Xy, ..., X,). In the specific problem the
definition area is set in the form of interval limits:

D:x <ll,,h]cR, k=1.,n, 3

where I, and hy are respectively the lower and upper

bounds of the change interval of each of the arguments
(percentage of the chemical element in the material)

- The relation of dominance between a pair of solutions

x® and x@ ( XY < x®) _is expressed as follows:

Vi=l..m f.(x9)> f.(x?),
G =1..,m f,(x¥)> f,(x?).

The dominance of x® versus x® exists when at least
one of the criteria has strict inequality (with the indicated
orientation) for the two alternative solutions, and for the other
criteria is in effect non-steady inequality (or at least equality) .

The Pareto- optimal set is a set of solutions

4)

P <= D that are not dominated by any element of the D set.
The Pereto-front can be graphically displayed in the space of
the considered criteria f;(x).

The implementation of this  experimental-
computational approach requires the preliminary study research
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of the experimental data in order to obtain approximating
quantitative relationships between them and subsequently to
include the established dependencies in a suitable optimization
algorithm.

The steps involved in conducting the research are as

follows:

- Creation  of approximation models linking the
parameters of the alloy composition with the resulting
physico-mechanical parameters;

- Selection of a suitable algorithm for building a Pareto
front;

- Incorporating the aproximation models into the
algorithm and realization as a programming tool.

All numerical approaches for the metallurgical design are
set out in [7]

4, Conclusion

An approach has been described to offer a realistic
opportunity to significantly reduce the cost and time to predict
chemical concentrations for multiple properties of a class of
alloys and technological processes so that under new conditions
these materials have better properties. The obtained results
from our previous research have shown that the proposed
methodology can be fully used to determine the essential
relations between the extreme values of the mechanical
parameters of the investigated alloys.

Any addition to the experimental measurement database
would allow the software model to be refined and further refine
the results. The proposed approach and established
dependencies can be used in engineering practice.
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Abstract: The study presents a brief description of the type’s software, applicable to the synthesis and design of gear transmissions. The
main accent is put on the approach to the computer synthesis, for which the optimization process is carried out by the method of directed
search of the optimal variant of a synthesized mechanism. The specific features of the programs, applied by the authors, oriented to the
synthesis of spatial gear mechanisms with linear contacting teeth with face meshing (Spiroid and Helicon) are studied in detail.

Keywords: HYPERBOLOID GEAR DRIVES, MATHEMATICAL MODELLING, SYNTHESIS, SOFTWARE ASSURANCE

1. Introduction

The contemporary requirements to the accuracy and reliability
characteristics of machine products for the techniques to a great
extend dictate the applied scientific methods for the technological
synthesis, design and manufacture of gear drives [1 - 3]. In the
processes of synthesis and design of the different types of gears, it
is necessary to be solved complex set of problems, which
considered all together define the desired optimal construction. In
this case, an optimal construction means a gear transmission, which
is capable to ensure the preliminary given kinematic and strength
characteristics at the minimum cost for realization and exploitation.
In essence, this is a system of requirements, related to different
quality characteristics of the gear, namely [1, 4]:

e geometric ones, which control the kinematic exactness,
smoothness of the working process, the character of the contact
(placement of the contact spot; the orientation of the contact lines
and the radius of the curvatures at contact points), related to the
loading capacity of the gear sets and etc.;

dynamic ones, which have impact on the noise and vibrations
of the gear drives, the conditions for appearance of resonant
phenomena and etc.;

strength ones determining the durability and reliability of gear
sets, including the transfer of nominal power in the process of
rotations transformation with avoidance of “scoring”, “pitting” and
etc. on the active tooth surfaces of the synthesized mechanism;
economic ones, that define the production costs (e.g., per unit
of power), energy loss for the motions transformation (coefficient of
efficiency), etc.

The realization of an adequate approach for the creation of the
real gear drives requires this approach to be a complex one. This is
consisted in considering of the required quality characteristics of the
created gear mechanisms with the existing specific technological
and manufacturing capabilities.

The choice of the approach should be realized in the process of
synthesis and design of gear transmissions.

2. Aspects of the Computer Design of Gear Drives

The wide variety of gear drives used in industry and transport as
reduction drives and multipliers, as well as the continuous pursuit of
researchers to create new and improved gear mechanisms on one
hand and on the other - the different and rapidly vitiating
approaches to the mathematical modeling, synthesis and design
make it practically impossible to create universal CAD systems. In
connection with the mentioned above, a special attention should be
paid to the extremely dynamic development of the modern technical
computational tools and software applications. This often requires a
revaluation not only of the way in which computer programs are
organized, but also leads to informal changes in applied
mathematical models [5]. The computer design is evolved, forming
three types of software [6], in order to realize scientific studies in
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the field “Theory of gearing” and to provide an adequate scientific
support for this type of manufacture.

First type. The programs, included here, are designed to study
the influence of the different kinematic, constructive, technological
and exploitation parameters on various quality characteristics of the
studied gear drives. Essentially, this type of software is not
subjected to a particular strategy, associated with the design of
CAD systems. The elaborated mathematical models, algorithms and
computer programs are designed to determine the influence of one
or other real-life existing parameters on the qualitative
characteristics of the concrete gearings. However, the programs
created in this case can be used as software modules, which are
elements of system of criteria for quality control of the synthesized
gear mechanisms.

Second type. This group is consisted of computer programs
organized on the basis of algorithms, which are contained in
standardization documents [7], company methodologies [8] or
handbooks [9, 10]. The program products, included here, are
developed on the basis of algorithms for geometric and strength
calculation of the traditional types of gear drives: cylindrical
involute with external and internal mating gears, cylindrical worm
gears, bevel gears with straight teeth and so on. It should be noted,
that the algorithms used in these cases do not ensure the
optimization in the synthesis and design of gear mechanisms.
Secondly, this category of software can also include those products,
through which the strength characteristics of the already
geometrically and technologically synthesized gear drives [7] are
examined. In that capacity, these computer programs can be treated
as analysis instruments of the gear mechanisms.

Third type. The computer programs included in this category
are those, which are based on the mathematical models, developed
on the basis of the specially oriented scientific studies. For example,
for Bulgaria, these are the computer programs that deal with the
synthesis and design of Spiroid and Helicon gear sets [6, 11, 12],
and with conical and hypoid gear mechanism — type Gleason [13-
15]; and others. For the contemporary gear transmissions, including
even classical gear mechanisms, which are treated in terms of
current engineering requirements, the construction of new
mathematical approaches to their geometrical, technological and
strength synthesis is required. The optimization synthesis process in
this case is realized by application of the method of direct search.
This method gives opportunity to reduce the number of calculated
gear pairs, which compose the synthesized gear mechanism. It will
be reminded, that the essence of this method is as follows:

e input parameters are defined, as well as those that will not be
changed throughout the whole synthesis process;

the variables parameters are determined as well the way of their
variation, respectively;

the process of changing of the defined variable input parameters
compared to their initially given value continues, until the
introduced optimization criteria are fulfilled;



o from the calculated pairs of conjugated gear sets, a final variant
is chosen for which, there is the best satisfaction of the additional
conditions (restrictions) introduced in the mathematical model.

In other words, the process of optimization synthesis and design
of the third type of software is based on adequate iterative
procedures, by which the desired solution is found by changing

certain parameters.

3. Constructing of Computer Programs for
Calculation of Hyperboloid Gears with a Linear
Contact

The computer programs designed for the synthesis and design
of linear contacting hyperboloid gear mechanisms belong to the
third type software. Taking into account, the known methodological
limitations when constructing this type software, the following
sequence is followed, for creation of the system for the computer
design of hyperboloid gears with linear contacting tooth surfaces.

3.1. Mathematical Modeling for the Synthesis and Design

When profiling of the kinematically conjugated surfaces, upon
which the rotations transformation between crossed axes is carried
out, the basic observed principles are the principles of T. Olivier.
Thoroughly discussed in [6], it will be summarized only that part of
them, which is directly related to the construction of the concrete
computer programs. Two applied approaches to the construction of
mathematical models for synthesis are formulated here:
mathematical modeling, upon which the geometric, technologic and
exploitation characteristics of the designed gear sets in a small
vicinity of the pitch contact point is defined and optimized and
mathematical modeling related to the ensuring of the qualitative
characteristics in the entire mesh region.

It is obvious that the methodological difference between the two
approaches for the synthesis of spatial gear drives requires to define
in advance the adaptability of the future designed hyperboloid gear
sets to one of the two approaches. The determination of the
adaptability of the planned procedure for building an adequate
mechano-mathematical model is a complex creative process,
requiring the knowledge of both the theoretical content of the
approaches to the synthesis and the specific technological and
exploitation requirements characterizing the created products.

3.2. Principles of Organization of the Design Process

Here, the focused will be paid only on those principles, which
are determining for the construction of computer programs for the
synthesis of Spiroid and Helicon gears.

Determination of the groups of independent and variable
input parameters influencing the design conditions. To the group
of independent input parameters should be included a set of
standardization modules, that determines the technological
capabilities of the hobbing machines; coefficients that define the
tooth geometry as a function of the modules; coefficients of
frictions between the different pairs of materials applicable for
producing of the toothing of the conjugated gear pairs; coefficients,
linear and angular values associated with the design of the
instrumental equipment and etc.

To the input data parameters, among which the variable ones
are chosen, as a rule are included those which define the overall
geometry of the calculated gear system. Here belongs the
parameters determining the dimensions of the gear structure: the
offset, distances from the offset to the planes in which the pitch
circles lie; the angles defining the orientation of the above said
planes relative to the pitch normal and etc. The variable input data
include also those, from which the geometry of the conjugated
active tooth surfaces depends: the independent coordinates of the
tooth surfaces; their helical parameters; parameters which determine
face width of the teeth, etc.
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Introducing basic analytical relations, which are based on
the chosen approach to the mechano-mathematical modeling.
Here are in included the solutions of the fundamental tasks of the
synthesis upon a pitch contact point and upon a mesh region with
the application of the adequate geometric interpretations of the
basic equation of meshing, namely [6]: the task for the synthesis of
pitch circles; the task for the definition of the geometry of the active
tooth surfaces by their linear and angular characteristics in the pitch
contact point; the task for defining the singularity in the pitch
contact point (without describing the analytical type of the tooth
surfaces); the task for analytically defining the entire mesh region;
formulations of relations, which are used to determine the optimal
dimensions and placement of the region of mesh on the active
surface and etc. This principle of organizing the computer design
includes also the introduction of geometric and kinematic relations,
intended for the reduction of the input parameter sets.

Constructing the complex process for the synthesis and
design of hyperboloid gear drives. This is accomplished by
defining the separate stages of the synthesis and design in their
sequence and interconnection. This principle, applied in the design
of each computer program, is in direct dependency by the type of
functioning set of criteria. Those criteria determine the defined
characteristics of the quality of the gear mechanism in dependence
of the accepted approach to the mathematical modelling. A
distinctive characteristic of the accepted principle for construction
of the complex process for synthesis and design is the chosen
approach for the estimation of the calculated option of gear
mechanism.

4. Software Programs for Geometric
Technological Synthesis of Spiroid Gears

and

The shown considerations for construction of software
programs, applicable to the synthesis of spatial gear mechanisms [6,
16] are also realized when constructing three types’ software
products for the design of Spiroid gears, which functional relations
are shown in Fig. 1. Each one of the three main directions,
illustrated there, has its own importance. It means that the user can
restrict himself to use the results of only one program; to analyze
and interpret these results and then after an adequate assessment, to
go through the entire process shown in the figure.

il

Preliminary synthesis

Geometric and technological
synthesis of Spiroid gears

Optimization synthesis based on
the pitch contact point

Synthesis based on a
region of mesh

l i | Pitch circles synthesis | | l

Tooth surfaces synthesis

l

Resulis

/ Tabels with
results Results

¥

| OuUTPUT

Fig. 1 General block-scheme of the approaches for the synthesis of Spiroid
gears

Further bellow it will be treated only one of the directions - the
central one, which includes the process of optimization geometric
and technological synthesis of Spiroid gears.

4.1. Program for Optimization Geometric and Technological
Synthesis of Spiroid Gears upon a Pitch Contact Point

This program consists of solving the following tasks:

e synthesis of the geometric pitch circles;



e synthesis of the active tooth surfaces of the Spiroid pinion and
of the cutting tool (Spiroid hob);

verifying the quality criteria to be fulfilled.

From the formulation of the defined tasks, it can be seen that the
algorithm of this program corresponds to the approach to
mathematical modeling for synthesis upon a pitch contact point. In
this regard, when designing Spiroid gears, it is of particular
importance to select the location of the pitch contact point in the
fixed space. The placement of the pitch contact point (as a common
point of the pitch circles and conjugated active tooth surfaces)
affects on one hand on the common geometry of the designed gear
system (overall dimensions of the gear pair) and on the other- on the
geometry and proportions of the gear’s teeth, as well as on the
gears’ quality (through the geometric, kinematic and strength
characteristics of the conjugated gear pair).

For the purposes of this study, here will be briefly repeated
some of the information contained in [6], which treats the geometric
nature of the externally contacting geometric pitch circles. The pair

of pitch circles (H; :H) of the mentioned type are circles H
(i=1, 2), having only one contact point P . Their centers are

places on the axes of rotations i —i (i=1, 2) of the movable

links, and the corresponding circles are perpendicular to those axes.
Mutual position of the crossed axes is uniquely determined by the

angle 0 =constant between the skewed axes and by the offset
(center distance) a@,, =constant . The position of the geometric

circles HS (i=1, 2)in respect with the rotations axes i—i

(i=1, 2) and with their offset line is defined by four parameters

for each circle. Five independent scalar equations determine the
condition - that two circles have one common point. Hence, the
mutual position of two circles is not defined in a unique way. It is a
function of 5 independent parameters. The synthesis of geometric
pitch circles is preceded by the decision, which five of the eight
parameter (for both circles) to be chosen for independent ones and
how to choose the intervals for their variation.

These five independent parameters, for this case, are chosen as:
an angle O between the axes of rotations i —i (i=1, 2); the

offset &, ; the angle &, , which is concluded between H and the
pitch normal M —m (half of the angle at the top of the pitch cone
H S

. of the Spiroid pinion); radius I, of H; and the distance @&,

between the offset line of the gear and the plane in which Hf lies.

The ambiguity of the solution enables the possibility, that these
free parameters to be changed discreetly within a certain limitations
and among many pairs of geometric pitch circles to look for those
ones, which parameters ensure that the preliminary defined
requirements for the quality of the synthesized gear drives in the
vicinity of the pitch contact point are satisfied. The criteria used in
the program will be discussed below.

The program allows to choose the type of conic linear helicoid,
applied as active tooth surfaces of the Spiroid pinion: convolute,
Archimedean or involute ones. The calculation of the necessary and
sufficient geometrical and technological parameters for the design
of the Spiroid gear pair and cutting instruments is realized for the
required type of conic helicoid.

The indicators that serve to control the quality of the gearing are
significant for the design process. As it has already be mentioned,
the dependence on the solution of the task for the synthesis of the
pitch circles from concrete free parameters, should be searched
among the optimal geometric, kinematic and technological quality
characteristics in the vicinity of the pitch contact point. They will be
briefly explained.
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e The basic technological criterion. This is the main criterion
related to the technology of elaboration of Spiroid gears. It is related
to the decreasement in cutting tools nomenclature by ensuring the
conditions for the design of Spiroid hobs with standard modules
(hob parameters are functions of this module). This causes the
requirement that the calculated in the pitch contact point module to
coincide (with a given exactness) with any of the modules contained
in the input array of standard modules.

Criterion that controls the singularity in the pitch contact
point. The constructed criterion is analytically described in [6, 17].
The insurance of the performance of this criterion helps to reduce
the ordinary nodes from the mesh region of the synthesized gear
drive. Hence, it leads to the improvement of its loading capacity, of
the efficiency and of the durability. It will be reminded, that the
elimination of the singularity of first order, by this criterion, is
guaranteed in vicinity of the pitch contact point. The optimization,
when using this criterion, is realized by the verification of the
analytical dependencies introduced for each of the selected
combination of the five independent variables.

Criterion for controlling the transmission angle of the
normal force (pressure angle). This criterion provides
optimization of gear sets in terms of the transmission of normal
forces from the pinion to the big gear (crown), when the gear
mechanism is operated under the conditions of the rotations
transformation at low-side driving.

Criterion for controlling the value of the Spiroid pinion
spiral angle. This criterion controls the value of this angle in the
pitch contact point. Its values have to belong to definite intervals in
accordance to the purpose of the design of the gear mechanism.

Here, it should specially be noted, as it is shown in [6], that the
choice of the appropriate values of the pressure angle and the
Spiroid pinion spiral angle of the longitudinal line of the active

tooth surface 251) in the pitch contact point substantially affect the

efficiency of the gear drives. Therefore, if these geometric
characteristics of the tooth surfaces of the Spiroid pinion are
appropriately chosen, then an indirect control of the gear
mechanism’ efficiency is achieved. It also should be mentioned,
that from the calculated equivalent variants of the synthesized gear
mechanisms, from a geometrical and technological view point, the
program allows to select that one which has the highest efficiency
value for the computational (pitch) contact point.

e Criterion related to the durability of the gear drive. It
controls the magnitude of the sliding speed at the computational
contact point, depending on the chosen material for the toothing of
the Spiroid gear - different types of bronze.

Criterion controlling the hydrodynamic conditions of
meshing. This optimization aims that the synthesized gear set has to

obtain a maximum as a value -summed circumferential

velocity|\7E | in the pitch contact point and minimum value of the

angle Q, which \77_ concludes with the normal to the contact line

in the pitch contact point.

Technological criteria for hobbing. These criteria are related
to the choice of the minimum value of the axial (normal) profile
angle of the Spiroid hob, in order to provide optimal conditions for
hobbing, both in terms of cutting the metal and in relation to the
strength characteristics of the elements of the gear rack of the hob
and others.

In number of cases of the design process, some of the initially
independent parameters could be fixed due to the specific
requirements (or example requirements for maximum sizes of the
gear mechanism and the mutual position of the shafts of the gears),
which results in reduction of the number of independent variables
without limitation to search and find an optimal geometry of the
tooth surfaces.

Input parameter of the programs are: number of Spiroid
pinion threads; number of Spiroid gear teeth; offset; standard
pressure angle; type of the Spiroid pinion (type of the tooth surfaces



of the Spiroid pinion); type of the bearing of the gear shafts (on two
bearing supports or console); frequency of revolution and etc. Keys
parameters will take values of 1 or 0 depending on whether a given
criterion will be taken in consideration for the synthesis or not. For
each of the free parameters should be chosen minimum and
maximum values as well as the steps of variation. The independent
cycles in the computer program are equal to the number of the free
parameters.

/ Input data criteria
/ keys
Intervals for free
parameters variations
Tooth module in the pitch
contact point
Yes 1.-ull.| l Iud. New values of
v criterion for No the free
N Sandard parameters
\// N
Entire geometry b"‘m"l_""d No
quality

calculation

urih:ri!l/

Yes

/
/" Tables with results /
d

l 7

Fig. 2 Program scheme for an optimization synthesis of a Spiroid gear pair

In Fig. 2 the main block-scheme of the commented above
program can be seen. The table of the results is consisted of: the
basic geometric parameters of the Spiroid pinion and of the Spiroid
gear, the constructive parameters of the Spiroid hob, geometric and
constructive parameters of the gear pair, parameters related to the
quality of meshing at the pitch contact point, such as forces in the
pitch contact point, distances between bearings and pitch circles
planes, efficiency, etc. It should be mentioned that, when the
bearing supports are calculated, the distances between them and the
pitch circles in real dimensions mm or dimensionless - as the ratio
of the distances to the diameter of the pitch circle of the Spiroid
gear should be given. In the program, all forces, that act in the pitch
contact point and at the bearing supports are dimensionless in
relation to the peripheral force, acting on the Spiroid gear. If in the
beginning of the program, the torque on gear shaft or a torque on a
pinion shaft is given, then this peripheral force has a concrete value
and all forces and loads are calculated in [N]. Analogically, the
sliding velocity is calculated referred to the Spiroid pinion angular
velocity. If the Spiroid pinion numbers of driving motor revolutions
per minute are given, then the sliding velocity is obtained in

[m/s].

5. Conclusion

On the basis of the shown in the study basic principles of
constructing computer programs for the gear drive synthesis, the
accent is put on the description of the mathematical model and
based on it software for an optimization synthesis upon a pitch
contact point of gear pairs of type Spiroid and Helicon. The main
tasks, which are solved upon this approach for synthesis and design,
ate shown briefly. The procedures described there are illustrated
with an adequate block-scheme.
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Abstract: 3D printing also called Layer based technology, Freeform fabrication, Additive manufacturing or Rapid Prototyping
technologies has undergone significant development over the last decades. The growth is related to the expansion of the range of materials
used, application areas, and range of possible sizes from nanometer to tens of meters as well as increasing machine accessibility. There is a
growing consensus that 3D printing technologies will be at the heart of the next major technological revolutions. At present there are some
technological specifics and associated difficulties in 3D printing one of which is the accuracy of the manufactured product. Research in this
area would allow modelling of 3D printing processes.

The article describes the possible types and sources of inaccuracies in 3D printing processes. The various types of test pieces used in
practice are examined to quantify the errors in shape and sizes after building. Test pieces with predefined discrete points and methodology
are provided to calculate inaccuracies. The results are presented in the terminology of “linear” and “‘shear” deformations. This gives
opportunity to determine the variations in the shape and dimensions of the parts built by 3D printing. On the basis of the discreet results
obtained, the possibility of 3D printing process modelling is discussed and presented.

Keywords: 3D PRINTING, ACCURACY, MODELLING, TEST PART, GRID METHOD

1. Introduction Once an optimum_set of parameters are established they are kept as
' a material’s “profile”. In particular cases of unexpected changes to
Additive Manufacturing (AM or commonly known as 3D part quality, adjustments to the parameters can be made according
printing and before that rapid prototyping - RP) undergone  to the experience of the machine operator or platform manufacturer
significant development during the past decades in terms of recommendations. In most cases of AM it is practical to set the
production volume and technological achievements. However the  build parameters for optimum part strength, surface quality and
AM industry only began to grow substantially after 2009 probably ~ build time. On this basis the accuracy in size and shape of the part
because the last major AM patent for Fused Deposition Modeling can be targeted by applying scaling factors, beam offset
(FDM) expired in 2009. This way 3D printers could be produced ~ compensation, part orientation and arrangement in the building
without infringing on intellectual property, creating a newfound  chamber. As the manufacturing conditions at different areas of the
interest and investment in 3D printing [1]. This is particularly valid ~ build chamber vary, the overall accuracy of the process or platform
for the introduction of affordable consumer 3D printers into the  is not uniform. The research in [9, 10] (Fig. 1) shows that the
general market on the basis of so-called RepRap (affordable open temperature variations of a SLS machine are considerable. It can be
source replicating rapid prototyper). Hence the main drivers for the ~ expected that the differences in shrinkage to room temperature and
rapid growth are the reduction in cost to access the technology, an the ultimate accuracy of the build part will reflect these variations.
increase in applications [2] as well as expanding of the range of
materials used and printed dimensions. Additive manufacturing has
been called a disruptive technology [3] that will fundamentally
influence many processes in production. Predicting of the future of
AM on economic and social implications is constantly on the focus
of the researchers [4, 5] and companies [6]. There is a growing
consensus that 3D printing technologies will be one of the next
major technological revolutions [7].

Although AM is a breakout technology, the implementation of
it is still in infancy. There are numerous challenges in applying AM.
One major obstacle is lower accuracy relative to other technologies
[2]. The errors in sizes and shapes of produced component reflect
various reasons during the build up stage. A possible general
classification of error sources common for most popular AM
processes comprises the following [8]: errors caused by laser
scanning system; errors caused by material shrinkage; errors caused
by spot size and heat effected zone; errors caused by Computer
Aided Design (CAD), tessellation and slicing; random errors. The
thermal nature of most of the process leads to shrinkage, distortion
and warping of the built part. All of these factor can contribute to
significant errors in the final component. Therefore it is especially
important to perform an accuracy analysis that systematically
reveals the type of errors, their sources and magnitudes, so that
improvements in the production practice can be implemented. If
enough data about accuracy of a given process is gathered, the
process can be modeled in terms of its accuracy performance.
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2. Prerequisites and means for solving the problem

i(iﬂ( ;73](

The manufacturing parameters in AM have great significance s E&
on the part integrity, strength, density, surface quality and shrinkage )
for dlfferen_t processes and materlals._ The analysis of process Fig. 1. Temperature distribution in the part bed - a) reported by
parameters is therefore one of the main streams of RP research. [9] and b) reported by [10].
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Essentially the practice of accuracy research in AM requires the
building of various test parts or series of parts and evaluating the
differences between their nominal and actual dimensions and
shapes. Linear and angular dimensions, point’s coordinates and
surface roughness are the basic entities that are used to assess part
geometry.

The elements that distinguish between different methodologies
for accuracy studies of RP processes are test parts and the related
measured geometrical entity. The most common types of test pieces
can be classified as: pyramids (staircase); specifically designed
parts; real parts. Typical examples of these are shown in fig. 2.

Pyramid (staircase)
[11]

Specifically
designed part [12]

'cverhangs
rounded corner

Real parts [13]

Fig. 2. Typical examples of test parts.

One of the drawback of all test pieces is that they don't cover
entire surface of the part bed. Additionally they usually cross areas
with different temperatures or with other manufacturing variations.
As a result a continuous distribution of accuracies cannot be
achieved. In case of the most popular type of test part - pyramid, the
methodologies for accuracy investigation are based on
measurements of the staircase dimensions and calculation of the

material shrinkage in x, y or z direction. The measurements mj are
shown on fig. 3.

Y A

Desired direction for accuracy investigation

Staircase test part
Fig. 3. Lengths and directions for measurements of pyramid
shape test part.
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The idea of such measurements is usually to determine the
difference between the nominal dimension I, and the final
dimension lf (produced by the machine) usually called the error

(E):
E=L-1L,

The distribution of the errors E varies over the part bed defined
as a plane (x, y). Geometrically the error is a function of two
variables x and y:

E=fxy)

As illustrated in fig. 3, the direction in which the pyramid stairs
advance is the "actual direction™ defined by the angle o
w
— -1(_
a = tan (h)
This may not necessarily be the "desired direction" for

investigation. Failure to observe this correctly can result in
misleading directional results, particularly if z direction is
investigated by vertical pyramid - fig. 4.

Vertical
pyramid

!r

Fig. 4. Vertical pyramid for z accuracy investigation.

The most common approach of using the pyramid type of test
piece is to compare the nominal (as in CAD model) and actual size
of the steps as shown in fig. 5 [14]. The comparison of the results in
coordinates "nominal dimensions - actual dimensions" is
represented by an interpolation graph which slope is interpreted as
the scaling factor. It has to be applied to the CAD model in order to
achieve closer real part dimensions to the nominal. The intercept
that the interpolation line cuts from the vertical coordinate axis of
the graph gives the size of the systematic error due to the size of the
extruded plastic jet or laser beam spot.

Y direction OD

~ Xdirection OD
-

Actual dimensions, mm

1 1
1.4
02 | 1.8

Nominal dimensions, mm

Fig. 5. Linear interpolation "nominal size - actual size" of the
outside (OD) in X and Y direction of the pyramid.

In general practice it is important to know the length changes
either in any directions or in some particular directions. In order to
model the total accuracy of the AM process or specific platform or
material behaviour in terms of shrinkage, constructing a map of
entire field of distortions is essential. It is not achievable by utilising
the test parts and measurement approach described above.

3. Solution of the examined problem

Regardless of the cause, it can be assumed that the change of
dimensions or shape of a body manifests itself in the same
geometrical appearance as strain. Strain is defined as being linear
(g) or angular (y). The angular change in a right angle, known as



shear strain, is defined as the change in angle between two line
segments which were previously mutually perpendicular. An
advantage of describing the inaccuracy of parts manufactured by
AM processes in terms of strains, is the possibility it allows to
combine analysis of dimensional and shape deviation from nominal.

The analysis methodology that is proposed in this study for
accuracy modeling of AM processes is based on measurment of
coordinates X, y or z at many points throughout a test piece in the
form of a flat plate. To expose the strains, a reference grid in some
form is applied to the CAD model of the test piece beforehand.
After the plate is manufactured the actual coordinates of grid points
is measured and compared with the CAD model. As the produced
grid differs from the nominal CAD grid it can be considered as
deformed and therefore the strains calculated. Several ways to
estimate the strains of a deformed object are known however the
Coefficient or Square Grid Method is utilised here. This method
was introduced by Bredendick in [15, 16].

The advantage of such a methodology is the simple geometry of
the test part - a plate with reference points in form of hole, cross or
other spot mark. The plate can be arbitrary in size, location and
orientation within the build chamber (fig. 6). It is also suitable for
handling and automatic measuring as well as being representative of
various engineering parts.

YL[ZX
Fig. 6. Examples of test plate orientation.

If the plate is built horizontally the deviations ex and ey (fig. 6¢)
can be determined, if positioned vertically then either &; and &x
(fig. 6a) or &z and ey (fig. 6b) can be calculated together with

associated angular strains - yxy, Yzx, yzy- BY building a set of plates
with a given orientation and in different positions in the build
chamber, a three dimensional concept and model of the distribution
of dimensional deviations over the entire build envelope can be
created - fig. 7.

Fig. 7. Set of test parts for 3D concept and model of the
accuracy distribution.

Accumulating a data from experimental set up similar to that
shown on fig. 7 will allow interpolations of deformations from
plates oriented in (z - y) to other directions by combining the points
from different plates and forming virtual plates in perpendicular
direction - the transverse surface on fig. 7.

4. Results and discussion

The experimental test plate was built by Selective Laser
Sintering (SLS) process on DTM 2500 Plus machine according the
settings on fig. 6a. The material used was polystyrene Castform.
The hole centres was measured routinely by coordinate measuring
machine (CMM) Mitutoyo QuickVision Pro. For that purpose a
specialised software was developed that allows, together with
Mitutoyo software, the total measurement to be done within minutes
after the initial datum point and axis are set. The setting and the
screenshot of the measuring software action are shown in fig. 8.

Fig. 8. Plate measuring process and screen shot of software

window.

The accumulated data of x and y coordinates of grid points as
holes is used as input data for linear and angular deviations from
nominal calculations. For this purpose a VBA program for MS
Excel spreadsheet was developed. The next step in data processing
includes a MatLab program that was developed to analyse the
results and to generate a 3D visualisation of the distributions of
linear and shear deformations over the test part surface. The results
are shown on fig. 9 and fig. 10.
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Fig. 9. 3D visualisation of ¢; (vertical size deviations from
nominal) distribution in the (x, z) plane.
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Fig. 10. Distribution of &; -vertical deviation of the sizes from
nominal.



The mean value of all reference points along each row of the
plate gives a point of the line shown on fig. 10. As an example the
highlighted row “10” from fig. 9 gives the position of the point “10”
on the fig. 10.

The results show that a single test piece and routine
measurement procedure can be utilised to estimate the distribution
of linear and angular deviations from the nominal sizes of AM
parts. The geometry of the utilised test piece has advantages over
the stair case (pyramid) type test pieces since it gives correct data
about inaccuracy distribution along a particular direction or
particular axes. The routine automatic measurements and data
processing are possible due to the simple geometry of the samples
and feasible software development.

5. Conclusion

Some estimates about accuracy of a process or platform can be
done even with a single test piece. As it can be seen from fig. 9 and
fig. 10 the described methodology can present the continuous
distribution of distortions described in terms of linear and angular
strains which can be interpreted as deviations from nominal in size
and shape.

The data connection from several plates by interpolations is a
step forward that can allow modelling of the entire build envelope,
process or material accuracy. For that purpose a sufficient number
of test plates over the entire build volume has to be produced and
analysed.

The modelling of distribution of deviations from nominal,
creates a possibility to reduce these deviations. One approach is a
pre-deformation of the part data contrary to the expected defect.
This can be implemented by using a free-form deformation (FFD)
approach [17]. The FFD deforms the surrounding cuboid of an
object in order to adapt the embedded object. Thus, an increased
size and shape accuracy can be achieved by choosing suitable
parameters for the FFD.
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Abstract: In this paper we try to build a framework in optimization model building for students without previous mathematical
optimization training and experience. While modeling is a matter of art, approach and compromise between complexity and closeness to
reality we need to spend some time on the basics of optimization modeling such as cost function, constraints, variables and coefficients.
There is a huge variety of optimization problems solved in Electric Power Systems. The most complex of all is considered to be the Unit
Commitment problem where at each iteration an Economic Dispatch is performed.
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1. Introduction

Students mastering Electric Power Systems (EPS) often have no
previous mathematical modeling and optimization experience but
are required to solve certain optimizations problems for EPS
operation. Such problems are the Unit commitment (UC) problem
and the Economic dispatch (ED) problem. The UC is an
optimization problem used to determine the operation schedule of
the generating units at every hour interval with varying loads under
different constraints and environments[1]. At each hour the output
power of each generator is determined via a solution to an ED
problem. An ED is the problem for determining the power output
of each power plant, and power output of each generating unit
within a power plant, which will minimize the overall cost of fuel
needed to serve the system load [2]. In an optimization problem the
goal to achieve might be a single or a multiple criteria formulation,
or multiple criteria may be combined together in a single cost
function. There are also two big groups of optimization problems
concerning the implicit existence of constraints: constrained and
unconstrained optimization problems. In EPS modeling constraints
are often present describing the process dynamics and the physics of
the systems' components. Using Lagrange multipliers a constrained
problem may be transformed into an unconstrained one leading to a
general nonlinear unconstrained optimization problem. The latter is
very sensitive to initial conditions while nonlinear functions seem to
have more than one local extreme values and most of the methods
for solving nonlinear problems find a local not a global extreme.
The inconvenience of providing initial values for the search method
and the fact that the risk of finding a local extreme not the global
one make the Linear Programming approach a leading one in EPS
optimization modeling. Linear (affine) functions have only one
minima and maxima that are global and provides for the omission
of second order Karush-Kuhn-Tucker conditions acquisition.
Certain binary modeling techniques provide for the modeling of a
set of important nonlinearities that often appear in practice while the
resulting problem is still linear. Cost function and constraints may
be linear or nonlinear functions, variables under consideration may
be continuous, integer or binary, bounded or unbounded.

So all these matters and topics presented in the last paragraph
determine the opulence of approaches and methods for optimization
problems solving. This same richness requires a systematic
approach in the processes and elements presentation in the
mathematical model [3-6].

2. EPS model elements

When optimizing the performance of the EPS the respective
power levels of the different power plants and loads are considered.
To present the amount of active power produced by a certain power
plant a continuous variable is used. These are optimization variables
with general lower and upper bounds resulting from the real plant's
capacity. If different states in the power plant's operation are
possible integer and binary variables come at hand to represent the
different operation states. Such states are for example "on" and "off"
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or a role in frequency control reserve: "primary"”, "secondary" and
"tertiary". Generally the set of all possible states is a closed one,
meaning it includes a finite number of elements. In practice, binary
variables have proven themselves as the most convenient for power
plants' states representation leaving the space for general integer
variables for other purposes. When the set of all possible states
includes more than two elements it can be divided in more than one
binary sets. For example, a pump hydro-power station can be idle
(non-operational because of a fault, a planned repair or simply
because its power is not needed in the power balance), can work as
a load or as a generator. These three states can be presented with
three numbers: -1 for pump, 0 for idle, 1 for generator. Two of these
states coded with non-zero numbers (-1 and 1) can be further
represented with binary variables with logical ones for true and
zeroes otherwise. It is obvious that with such approach of breaking
the initial set into few binary sets there is an overlap with the two
binary sets' false values and the zero state in the initial set. So such
breaking technique must be used very cautiously in order not to
achieve a redundancy of binary variables that make problem solving
more difficult.

Branch and bound and branch and cut are the contemporary
techniques for solving mixed-integer optimization problems while
the relaxed solution might be achieved via different optimization
methods. No matter of the algorithm used, branching is an
exhaustive process so the number of the integer and binary variables
make the problem solving more complex and time spending
according to the number of possible integer states. This is the reason
that a trend towards integer and binary variables number as well as
the number of the possible integer values reduction exists in order
to make the branching easier and faster.

General integer variables are mostly used in EPS modeling
when there are more than one system elements with similar
features. In certain cases different power plants might be grouped
according to common or similar characteristics: type or costs for
fuel, similar working ranges, etc. This is another manifest of the
latter approach for an overall variables reduction that provides for
the usage of a single variable for the whole group of plants while
the participation of each element of a group is a matter of a different
optimization problem (ED). This ED might be nonlinear and will
not include binary or integer variables, so its solving is generally
more easy. Practitioners in EPS optimization modeling often use
such approach in order to reduce the number of variables.

In EPS optimization modeling the variables are:
- integer and continuous according to their feasible sets;

- real and artificial according to the nature of physical processes
they represent: real variables model real powers, loads and volumes,
while artificial variables model states and alternatives;

- optimization and dual according to the stage of analysis;



3. Loads modelling

Some loads are controllable and others are not. From the
systems' point of view controllable loads help for the power balance
while the fixed loads determine a part of power balance. The work
of the uncontrollable (fixed) loads might be forecasted and they
participate in power balance constraints as forecasted values on the
right-hand sides.

The controllable loads are as important as the generators are
especially in the current renewable power generators penetration
growth. Base power plants are not capable of flexible load
following in both up and down directions. Wind and solar power
stations are considered as stochastic uncontrollable base power
plants so the power they might inject into the EPS is also considered
as a forecasted value and unfortunately inject most of their power in
low load hours. In high load hours peak power plants as hydro-
power stations help for preserving the power balance. In other low
load hours, the power of the base loads such as nuclear power
stations need to be decreased and sometimes for wind and solar
power stations even to be rejected if there is not enough load.

In detailed modeling terms controllable loads are considered in
the following groups:

- controllable (dispatch) over time

- controllable over power level

- controllable over time and power level

- loads with interruptible or non-interruptible work cycle

For example a pump hydro-power station is a load that is
dispatchable over time because pumps can be turned on when
needed. A smart household appliance might be considered as a
dispatchable over time load with a non-interruptible power cycle if
it can not be stopped once started until the cycle is completed. In
general, controllable loads modeling require the introduction of
additional binary and integer variables.

4. Power plants operation modelling

According to the flexibility and the load following abilities
generators are divided into two big groups: those of base and peak
power plants. As mentioned above, there is one more aspect of
power plants work namely if the output power level is controllable
or stochastic. Wind and solar power stations are considered
uncontrollable therefore their power generation is forecasted before
the building and solving of the UC or ED problem [2]. These
forecasted values participate as right hand sides along with the
forecasts of the uncontrollable loads. All thermal, nuclear and
hydro-power plants are considered controllable. The function
representing the relation between spent amounts of fuels and
produced power is generally non-linear because the electric power
production process is nonlinear. These functions are often captured
in practice with direct observations and in order to achieve a
functional expression the appropriate function approximation

techniques must be applied. Such experimental data is
approximated with polynomials of order N=2 or 3:
N
R(P)=) aP’ 6
n=0

Higher powers are suitable when higher precision is required or
when inflexion points are more than 3. If the model has to be linear,
a piece-wise approximation might also be used:

R(P) =2 b @
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L
In the latter expression P = Z P is the produced power in all
1=1
linear intervals | = 1:L, b, is the fuel consumption growth in each
consecutive interval I, and P, is the power in the interval. So in a
ED or UC optimization problem the number of continuous variables
for each power plant that is modeled depends on the number of
observation intervals, i.e. the value of L.

Table 1: Observed fuel consumption of a thermal power plant within its
working range Ppin, Pmax

PI.min I:)I,max bI
Interval | MW MW Py

Prmin - 23,88
1 60 70 26,68
2 70 80 29,54
3 80 90 32,44
4 90 95 34,03
) 95 100 35,63
7 100 105 37,85
8 105 110 40,31
9 110 Prax 45,87

Given the data that is experimentally carried out for the fuel
consumption of a power plant (Table 1, Figure 1), a piece-wise fuel
consumption function may be used. In this case the number of
variables increases with the increase of the number of observations.

Fig. 1 Observed fuel consumption of a thermal power plant within its
working range Ppin, Pmax graphical representation

A single continuous optimization variable may be used when
the fuel consumption curve is nonlinear (1). Each point of this
polynomial representation of a nonlinear function has its
coordinates (P,, b,). In this case an appropriate curve fitting
procedure has to used that minimizes the square of the difference
between the real observation (P, b)) and the evaluated one (P, b,)
in order to evaluate the values of the coefficients a, bringing the
polynomial approximation (1) closer the observed values:

minY[F(P)) - R(P)I? (3)

Because the cost function of the latter unconstrained
optimization problem is nonlinear the appropriate initial conditions
ap have to be provided for the problem optimization (3). As
mentioned above the number n (i.e. the polynomial order N) of the
coefficients whose value has to be optimized depends on the
number of the inflexions of the initial data shown on Fig. 1. The
procedure of curve fitting is performed only once whereas the
observation data is stationary meaning that the values in the
observations onto the fuel consumption do not change over time.
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Fig. 2 Polynomial approximations of different orders

5. Costs structure and criteria

In optimization problems an optimal solution is found that fits
best to certain criteria. In optimal power planning the most
commonly used criteria is the minimal productions costs one. This
is a variation of the minimal fuel costs (minimal raw materials
consumption) criteria, that are determined by the consumption
curve of each power plant. The fuel consumption curve multiplied
by the price for the raw material (fuel) gives the fuel costs. These
functions are generally nonlinear. Usually quadratic or polynomial
approximations are used for the nonlinear case. In US problem
on/off costs must be included. So two types of costs might be
included in a cost function: costs that depend on the power plant's
power level and costs that do not. This general idea for costs
segregation introduces additional binary variables in the
optimization models. More terms concerning different economic
and financial relations may be also modeled as well as ecological
criteria. All this makes the variety of cost functions wide enough to
build different combined (multi criteria) goals.

6. Constraints

For the purpose of building a general idea and a modelling
framework two large groups of constraints formulated in the
optimization tasks in the EPS can be formulated. These are the
system'’s conditions stating the balance requirement for each interval
in the optimization horizon and the requirements for securing the
reserves and the constraints arising from the production capacities.
The second set of constraints may be further divided into subgroups
according to the type of power plants (thermal, hydro), and a
separate group of equality constraints responsible for water
balances. Often in the optimization problems the working ranges of
the plants are modelled by the simple bounds. Constraints that
include efficiency coefficient » of the different cycles or mutually
exclusive alternatives in the operation of units capable to work in
reverse mode (pumps and turbines) form a separate subgroup:

minimize Total Costs subject to:
Balance constraints: Production = Load + Losses
Efficiency coefficient: Accumulation. # = Generation
Alternatives: While true < Max variable value

If false: Variable =0

Water balance: Waters used by pumps and turbines in different
reservoirs and time intervals should equal or less than given
constraints

Simple bounds: Min value < Variable < Max value

Integer constraints: Some variables are integer and ome
variables are binary {0,1}
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On the other part constraints generally are represented
mathematically with equations and inequalities. In optimization
equality constraints are called tight or binding because every change
in the right-hand side of an equality constraints leads to inevitable
changes in the total costs. When there is an inequality constraints
that is satisfied in the optimal solution as an equality this constraint
is also binding because there is no reserve for changes in its right-
hand side. Constraints also may be explicit or implicit in the
formulation with implicit constraints being generally the possible
sets of the values of all integer variables and the simple bounds
arising from the working ranges while the latter may be easily
included in the models constraints while the integer ones require
further mathematical knowledge and work.

7. Conclusion

The presented topics above give general idea on EPS
optimization modeling basics and possible points of view. A certain
classification of power plants, loads and costs criteria is given.
Some optimization modeling milestones are mentioned as well as
few techniques to model size reduction are given.
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1. Introduction

The unit commitment problem is the procedure for defining the
optimal engagement of the units and a plan for optimal operation of
the plants in an Electric Power System (EPS). The solution of this
problem involves two things: the determination of the operating and
reserved units and the output power of each operating unit (an
economic dispatch)[1]. The cost function represents in most of the
cases a striving to minimize the total operating and production costs
while strictly respecting the balance between consumption and
production, the reliability and security requirements, according to
the constraints arising from the generating units themselves. Due to
the nature of the different power stations, often the optimization
problems involving the operation of both hydro-power and thermal
power plants are subjected to a separate class of problems solved in
EPS, called optimal hydro-thermal coordination.

2. The HPS and PHPS

Hydro power stations (HPS) use water as a primal source to
produce electric power. The cost of water is negligible smaller
related to the price for fuels used by the conventional thermal power
plants. Water, however, is also a limited resource meaning that the
available quantities for the individual planning periods must be used
wisely. HPS are the most widely used plants for electricity
generation from renewable energy sources, accounting for 16% of
global electricity production by 2010, and is projected to grow by
an average of 3.2% annually over the next 25 years [2,3]. HPS are
used in over 150 countries where China leads with 721 TWh in
2010. There are four HPS with a capacity over 10 GW worldwide.

Since the output level of a hydropower plant depends on the
water supply and head, the costs curves are nonlinear as well as in
the conventional thermal power stations. The advantages that the
HPP provide for the balance of the EPS are not limited only to the
possibility of rapid change of their working outputs and fast
automated start and stop. Although this flexibility is the main factor
determining HPS as peak power plants. HPS also have very low
operational (production-dependent) costs, as there are virtually no
costs of purchasing and supplying fuel, and the aforementioned
operating costs are related to the cost of providing ancillary
services, operating and maintenance. Fixed costs, however, include
the return of investments for construction and modernization,
depreciation of facilities, insurance, etc. Sometimes such fixed costs
might be significant, especially for brand new installations. HPS
have a very long life cycle and do not require large operating labor
costs as HPS are operated automatically. Water dams on the other
hand are multifunctional facilities, which are used for the drinking
water and domestic water supply purposes, irrigation, industrial
water supply, fish-breeding, aquaculture, etc. besides for electricity
production purposes (according to most legislations electricity
production is of lowest priority among other water purposes).
Regarding construction costs, for a hydropower plant the building
of the water collection system and its derivative is more expensive
than the actual construction and installation of the water turbines. In
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fact, all deficiencies of HPS are mainly related to water collection
and accumulation installments, not to the installed electricity
generation apparel. Among the disadvantages the following are
often stated: ecosystems damages, habitat fragmentation, land
losses in the construction process of large reservoirs, congestion of
large areas of land, forests and territories with rich soils, need for
relocation of people, reorganization of road infrastructure, flows
reduction, methane emissions of rotting organisms and flows risks.
Since there is no fossil fuel combustion HPS are considered with no
direct carbon dioxide production, except the relatively small
quantities produced the construction phase. However, these
quantities remain negligible compared to thermal plants.

The electricity production of HPS is determined by the available
inlet water quantities. If there is a possibility of accumulation
(sufficient useful volume of the water tank), the HPS can produce
enough power when needed (under circumstances of electric power
shortage). In Bulgaria HPS are mainly used as peak, balance and
also accumulation capacities. Pump-storage hydropower plants
(PHPS) are capable to accumulate the processed by a water turbine
quantities (in the presence of a lower reservoir) and are used for
balancing loads, being practically the most flexible and
multifunctional elements of the EPS. During high load periods,
PHPS operate as generators producing the famine power for the
system's balance. During low load periods when the reduction of the
power outputs of other generating units is practically impossible,
PHPS operate in pumping mode like controllable loads by feeding
the excess power to the pumps draining water from the lower into
the upper reservoir. In addition to importing the required extra load
into the system, they accumulate part of the surplus electricity,
which can be later injected during the peak periods at a higher price.
This reversible cycle (turbine-pump, load-generator) helps
preventing frequent start-stop and the needs for frequent changes in
the working levels of nuclear and thermal units.

The operation of PHPS is effective if the income of the
operation of the plant is positive. This income is mainly determined
by the difference between the sold electricity that is produced and
the purchased electricity that is consumed by the pumps [4]. From a
financial point of view, the accumulation process is an expense with
a future return. If the accumulated energy is not realized in the
future at better prices (this condition guarantees a positive revenue),
these costs will also include the costs of lost financial benefits as the
unit was idle and waited for the respective better financial period.
Thus, in the end, the electric power accumulation may prove
technically necessary and even crucial from the point of view of the
EPS balance but economically unprofitable for the PHPS owner.
Sometimes some water wastes from the upper reservoir might be
required in order to provide for further load leveling. Energy
storage is economically justified when the cost of the electricity
used by the pumps is lower than the electricity generated and sold,
taking into account the accumulation-generation cycle losses.
System load demonstrates daily, weekly and seasonal changes that
have to be followed by the power plants. A system operator having
a PHPS accumulate the cheaper energy produced during low load



periods and deliver it to the grid during the peak periods when the
process is cost-effective. If there is an opportunity to accumulate
energy (large dams are built), generation may be postponed. This is
not a "surplus" energy storage. This power can be used in the
balancing market later. Power plants using renewables (except HPS
of stored water) can not generally accumulate their primary source
and by using their current availability they usually increase the EPS
balancing problems [5-7].

With the increase in penetration of power stations using
renewable power sources as wind and sun (also considered as
stochastic power plants), PHPS become an indispensable element in
the balance management of EPS, that present a buffer to reconcile
the inconsistency of the renewable generation and load curves. In
this paper, some attention is paid to the operation optimization of
HPP and PHPS as balancing capacities and a means of minimizing
total costs in the EPS[8-14].

3. Modelling interconnected HPS and PHPS

The modeling of the operation of the HPS and PHPS requires
modeling of the plant's curve and associated water volumes. Some
HPS operate in a cascade mode, i.e. their work is interconnected
(consecutive and dependent) within a given terrain. So despite that
the cost of the primary energy carrier for HPS is negligible, it is also
necessary to model the "stock™ of water availability. Water
reservoirs may be of a complex purpose or electricity production
only. The water reservoirs also imply a certain cycles for the water
levels management (daily, seasonal, yearly) associated with the so-
called water allowances. The inclusion of HPS and PHPS in the
EPS optimization leads to two events: HPS allow for peak shaving
to be adjusted, but also lead to the addition of additional constraints
and variables for modeling the work of water power plants. The
curve of water waste for a HPS is a function of the water quantity Q

fed to the turbine: B, = f(Q).

Nomenclature for HPS and PHPS:
I - reservoirs

k - power stations (HPS and PHPS)

V max

r,Usable

V min

r,Usable !

volume

- minimal and maximal usable water reservoir r

V,j - water reservoir r volume at the end of the time interval j
F.j - water flow in r during a unit interval j

R;;j - unprocessed water from r in a unit interval j. Unprocesses
water quantity includes controllable water release as well as
uncontrollable losses such as evaporation.

Ppeyj - power used by the pumps of k in a unit interval j
P - power produced by the turbines of k in j
P™e ., P™ - minimal and maximal pump capacity of k

P™x » P™, - minimal and maximal generating capacity of
plant k

@uk 1 @p - Water consumption (m*/MWh) for plant k in both
generation and accumulation mode

wyj - artificial binary variable for the operation mode of a PHPS
k. wy; = 1 if the mode is pumping in j

The operational curve of a HPS with neglecting the water head
may be expressed via the following linear functions:

Qrij = @rkPrij (1) - processed water quantity by the turbines of
plant k in a unit interval j

Qrkj = @rkPekj (2) - processed water quantity by the pumps of
plant k in a unit interval j
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The output level of all units / plants must be within the
technological limits:

min max min max
Pk < P <P™y and P™p g < Ppyj < P

@)

When modeling the PHPS operation, it is necessary to introduce
restrictions for non-simultaneous operation of pumping and
production capacities for each PSHP in a single interval:

P

Pk, j

-w, P <0andP, —(l—WM P™ <0

(4)
The volume of each reservoir in every unit interval must be

within the actual water level limits:
lenr,UsabIe < Vr,j < Vmaxr,UsabIe

©)

Values for the first (j=1) and last interval (j=jma) might be
provided for the water level maintenance cycle:

Vr,jzl =Vi1 and Vr,j = jmax = Vin (6)
General form of the water balance constraints:
- Z (DHmPHm,j + Z ¢HnPHn‘j -
melfrom nelin
rj = r,j-1 + +
- Z ¢)Pq PPq,j + z ¢Ps PPs‘j (7)

sellin

+F —R + > R,

pein

qellfrom

, where T'from and IIfrom are the sets ot plants (with their
pumps and turbines)that drain water from r during j. Tin and ITin

are the sets of plants that feed in water in r during j. So Z Rp j is
pein

the sum of controlled water wastes associated with the current

reservoir r (both in and out) (see figure below).

Qpri1

r+1

Rons

In a short-term planning (day, week) of HPS and PSHP
operation, water balance equations bring more security than
complexity in the model, whereas in a medium-term planning (e.g.
a year) the modeling of cascade-connected water reservoirs with
complex purposes will increase complexity of the model and its
size. Different purposes and usage of water volumes may be
modeled with so-called quotas. When a large dams with yearly or
seasonal water level management is available, a long-term strategy
for the possible use of water needs to be applied.

Water balance constraints are build for each interval and each
reservoir, i.e. their number depends on the number of unit intervals
in the planning horizon. The cycle mater management implies the
existence of a certain relationship between the functional
dependencies at the beginning and end of the planning horizon. In
other words, if modeling of water volumes is performed for a period
of one year and the single interval's duration is 1 hour, for each
reservoir, 365x24 or a total of 8 760 variables have to be introduced
as well as 8 760 of water balance equations, and the constraints (6)
must be respected for each equalization cycle.



For large reservoirs with annual management cycle this
complication can be avoided by using long-term quotas i.e. by
adding availability of water quantities by months, seasons, and even
annually. This will result in the introduction of significantly fewer
constraints. In the case of cascade-coupled different water volumes,
the constraints of the upper and lower reservoirs (8) will keep the
levels of the large tanks within their respective limits.

Q <Q ' +F +(1/2)V™ —

r r- r+ r— 8
_ZQHk,j +ZQHKJ..j +2ka,1j _ZQPk‘lj ©
K.j K.j K.j K.j

, Where Q: is the water volume in m® in reservoir r at the end

of sub-period z, FrZ is the flow in the reservoir during the sub-

period and F’ +(1/2z)V."™" models the available water quantities
for the whole sub-period.

. -1 1 -1
The expression -Y QI:k,j +ZQ;M +ZQ;;,1 7ZQ;Kj
k,j k,j k,j k,j

models the operation of the pumps and turbines fed by and feeding
in the reservoir r using the respective processed water quantities for
the whole sub-period z. Thus, if a one-year horizon is considered for
1 hour single interval duration and seasonal plant operation is
modeled, the water balance constraints for a reservoir r are reduced
to four from the value 8 760. If an annual quota is used and seasonal
interconnectivity is not required (or they are reported with similar
indicators in terms of inflows, outflows and maximum volume), the
constraint (8) will be only one. Thus, in an optimization problem for
an optimal hydro-thermal coordination in which several cascades
are modeled and the included water reservoirs are of a different
purpose, volume, and management cycle it is possible to model the
work of all hydro-power plants in the medium-term planning
horizon and this is done without the addition of redundant
complexity in the model only by using the appropriate
generalization technique. Small reservoirs in the cascades are
modeled by water balance equations of type (6) and (7), and the
larger ones - with inequalities of the type (8).

4, Conclusion

The general idea of linear programming modelling of hydro-
power plants is given including both turbines and pumps (if
available), the importance of pump- hydro stations in power balance
as well as the specific constraints deriving from the nature of hydro-
power generation. Interconnected water reservoirs bring additional
complexity and specifics in the optimization modelling. This
modelling framework may be used for HPS forecasting, ED or in
combination with the thermal framework for optimal coordinated
work in an EPS with HPS integration. When the hydro-thermal
coordination involves the optimization of PHPS a mixed-integer
programming model is required. Some generalisation techniques are
proposed for model size reduction that may be handy in many cases
of optimization modelling.
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ELECTRIC POWER SYSTEMS MODELING AND EDUCATION: THE
CONTROLLABLE LOADS IN ASHORT TERM SYSTEM BALANCE
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Abstract: In this paper we try to build a framework in active power optimization model building when controllable loads are available
for balancing purposes. A certain classification of non-fixed loads is given as well as the respective variables and constraints that have to be
introduced in the mixed-integer linear programming model. A numerical example is also given illustrating the modeling approach. Some
analysis on the presented numerical data is done in order to show sensitivity to certain environmental issues.

Keywords: OPTIMIZATION MODELING, ELECTRIC POWER SYSTEMS OPTIMIZATION, CONTROLLABLE LOADS

1. Introduction

When a load can be switched on or off when needed for system
balance purposes, it is considered as a controllable load. An
example of a controllable load in an EPS from the System's
Operator point of view is the pumping capacities of an PHPS or a
group of consumers whose power supply can be interrupted (and /
or restricted) during peak load periods. For a micro-grid, a
controllable load can be any consumer whose power can be
managed and / or limited or its performance may be postponed
(dispatched) over time. There are many loads whose operation
extends over several time intervals. In this case for those loads is
said that they have a working cycle. Since there are many
possibilities in the handling of the controllable loads with a work
cycle, it is necessary to introduce a certain classification for
modeling purposes of such loads.

2. Loads classification and modeling framework

Type 1. Controllable loads over time with an interruptible work
cycle: These loads are assumed to have a fixed work cycle duration
di1~ and a fixed power level Py. in a single interval. The operation
modeling of these loads requires the introduction of binary variables
Vi1, having true value (vi;; = 1) when the load is switched to power
level Py~ in the interval j. Additions of the form vy jP;;« must be
introduced in the balance constraints. A constraint (1) handles the
duration of the work cycle:

Zvll,j = du*
i

Type I1. Controllable loads over time and consumption with an
interruptible work cycle: The power consumed by this load P,; in
the single interval j depends on the duration of the operating cycle

@)

d™" <d,, <d"™ . The total load consumption Plf is known for a
full work cycle. So the hour consumption Py,; and the duration of
the duty cycle dj, are optimized introducing binary variables vi,; = 1
P™ <P, <P™. In the

when the load is switched to power B, 12,0

latter the interval's limits are derived viaz P™ = P> :d™ and

12 12 " 712

min

P = pI :d)". Only the load consumption P,; is included in

12 12
the balance constraint. For modeling the rest of the requirements,
inslucidng the dependence between the cycle duration and the

power level in the unit interval the following constraints are added:

PIZ‘j_VIZ,jPI;“ax <0 and Plz‘j_vlz,jPI;“m 20 @
DV =4, 3)
i
2P =P @)
i
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d>" <d, <d}” areinteger and v, are binary (5)

Type I11. Controllable loads over time with a non-interruptible
work cycle: These are loads that that once started can not be
switched off until the whole fixed-duration work cycle is
completed. It is assumed that the load consumption in the unit
interval of the work cycle with a fixed duration djs« is Pj3<. Once the
work cycle has begun, it can not be interrupted. To ensure this
requirement, 3 sets of binary variables are introduced:

sigj = 1 if the load starts a cycle at the beginning of j
viz; = 1 if the load is running at power Pys« in the interval j

figj = 1 if the load finishes its work cycle at the beginning of the
interval j

Because the hour consumption of the load Pj3« is a constant
additions of the form v3;P;5« must be introduced in the balance
constraints.

The constraint handling the duration of the work cycle remains
unchanged:
ZVI3,j = dls*
]

Constraints ensuring the un-interruptible requirement for the
working cycle are introduced:

(6)

Si3; ~Vis; S 0 (7

Sia; ~ fiay =Visj ~Vis 4 (8)

f|3Lj +V|3,j Sl (9)
j+d -1

Siz; T fla <1 (10)
k=j+1

Type 1V. Controllable loads over time and power level with a
non-interruptible work cycle: In this case both the duration

d™ <d, <

. <d of the work cycle is optimized and the power
level at a unit interval P, /d"" < P, < P> /d"". Constraints

ensuring the un-interruptible requirement for the working cycle
must be added using the three sets of binary variables:

sisj = 1 if the load starts a cycle at the beginning of j
vis; = Lif the load is running at power Py, in the interval j

fiuj = 1 if the load finishes its work cycle at the beginning of the
interval j

In the balance constraints only the power of the load Py is
added being and optimization variable. A constraint for the work



cycle duration is present with respect to the simple bounds
dln;in S dl4 S dlrzax:

(11)

ZVIA‘j = d|4
i

The following constraints ensure
cycle and the power levels:

the un-interruptible work

S0, ~Vie, <0 (12)
S|4.j - fl4.j :V|4J _V|4,171 (13)
f +v, <1 (14)

> P, =P PR, -V, P<0 and
j

P, —v, P >0(15)

14,j — Viaj

3. A numerical example

To illustrate the controllable loads with a work cycle modeling
techniques the following nomenclature and presumptions might be
used. A semi-autonomous building has available controllable and
uncontrollable loads and generators and can also purchase or sell
power to the external grid. Forecasts for its own uncontrollable load
and generation are available as well as prices for buying and selling
power.

In the model formulation 'P' stands for 'Power’, indices 'n'
represent 'non’, 'f' stands for 'fixed', 'I' stands for 'load’, 'G' stands for
'‘Generation' and 'a' stands for ‘accumulation’. The scenario under
consideration includes equal hourly pricing for selling and
purchasing power from the network (Chyy: = Csen) and relatively
high price for the own generation units (Cng > mMax{Cpyy,}). The
numerical example uses a dataset (given Pis; and Py ;) aiming at
maximization of total profit:

max J = 3 Ceell jPseltj = 2-Couy,iPbuy, = 2-Cnfc,iPrfcj (16)

The power of the controllable loads consists of total of seven
members divided in four groups of loads according to the
classification given in the beginning.

Two loads are from Type | with fixed work cycle duration that
can be interrupted and power:

diz.1» = 3 hours, Py 3= = 2,2 kWh
dll,Z* =4 hOUI’S, PIl,Z* = 2,5 kWh

Two loads are from Type Il with non-fixed power and duration
of the work cycle and it can also be interrupted::

di21 might be between 2 up to 4 hours, PZ,; = 8.2 kWh
dj, might be between 3 up to 7 hours, sz =14 kWh

Two loads from Type IIl with fixed work cycle duration and
power in a unit interval but the continuity of the cycle can not be
interrupted:

diz.1« = 2 hours and Py3 3« = 1,8 kWh
diz 2« = 4 hours and P35« = 1,4 KWh

A single load from the last Type IV is considered and its work
cycle is un-interruptible. Its work cycle duration is optimized as
well as its power in the unit time interval:

dis may be 3 up to 6 hours with PX,, = 12 kWh

The balance constraint includes all controllable loads additional
variables:

Ll L2
Paiy # Py 2V P+ 2P DV Pt
=1 1,-1 1,=1
) (17)
+Z R tL =R, tR+R. + R,
l,=1

The total power consumed by the controllable loads for the
whole optimization period must be not less than the technological
minima:

L L L L,
DV P A D P DV P+ D P 2E, (A7)
=1 1,=1 I,=1 1,=1

For each load the respective additional constraints (1-15) must
be added: two constraints of type (2) for each controllable load

|, € L, (Type 1), for each controllable load I, € L, (Type II) a set

of constraints (2) to (5), for each controllable load I3 el, (Type
I11) a set of constraints (6) to (10) and for the single controllable
load I, € L, (Type 1V) the constraints (11) to (15).

Table 1: Optimal values of the variables for accumulation, generation,
buying and selling and own controllable generator

Hour j Paj PGaj Phouy j Peell Pg;
Col. Ne 1 2 3 4 5
1 0 0 0 3,3 50
2 0 33,2 33,2 0 0
3 0 31,4 314 0 0
4 0 33,9 33,9 0 0
5 0 43,5 43,5 0 0
6 0 39,4 39,4 0 0
7 0 0 0 33,8 0
8 0 0 0 41,2 0
9 10 0 0 51,1 0
10 16 0 0 71 0
11 16 0 0 60 0
12 16 0 0 54,7 0
13 16 0 0 66 0
14 0 0 0 58 0
15 0 0 0 39,1 0
16 0 0 0 76,6 0
17 0 0 0 59,2 0
18 16 0 0 53,5 0
19 16 0 0 37,2 0
20 16 0 0 6,3 0
21 16 0 0 8 0
22 16 0 0 8 0
23 0 28 28 0 0
24 0 28 28 0 0
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The constraint (19) stands for the accumulation-generation
efficiency coefficient . The fact that no purchasing and selling in a
time interval is allowed, as well as accumulation and generation
from accumulating units is not possible two sets of binary variables
are introduced in the model (v; = 1 when buying power from the
external network and u; = 1 when generating power from the
accumulation units) to construct the mutually exclusive alternatives.
Constraints (20) assure that no purchase and selling power onto the
external grid will occur in a same time interval. Constraints (21)
assure that no accumulation and generation will occur in a same time
interval. The power of the controllable generator is fixed above (22).

1Y Paj = YPcaj (19)
Psenj < (1- V) Poar™ and Pouy < ijbUymax (20)
Paj < (1- ) P™ and  Pea<UPe™  (21)

PnfG’j < PnmeaX (22)

The optimal values of the variables are given in Tables 1 and 2.
The optimal working cycle durations for the loads of Groups Il and




IV loads are 2 hours, 3 hours and 6 hours respectively. Since best
prices are night, all controllable loads under consideration work at
night (Table 2). With such levels of the fixed generation the
building can not function autonomously, i.e. without buying and
selling from the external grid, because the sum load from the

The accumulation and generations schedule changes as well as
the optimal duration of the single load from the fourth group (L4) as
it becomes 3 hours.

Table 4: Optimal values for the controllable loads consumption over the

controllables (18.7 kwh) and the maximum possible P,"* value S ML honzon when only sef"m = al!owed - - .
- - - - J Pll,l.] PII,Z.] PIZ.I,J PIZ.Z,J PI3,1.] PI3,2.] P|4.1,J
can not equal the estimated difference between fixed generation and
load (76.6 KWh at 16h) A L 2 3 2 > 6 I
' ' 1 2,2 2,5 4,1 47 0 0 0
Table 2: Optimal values for the controllable loads consumption over the 2 0 0 0 0 0 0 0
optimization horizon 3 0 0 0 0 0 0 0
j Pii1j Pi12j Pi1j Pi22j Piz1j Pi32j Piasj 4 0 0 0 0 0 0 0
No 1 2 3 4 5 6 7 5) 0 0 0 0 0 0 0
1 2,2 2,5 4,1 4,7 1,8 1,4 2 6 0 0 0 0 0 0 0
2 0 0 0 0 1,8 14 2 7 2,2 2,5 4,1 47 18 0 4
3 0 0 0 0 0 14 2 8 2,2 2,5 0 4,7 18 0 4
4 0 2,5 0 0 0 14 2 9 0 0 0 0 0 0 4
5 2,2 2,5 4,1 4,7 0 0 2 10 0 0 0 0 0 0 0
6 2,2 2,5 0 a7 0 0 2 11 0 0 0 0 0 0 0
7 0 0 0 0 0 0 0 12 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 13 0 0 0 0 0 0 0
9 0 0 0 0 0 0 0 14 0 0 0 0 0 14 0
10 0 0 0 0 0 0 0 15 0 2,5 0 0 0 14 0
11 0 0 0 0 0 0 0 16 0 0 0 0 0 14 0
12 0 0 0 0 0 0 0 17 0 0 0 0 0 14 0
13 0 0 0 0 0 0 0 18 0 0 0 0 0 0 0
14 0 0 0 0 0 0 0 19 0 0 0 0 0 0 0
15 0 0 0 0 0 0 0 20 0 0 0 0 0 0 0
16 0 0 0 0 0 0 0 21 0 0 0 0 0 0 0
17 0 0 0 0 0 0 0 22 0 0 0 0 0 0 0
18 0 0 0 0 0 0 0 23 0 0 0 0 0 0 0
19 0 0 0 0 0 0 0 24 0 0 0 0 0 0 0
20 0 0 0 0 0 0 0
21 0 0 0 0 0 0 0 4, Conclusion
22 0 0 0 0 0 0 0
23 0 0 0 0 0 0 0 An approach to controllable loads with a working cycle
24 0 0 0 0 0 0 0 consisting of more than one unit interval is proposed. The same

This building can operate in a mode without buying from the
external network (Py,,; = 0) but just selling (0 < Py ). With such a
realization of the building's operation, the optimal timetable for the
operation of the controllable loads shifts to the afternoon hours
(Tables 3 and 4).

Table 3: Optimal values of the variables for accumulation, generation,
buying and selling and own controllable generator when only selling is
allowed

HOUI’j Payj PGa,j Pbuy,j PSL"J PGJ'
Col. No 1 2 3 4 5
1 20 0 0 8,5 50
2 0 8 0 0 0
3 0 8 0 0 0
4 0 8 0 0 0
5) 0 8 0 0 0
6 0 8 0 0 0
7 20 0 0 14,5 0
8 20 0 0 26,0 0
9 20 0 0 17,1 0
10 0 0 0 55 0
11 0 0 0 44 0
12 0 0 0 38,7 0
13 0 0 0 50 0
14 20 0 0 36,6 0
15 20 0 0 35,2 0
16 20 0 0 55,2 0
17 20 0 0 37,8 0
18 0 0 0 37,5 0
19 0 16 0 37,2 0
20 0 16 0 6,3 0
21 0 16 0 8 0
22 0 8 0 0 0
23 0 8 0 0 0
24 0 8 0 0 0
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modeling technique is used for power generating units start-up and
stopping cycles in problems for optimal thermal units maintenance
medium-term planning. The latter is a modification of the unit
commitment problem but it's result influence the UC solution as
availability. The numerical example shows how binary and integer
values handle the physical requirements of the controllable loads. It
also shows the sensitivity towards simple bounds over one set of
optimization variables and its interpretation.
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MATEMATHYECKOE MOJIEJIMPOBAHUE OIITUMAJIBHOT'O UCITOJIB30OBAHUSA
PUCOYBOPOUYHBIX KOMBAMHOB B KbI3bLJIOPJUHCKOM OBJIACTH

MATHEMATICAL MODELING OF OPTIMAL USE OF RICE-CONTAINING COMBINES IN THE
KYZYLORDA REGION
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Annomauusn. B cmamve npeonacaemcs mamemamuyeckuti Menmoo ONMUMUAYUY PACHPeOeseHUsl PUCOYOOPOUHbIX KOMOAUHO8 npu

8bINOJIHEeHUU y60p0'-lelX pa60m no J9KCniyamayuOHHbIM noKasamejsim. pacxody monJjuea, 06‘beMy

8bINOIHEHHOU pabombl (pazmepy

Y6panHoll n1owaou), npou3eooUmMmenbHOCMuU Komoaiinoe 3a 1 uac cmenno2o epemenu.
Knroueswie cnosa: onmumuzayus, pucoybopounsiil KomOaiis, yo0pKa, IHepeo3ampans, npoU3600UmenbHOCHb.

Abstract. The article proposes a mathematical method for
optimizing the distribution of rice harvesters in the performance of
harvesting operations: the fuel consumption, the amount of work
done (the size of the harvested area), the productivity of combines
in 1 hour of shifting time.

Keywords: optimization, rice harvesting combine, cleaning,
energy consumption, productivity.

Beegenne. OcHOBHBIM crocoboM yOOpkum puca B
Ke3pumopauHCcKo# 061acTy SBISICTCS pa3/iefbHBIN. JTHM CIOCOO0M
yOupaeTcss IpakTHUeCKH BCS MOCEeBHas Iuomanb. IIpoBeneHHbIe
UCIIBITaHMS MOKa3aiH, uTo 10 90% u Gosnee moceBOB puca K yoopke
THOJIETaeT, CTENEeHb IMOJIETJIOCTH O4YeHb BbIcoKas.JKaTku komMOaitHOB
He 00eCIeYHBAalOT CKAalIMBAHMS MOJIEIJIOr0 pHca, M0ITOMY MOJIEBbIE
UCHbITaHUS Ha HpsIMOM KOMOaHUPOBaHUN HE
TIPOBOAIINCE. Y CIIOBHSI HCTIBITAHUH, CIIOXKHBIIUECS B 3TOM PETHOHE
OKa3aJll CyNIECTBEHHOE BIMSHHE Ha pPab0Ty CpaBHUBAEMBIX

koMmOaitHoB.Ha kadecTBO 3epHa TakXKe OKa3bIBAIOT BIVSIHUS PE3KUE
OTIIMYUSL  MEXAY OTHACIAbHBIMH y4acTKaMH M 4YeKaMd IO
YpPOKalfHOCTH, BIAXXHOCTH 3€pHA M COJOMBI, YTO 3aTPyJHSAET
perynupoBKr KOMOAHOB.

B mHacrosmee Bpems KaXkI0€ W3  PHCOBOIYECKUX
XO3STHCTB Kezputopauackoi obnactu CTPEMHUTCS
(YHKIMOHMPOBATh B PEXKHMME MUHUMAIM3ALMH 3aTPaT C LENBIO
MoJTydeHusl Hanbosiee BBICOKHX HOXOJOB. J[I JOCTHXKEHHs 3TOTO
HEOOXOMMO y4eCTh TaKOe Ba)KHOE OOCTOSATENHCTBO, KaK HaJM4YHe
TOW MJIM MHOH yOOPOYHOH TEXHUKH.

B pucoBogueckom xossiictBe «Marmkan u K» o6mas
YUCIICHHOCTh pucoyOopouHbIX KomOaitHoB Ha 1.01.2017 roma
cocrapmsuia 30 eAMHHMI] Pa3IMYHBIX Mapok W Mogeneit. Ilapk
PUCOYOOPOUYHBIX KOMOAHHOB B XO3SHCTBE MPEACTABICH 5 MapKaMu
KOMOAfHOB KaK pOCCHICKOrO, TaK M JaJbHEro 3apyO0exHOro
MPOU3BOJICTBA C Pa3INYHBIMH YOOPOUHBIMHU MapameTpamu (puc. 1).

H CASE 2388

u John Deere STS 9770
B Tucano580

B EHuceit-1200PM

M Lexion 750

Que. 1. CmpyxmypHbiti cocmas napka pucoybopouHbix KOMOAUHO8 6 pUCOBOOUECKOM XO3SAUCIEe

Pe3yabTaThl " auckyceust. DpdexTuBHOCTH
UCIIOJIb30BaHMs MapKa PUCOYOOPOUYHBIX KOMOAHHOB OmpeesseTcs
KOMIIJIEKCOM IOKa3aTeNeii, MONyYeHHbBIX B Pe3yJbTaTe NPOBEICHUS
MHOTOKDPATHBIX CPaBHHUTEJBHBIX XO3SHCTBEHHBIX WCIBITAHUI B
peanbHBIX ~ yCHOBHSAX  OKciutyarauud. COrlIacHO — METOMHKE
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HCCIICAOBAHUI OMMpeAeIsUl: YOpaHHYI0 KaXIbIM KOMOaiHOM
IUTOLIA/Ib 38 CE30H, KOJMIECTBO HAMOJIOUYCHHOTO 3ePHa, KOJIHMIECTBO
OTpaboOTaHHBIX [HEW, pacxo] TOIUIMBAa HAa IEHTHEp YOpaHHOro
3epHa u T.1.(Tabmn.1).



Tabmuma 1. Pe3ynbraTsl HcnbITaHuil prcoyOOpOYHEIX KOMOAHOB Ha yOOpKe puca pa3zielIbHBIM KoMOaiHIpOBaHHEM

T'onbr Hamonor 3a Bpems Hapa6otxa 3a Pacxonpl Tomnusa,n

9KCILTyaTalllH B UCTIBITAHUS, [TH BpEMsI HCIIBITAHUS, 3a Bpems Hal o,
Tun komGaiina ybopxe puca, siet ra MCTIBITAHHUS BCEro
CASE 2388 7 7326,7 126 5070 0,7
John Deere STS
9770 4 15399 265 9840 0,6
Tukano 580 2 19712,5 338 8780 04
Ennceii-1200PM 6 9297,4 160 4650 0,5
Lexion 750 1 21394,7 367 10250 0,5

OZ[HI/IM W3 TIoKazarenen y60p0‘IHOI‘O Tpornecca, BIIUAOUICTO Ha MTOJIYYCHHUE HpPIGI)IJII/I, SABJIICTCA pacXo/ TOIUIMBA.

45
20 13,5
35
10,6

30
25 7.4
20
15
10

5

0

CASE 2388 lohn Deere STS

9770

Tucano580

==l CMeHHan NPoU3BOAMTEIbHOCTD, Ta/CMeHy

Enumceid-1200PM

16

14,1

14
12

10

Lexion 750

@l P 3CX0 1, TONNWUBA, UTP

®ur. 2. Pacripesnenenue pucooybopoYHBIX KOMOAitHOB
Ha yOOpKe pHca 10 NMPOU3BOAUTEIBHOCTH ¥ YASIBHOMY PAaCcX0/y TOILUTHBA

Ananu3upys naHHble (puc.2) HEOOXOIUMO OTMETHTbh, UTO,
Ha YyOopke puca pucoybopouHnsiii kombaitH «Tukano 580» c
MIPOU3BOUTEILHOCTBIO IO CMEHHOMY BpeMeHH — 13,5 ra/d4 umeer
HAaWMEHBIIMH YyAEJNBbHBI pacxox TomIMBa 26 J/ra, TOrga Kak
yaenbHBI pacxox TtommmBa «Lexion 750», ¢ MakcuMalibHO
BBICOKOH TIPOM3BOAUTENBFHOCTBIO 110 CMEHHOMY BpemeHu — 14,1
ra/4, cocrasuser 28 n/ra. Pucoybopounsiii komOGaiin «EHucei-
1200PM» ¢ HauMeHbLIEH NPOU3BOJUTEIBHOCTBIO IO CMEHHOMY
BpeMeHH — 6,4 ra/d mMeeT 3aTparhl TOILIMBA — 29 y/ra, a KoMOaiH

Tabauua 2. IIpon3BoAUTEIBHOCTh PUCOYOOPOUHBIX KOMOAHHOB

«CASE 2388» ¢ mpou3BOIUTENEHOCTBIO 10 CMEHHOMY BPEMEHH —
7,4 ra/q umeeT HanboIIee BEICOKHE 3aTpaThl TomumBa — 40 n/ra.
CHwKeHHs 3aTpaT TOIUIMBA MOXHO JOOUTBCA TyTEM
OINTUMAIIBHOTO ~ paClpesieNieHusi pUcoyOopouHbIX KomOaitHoB[1].
Jnst 3TOro WCHone3yeM TPAHCHOPTHYIO 3aJady II0 KPHUTEPHIO
MHHUMAJIBFHOTO Pacxoja TOILUTMBA, NPH BHIIIOJIHEHUH BCEro 00bEMa
pabot. Pe3ynbTaThl XpOHOMETPAKHBIX HAOMIOACHUI 3a paboToi
pHCOyOOPOYHEIX KOMOAITHOB TIOKa3aHbI B Tabaunax 2 u 3.

Tun xombaiina IInomanu mmojei,ra Hmeercs B
22 | 47 | 77 | 100 | 124 HATHYUH
IIpousBoauTenbHOCTS KOMOAHOB 3a 1 9ac CMEHHOTO BPEMEHH, KoMOaiHOB
ra
Case 2388 1,137 0,783 0,77 0,592 0,775 2
John Deere STS 9770 0,597 0,752 0,858 0,919 0,933 2
Tucano580 1,11 1,175 1,283 1,1 1,24 4
Enuceii-1200PM 0,504 0,36 0,393 0,424 0,526 18
Lexion 750 1,017 1,167 1,22 1,283 1,21 4
TpeOyemoe KOIHMYECTBO 2 5 6 9 8 30
roM0aifHOB 1151 YOOpKH
3aganHoro oopéMa
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Tabnuna 3. Y nenpHbIA pacxo TOIUIMBA pUCOYOOPOUYHBIMU KOMOaliHAMU

Tumn xom0Oaiina IInomanu mmojei,ra

22 | 47 [ 77 | 100 | 124

V nespHbli pacxo TOILINBa, Ji/Ta

Case 2388 32,15 38,6 35,2 36,1 35,5
John Deere STS 9770 34,75 36 33,6 33,7 33,5
Tucano580 23,6 26,4 255 25,6 26,41
Enuceii-1200PM 31,3 31,6 32,9 32,5 28,95
Lexion 750 20,2 29,5 33 32,16 31,7

B maremaruueckoii popme 3a1aua 3anuChIBACTCS CIESAYIOUM 00pa3oM:

n
Lenesas pynxuns: Z = Y g.-X: —> min
20179

rae: _] -HOMEp MapKH pUcoy0OpodHOro komOaliHa

g J - pacXo/Ibl TOMIHNBA j-To KomGaitna ( j = 1; n)

3215- x11+38,6- x21+35,2- x31+36,1- x41+35,5-x51+...+31,7-x55 — min

CucremMa MEpeMEHHBIX BKJIIOYaeT B ce0s TPYyNOy MHEPeMEeHHBIX (X11-Xs5) OOO3HAUYAIOLIMX HMCKOMOE YHCIO KOMOaifHOB
COOTBETCTBYIOLIETO THIIA, HCIIOJIb3YeMbIX Ha yOOpKe prca:

X1 - Case 2388
X2 - John Deere STS 9770
XA - Tucano580
3
X4 - Enuceii-1200PM

X - Lexion 750
5

CpaBHHBasi IMEIONIEeCs] B HATMIMU KOMOAITHOB ¢ YHCIIOM KOMOAltHOB Ha yOOpKe 3aJJaHHOTO 00beMa 3epHa, BHIHUM, YTO 3TH CYMMEI
coBnagaroT. CIe0BaTelbHO, JaHHAs TPAHCIIOPTHAS 3a/1aua 00J1a/1aeT 3aKPBITON MOAEeIbIo (Tabm.4).
Tabmmma 4. PesynbraTsl pacueToB

Tun komOaiina [Inomanu monei,ra KomuuectBo
22 | 47 ‘ 77 100 124 MMCIOIIUXCS
- B HAJIUYUH
VY esbHbIi pacxo 1 TOILTUBA, JI/Ta KOMGaiHOB
Case 2388 32,15 38,6 35,2 36,1 355 |2
Xu X12 X3 X4 Xis
John Deere STS 9770 34,75 36 33,6 33,7 335 |2
Xo1 X2 X2 X4 X5
Tucano580 23,6 26,4 25,5 25,6 26,41 | 4
Xs1 X32 X3 X34 Xss
Enwuceit-1200PM 31,3 31,6 32,9 32,5 28,95 | 18
Xa Xa2 Xa3 Xas Xas
Lexion 750 20,2 29,5 33 32,16 31,7 | 4
Xs1 Xsp Xs3 Xs4 Xss
Tpebyemoe KOJHYECTBO 2 5 6 9 8 30
roM0aifHOB 1151 YOOpKH
3aanHoro 00BEMa

HepBaﬂ rpynna OI‘paHI/ILIeHI/Iﬁ 00ecreurnBaeT BBIOJHCHHE 3alaHHBIX 00BeMOB pa60T HUMCIOIIMMUCA B HAJIMYHUHU KoMOaiHaMHu.
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X1 X FX31+Xg1 T %50 =2
Xjp+Xgp TX3p +Xgp + X5y =2
X13+Xp3+ Xg3+ X3+ X553 =4
x14+x24+x34+x44+x54=18
X155+ Xo5 + X35+ X45+ X55 =4

rac bJ - KOJIMYECTBO UMCIOLIUXCS pI/ICOy60pO‘IHLIX KOM6aI71HOB, 1IT,

BTopa;[ rpynmna Ol"paHI/I‘{eHI/Iﬁ IIOKa3bIBacT HeO6XO,III/IMOCTI) 00513aTEJILHOTO BBIMIOJTHEHUS 3alaHHBIX 00bEeMOB pa60T HOJHOCTBIO.

n
z X-. = a-
j2g i

X1+ Xpp+Xg1 tXyq + X5 =2
Xjp +Xgp T X3+ Xgp +X59 =5
X3 Xp3 T X33+ X3+ X53 =6
Xjq+Xp +Xgq tXgq + X540 =9
X155+ Xo5 + X35+ X45+ X5 =8

Tabmmma 5. Pesynbratsr pacueToB

Omnepauus IInomanu mosei,ra Konnuectso
22 | 47 ‘ 77 ‘ 100 ‘ 124 MMEIOLIHXCS
Y aenbHBIN pacxo[ TOIIMBA, JI/Ta ;01:;];;:;1
Mapxka xombaitHa Vi
Ui 10 11,6 12,9 125 8,95
Case 2388 32,15 38,6 35,2 36,1 355 | 2
23,6 2
John Deere STS 9770 34,75 36 33,6 33,7 335 |2
21,2 2
Tucano580 23,6 26,4 25,5 25,6 26,41 | 4
12,6 2 2
Enwceii-1200PM 31,3 31,6 32,9 32,5 28,95 | 18
20 3 7 8
Lexion 750 10,2 20,2 29,5 33 32,16 31,7 | 4
2 2
Tpebyemoe KOJTHYECTBO 2 5 6 9 8 30
roMOaitHOB 711 yOOpKH
3amganHoro oobéma

TTocTpOUM MCXO/IHBIN OTIOPHBIA ITAH METO[0M MHHUMAIIBHOTO deMeHTa[2].
Jlns viccrmenoBaHus MlaHa Ha ONTHMAIbHOCTh HEOOXOAMMO HAWTH OLIEHKH CBOOOJHBIX KIIETOK. /{1 3TOro Hago 3HATh IMOTEHI[MAIBI

U i u V 1 » KOTOPBIC ONPEACIIAIOTCS B PE3YJIbTATC PEHICHUSI CUCTEMbL ypaBHeHI/Iﬁ

J

Ul + V3 = 35,2

U2 + V3 = 33,6

Ug* V3= 255 Q)
U3+ V4: 25,6

U,+V,=31,6

U4+ V4: 32,5

U4+ V5: 28,95

U5+ V1 = 20,2

U5+ Vz = 29,5
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COCTABJICHHBIX I10 3aIlOJHCHHBIM KJIICTKaM. Hpm[a;mM OTHOMY M3 HEU3BECTHBLIX OIIPEACIEHHOE YUCIOBOC 3Ha‘1€HI/Ie,U1 - O Torma

ocTaJIbHbIe HEeM3BeCTHBIE HaxoaaTcs u3 cucteMsl (1): [lomydaem:

U1 =0,
5= 336-352=-16

3= 25,5-35,2=-9,7
U4 =325-353=-28

U5=295-344=-49

U
U

2
V

\Y

=35,2

B~ w

Tenepb MOYXHO HAWTH OI[EHKA CBO6OHHI)IX KJIETOK:

S11 —Cll—(ul V;)=3215-251=7,05
$15=C1o—U; +v2) 38,6-34,4=4,2
SL1_C -+ 4) 36,1-35,3=0,8

Sy5 =Cys —Uy +Vi)=355-3175=375
S5p1=C21~ “Jz

822 = C22 —(UZ +V
(U +V4

|
-
V-
")

2
33,7 -

335-

(-1,6+353)=
(-1,6+31,75)=

U'I

+Vy =236-

Vg

V
+V} 313-(-28+251)=

V3=
3J
-
-

32,9-

33—

32, 16
317 -

49+352)

4
5

Vs
+V) |]=34,75-(~1,6+251)=

(-9,7+251)=

Vl =20,2+49=251
V,=316+28=344

=25,6+9,7=353
V5 =28,95+28=3175

11,25

—36—(—16+344):32

0
3,35

8,2

3 +v2) =26,4—(~9,7+34,4)=17

) =26,41-(-9,7+3175)=4,36

9

(-28+35,2)=05

2,7

(-4,9+353)=1,76
~49+31,75)=485

ITockonbKy B Tabs. 5 cBOOOJHBIX KIETOK C OTPULIATEIBHBIMU OLEHKAMHU

HET, TO 0H0pHI>II71 IJIaH ABJIACTCA ONITHMAJIbHBIM.

3akioueHune

Jnst yoopku ypoxkas Ha moyisix B 22 ra motpeOyercst nBa
3epHOyOOpOuHbIX KoMmOaitma Lexion 750; 47 ra - gBa
3epHOyOOpOouHBIX KoMmbaiina Lexion 750 u tpu Enwuceii-1200PM;
77 ra— nea Case 2388, nsa John Deere STS 9770 u a8a Tucano580;
100 ra — gBa Tucano 580 u cemp Enmceii-1200PM, a ans 124 ra -
BOCEMb pUCOYOOpOYHBIX KombOaiiHa Enwmceit-1200PM. IIpu taxom
pacrpeneneHn pUCOyOOpPOYHBIX KOMOAHHOB MO paboTaM pacxon
TolumBa OyneT MHHUManbHBIM. [Ipm npyroMm pacnpeneneHun
arperaTtoB 1o pa0oTramM pacxoJ ToIuIMBa Oyner Ooiblle IO
CpaBHEHUIO ¢ pacyeTHbIM. Cl1e0BaTeIbHO, OHO HE ONTHMAIBHO.
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KOJIEBAHUS B CAMOYCTAHABJIMBAIOIIUXCA MEXAHU3MAX
KOHCTPYKIIMU MASATHUK

OSCILLICATIONS

IN SELF-ADJUSTING MECHANISMS OF CONSTRUCTION

PENDULUM.

Nauryzbaev R., Sadykov Z., Sansyzbayev K, Toilybaev M, Koshanova S.
Kazakh National Agrarian University — Almaty, Kazkhstan

Annotation: An exact analytical solution of the nonlinear differential equation is found. On the basis of the formula of the modern
theory of mechanisms defined mathematical model constructs a self-aligning mechanism of a physical pendulum. The established
parameters, basic modes of operation rational design and regular construction of mechanisms such as a pendulum.

Keywords: Self-stabilizing mechanisms of pendulum constructions, physical pendulum mechanisms, full elliptic integral of the first
kind, swing ,uniform rotation, non-uniform rotation, inertial perturbation.

CaMOyCTaHABIHMBAIOIINECS MEXaHU3MBI KOHCTPYKIMH
MasTHHK — 3TO CTaTHYECKH OIPEICIMMBIC MEXaHU3MBI, T.€.
Mexanuzmvl 6e3 uzbblmouHbIX cesizeil. B o0leM ciydae 4mcio

wem@m+n; +n, — 1) = 2" (m—k)- P, .

J1s1 KOHCTpYKLMM ILieTied TpeTbero cemeucrsa Io
cucremaruzanuii akaaemuka .M. Aptobonesckoro B ¢opmyie
(1) HeoOxomuMo mpUHATE M=3.

OcHOBa  CTPYKTYphl ~ MEXaHH3Ma -  OJHO3BEHHas

HE3aMKHYyTad, POCTas KuHeMaTHyeckas nenb ¢ W=1, ona (111)

MPUCOCTUHSETCST K CTOWKe 2 He W3MEHss YHCIA CTeleHe
CBOOO/IBI.
B Hay4HO — TEOPETHYECKHX KypcaX TEOPHH MEXaHU3MOB
W MEXaHWKHd MAIllMH M3BECTEH KaKk MEXaHW3M (PU3HUECKOTO
MasTHUKA, MasTHUK Dpoyaa, MeXaHu3M Kadeld, MexaHusm [
Kjacca u Jip.
VpaBHEHHE ABUKCHHSI MEXaHU3Ma (DPU3MYECKOTO MasTHUKA HUMEET
BUJI 3aIMCH:
J- ¢ + m-g:l-sing =0, 3)

rae |- MOMEHT WHepuuHM MexaHu3ma (H3HYecKoro \MasTHHKA

OTHOCHTEJIBHO OCH BpalleHHs (IIapHHUpa - P 1 ), [ Licex].

Tornma MOMCHT, CO3Z[aBaeMLIﬁ CUJIaMM MHCPLWH, PABCH:

My =] @ [H:-M] @

cTeneHeld CBOOOABI caMOyCTaHABJIMBAIOIIEHCS KHMHEMaTHYECKOH
ey MexaHu3Mma onpezensiercs o gopmyse [1,2,3]:

(1)

Hccnenyemslii mexanusm mpocTeiiell  KOHCTPYKLMH
(puc.1),  [BYX3BEHHBIH, CaMOYCTAHABIMBAIOUIMKCS,  JMIIEH
M30BITOYHBIX CBA3EH, HE MMEET JIHIIHUX CTEeNeHel CBOOOIbI:

1.

"1y (m)

M - Macca BpalIaloLIerocs 3BeHa (Tllj MeXaHu3Ma (hU3NIECKOro

MasiTHHKa, [Kr];

g- yckopenue cBoboHoro naganus (g=9,81 m/ IZ:E‘I"C2 )

Torma cuna TSHKECTH 3BEHA (TL 1 ) MCXaHHu3Ma

(1)I/I3I/I‘IeCKOI‘O MasTHHUKa paBHa Q)opMyJIe CJICAYIOLICTO BUAA:

P:m-g, [H] (5)

E'paCCTOSIHI/Ie OT HEHTPa TSAXKECTHU N0 OCH BpallleHHs 3BECHaA (Tll ),

[M];

{f)-0600meHHas  KOOpAMHATA  BENYWIETO 3BEHa MEXaHW3Ma
¢bu3nueckoro MasTHuKa. [pas.]
2 m-g-l
Monoras (U~ = f (6)
Za
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[lonyuum ypaBHEHuE BUJA:

q'ri+m2 -sing =0 (7)

Juddepennmansaoe ypaBHeHUE (7) IMEET TOYHOE aHAINTHYCCKOE
[1.2.3]. (M),

COOTBETCTBYIOLMII M3MEHEHHI0 yriaa ¢ Ha 2 J[, paBeH 3amucu

pereHue Iepuon xoneGaHus 3BEHA

BHJIA.

@y * L=40K(@) ®)

T
roe K@) = F[E, Q] - Ha3bIBaeTCS NOJNHBIM OJUIHITHYCCKUM

HHTErPajioM MepBoro poja, a BenuuuHa g- ero moayinem (0<q< 1).
YucneHHOE 3HA4YeHHE IMOJHOTO  SIUIMITHYECKOTO  HHTErpaa
MIEPBOTO POJA IO 3aJaHHOMY MOJYIIIO OIIPEIENSIeTCs 1Mo TabIHuIam
SIUIUNTHYECKIX HHTETPAJIOB.

HpI/I S3HA4YCHUAX MOAYJIA TIOJIHOIO SJUIMINTUYECKOTO

2
HHTErpaja n€pBoro poaa q =1 MexaHu3M (1)1/13I/ILIGCKOI‘O MasTHHKa

euje He nepexooum 80 8paAMenbHOe OBUNHCEHUE.
Ilpy  3HAUeHMAX  MOXYJS IOJHOTO 3JUIMITHYECKOTO
q 2
¢busnueckoro MasitHuka (puc.l) epawjaemcs pagnomepHo.
3anmmrem (8) ¢ yuérom ¢opmyinst (6) ¥ TOrga MOIYyIHM
BEIpaXXEHHE CIEAYIONIETO BAA!

WHTETpajia TEPBOTO PoOja 0 3BeHO (nlj MEXaHHU3Ma

. jmegel m

— i
Po " l=4= TR, ©)
Tperuit pexum paboTBl MeXaHHW3Ma (DUIMUECKOTO

MasTHUKA ITOKa3bIBACT HEPABHOMEPHOEC BPAILICHHUE BEAYILIEIO 3BE€HA

M4 j DTOT pexuM paboThl MexaHH3Ma (HU3MIECKOr0 MasiTHHKA

06IIII/IM. B nmanHBIll TIOCTAaHOBKE 3a/lavy BO3MYIICHUE B CUCTEME
YUCTO UHEPLIUOHHOE.

3HayeHHe  KPUTUYECKOW  YIJIOBOM  CKOPOCTH  MEXaHU3Ma
(bu3nueckoro MasiTHUKa onpexaensercs Gopmynoi Buaa
——
gl
Wy = L [1/cex] (10)

Ecmu HavanbHOE 3HaueHHE YIVIOBOM CKOPOCTU (y.:,)
3BeHa (nlj Mexanu3Ma Qusndeckoro masitiuka (Puc.1l) menbiie

)

K
Pn =y (11)

TOrZa 3BEHO (ﬂl) COBEPLIAET MEPHOIMYECKHE KOJIeOaHHSL.

MexannsMm (QH3MYECKOTO MasTHHKa paboTacT B KONeOATENEHOM

pexuMe — 6 pexcume kauanus. Eciu e HauaIbHOE 3HAueHHe

yrioBoit ckopoctn (§75) 3sena (nlj MeXaHu3Ma (U3HIECKOTO

MasiTHUKA OOJIbIIIE YEM ({.UH), T.€.

Qo = Wy (12)

TOrAa CBOOOJHOE JIBIDKCHHE 3BEHA (Tllj MeXaHu3Ma (HU3MIECKOro

MasTHHKA HOCHT POTAL[MOHHBIN Xapakrep, C MEPHOIOM U3MCHEHHS
YIIIOBO# CKOPOCTH 110 (hOpMYJIe CIIEAYIONIEr0 BHIA:
T — 4-K-(gq)
- . » [cex]
Pao

(13)

CreneHb pPaBHOMEPHOCTH BpAIlEHHs BeIyLIEro 3BEHa (ﬂlj

MexaHu3Ma (H3HYCCKOr0 MasTHHKA 3aBUCHT OT Moxynst (Q)
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T
MOJIHOTO JUIANTHYECKOTO HHTErpaia nepporo poaa F [E, ql, Tem

BBIIIC, YEM 0oJIbIIIC 3HAYCHUE MOAYJIA.

Ecin HauanbHOE 3HaUEHNE YIII0BOMN cxopocm[fpu) 3BEHA (ﬂlj

@q >>2Wy,

TO HPH MaJbIX 3HAYCHUSIX MOAYJIS () IMOJHOTO AIUIMITHYECKOTO
T
F [E, q] wumeem:

MEXaHHu3Ma Buja.

MHTErpaa epBoro poaa

K (14)

T 1 T w?
— (1 + - q2+----) =— [:1 + — ),
2 4 2 Pg
a Qopmyna mepuoga M3MEHEHUS YIJIOBOH CKOPOCTH BEIYIIETO
3BEeHa (ﬂlj MexaHu3Ma (U3MYECKOro MasTHHKA OyIeT HMeTh

clenyuui BUI:

2m w®
T, = —@—). [eer] (15)

Fo Do

C y4eToM 3aBUCUMOCTH (6) nMeeM:

2T mg-l

Iy = ——+—5) feex] (16)
Do I P
TakuMm  00pa3oM,  MOJIOXKEHHE  HMJIM  COCTOSTHHUE

KoJieOIromerocss 3BeHa (ﬂlj MexaHu3Ma (QU3MYECKOro MasTHHKA

(Puc.1) onpenensiercst 06001IEHHbINH KOOPAUHATON — ().

Bemmunna, obpatHas mepuomy — kosebamus  (T),
Ha3blBaeTCs 4acToToil koneOanus (f) W paBHsETCS YHCIY
KoJIeOaHuii B CEKyHY:

1
=g [leer] = I " (17)

[Mon kpyroBoi YacThIll TOHMMAETCS YUCIIO KOJIeOaHUH 3a

21T cexyHn:

27
W, = 27T f = ?—r, [1/cex]=[pao/cex] (18)

C yuerom (18), dopmynsr (16) 3ammmeM KpyroByio
4acTOTy KosieOaHMSI  BEOyIIero  3BeHa (ﬂlj MeXaHU3Ma
(U3MIEeCKOro MasiTHUKA B ()OpME 3aIIHCH:
wel
m-g-

w, =@, |1+ , [pao/cex] (19)

[lo dopmyne (19) paccumteiBaeTcs Kpyromas dYacToTa
COOCTBEHHBIX ( CBOOOAHBIX) KOoJeOaHUH MexaHH3Ma (U3MYECKOTO
MasTHHKA B PSKUME HEPaBHOMEPHOTO  BpAILCHHUs BEIyIEro 3BeHa

(T11). Bpems, B TeYeHHH KOTOPOTO COBEPUIAETCSA OJHO MOJHOE,

nasbiBaercsa nepuoniom (T), napamerpor: (b, u T — He 3aBucar ot

HAYaIbHBIX YCIIOBHH u SIBIISTFOTCS HEU3MEHHBIMU
XapaKTePUCTHKaMHU KoJeOomeicss cucreMbl. YpaBHeHue (7)
HEJIMHEWHOE, €CJIM OTPAHWYUTCS MalbIMH YTJIAMH OTKJIOHCHUS

BEAYILETO 3B€HA (?11] MexaHu3Ma (U3UIECKOro MasiTHUKa @<<1,

TO MOKHO €& ynpocTuth.  I[Ipu 3TOM ypaBHeHue (7) CTaHOBUTCS

JIMHEUHBIM:
P+w =0 (20)

CoOCTBEHHBIMH ~ KOJICOAHUAMM  SIBISIIOTCS  JABMDKEHHS,
coBepuIaeMble  KoJjeOaTenbHBIH  CHCTEMOH, KOTopas  mocie



KPaTKOBPEMEHHOTO BHENIHETO BO3MYIICHMs MpEACTaBICHA CaMOi
cebe. Ilpm 3TOM HMPOMCXOAAT NMEPHOAUYECKUE MEPEXOABI OJHOTO
BUJa DJHEPTHM B JpYyroit T.€. MOTEHIMATbHAS  SHEPTHS
(ompexnensemast OJIOKEHHUEM CHCTEMBI) M HA000POT.

Ecim cymma »Tux osHepruii B mpomecce KoiebaHHit

coxpaHserca ,T0 KoiebaHUS OyayT HexeMnpHpPOBaHHBIMU
(He3aTyxalOIMMH) W CHUCTEMa B JTOM CIydae Ha3bIBaeTCs
KOHCEpPEaAmuGHOIL.

Ecnu sHeprust cucTeMbl yMeHbIIaeTcs (Hanpumep, H3-3a
HaJIM4YUsL  TPEHHA), TO  HPOHUCXOIAT  AEMI(HPOBAHHbIC
(3aryxaromue) KosieOaHus u cucTemMa Ha3bIBaCTCS
HEKOHCEPBAMUBHDLIL.

KpyroBast gacrora coOCTBEHHBIX KOJICOaHMH BEIYIIErO
3BEHa (ﬂl) MeXaHU3Ma (PU3NUECKOr0 MasTHUKA B pPEXUMeE

Ka4aHus paBHO :

m-g
@, — ., [pao/cex]  (21)

IMepron coOCTBEHHBIX KOTeOaHNU BEIYIETO 3BEHA (ﬂlj

MCXaHHU3Ma (1)I/I3I/I‘IGCKOI‘O MasTHUKA B PEIKUME Ka4aHUA:

21
T="=2m.
W

L [cex] (22)

m-g-.!’

Ipu 3HaueHusx napamerpos: n=3,14; g= 9.81M/(2E‘I’E2
MOXXHO CUHTATh
m-12 2
J=———, [ke* M7]
3
YMHOXHMM HenuHeHHoe muddepenHuansaoe ypasHenue (20) Ha
(i’) U IPOUHTErPUPYEM:

d: 2
2~ () =0,

.2

v . d
2 S

X X t+wx X =—
dt(Zj dt

uiu
%% 4+ w? -+ x? = const. (24)
IMony4eHHoOe ypaBHEHME TIPENCTABISIET COOOM ypaBHEHHE

(ha3oBoi TPacKTOPHHM, T.C. YCTAHABIMBACT 3aBUCHMOCTb MEXIY
X H X

124

Jluteparypa.

1. Haypebaes P.K. u np.Teopust camoycraHaBIUBaIOIIUXCS
KMHEMAaTHYEeCKUX LeNeil  NPOCTPaHCTBEHHBIX HCIIOIHUTENBHBIX
MexaHn3MoB: -MoHorpadus, Anmartsl.:«Tayap»,2000.-494c.

2. Haypezbaes P.K. u gp. CoBpeMeHHas MpUKIaJHAs MEXaHHKA. -
Ammartsr: Cepust: «MamuHacTpoenuey, 2004.-464c.

3. Haypembaee P.K. Anamm3, cumHTe3 U  pa3zpaboTka
CaMOYyCTaHOBJIMBAIOLINXCS [MIAPHUPHO-CTEPIKHEBBIX MEXaHU3MOB C
ruOkumu  cBszamu: Jlucce....... JIOKT.TEXH.HayK., Anmatel, 1993.-
484c.
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Abstract: The current paper presents numerical approach of velocity performances estimations for the EFP (Explosively Formed
Projectiles). The proposed method mathematically develops velocities parameters of a particular segment for EFP liner propelled by
explosive process. The numerical method is developed, to provide estimations about behavior of projectile vs. time in the EFP forming
process powered by explosion. The model is valid for performances estimations of EFP warheads and design data for optimal EFP
configuration. Simulations are supported by the software Autodyn for numerical modeling respectively. The obtained numerical results are

compared with the available experimental data.

KEYWORDS: EXPLOSIVE FORMED PENETRATOR, NUMERICAL SIMULATION, VELOCITIES DISTIBUTION, AUTODYN,

1. Introduction

Nowadays, the EFP warheads are present in many systems that
expect appropriate modernization and/or optimization; as artillery
sub-munitions, antitank missiles, mines etc. Approaches which
define the processes of explosively formed projectiles [1-4] are one
of the most sophisticated problems of rigid body mechanics based
on the elastic to plastic theory. The distinguishing problem of the
EFP projectiles is the velocity of the EFP liner. This velocity is
generated in the explosively driven process and the dynamics of
their evolution is the main topic of this paper. Recently, most papers
are based on numerical methods [5-10] which determine the
projectiles velocity performances based on detailed modeling of the
loadings and deformation process during explosion. Numerical
software, particularly Autodyn, which is often used for detailed
analyses in numerical simulations, require comprehensive
preparation of the expected initial data but some others methods as
it analytical are less precise but enough reliable and provides much
faster data obtaining for the applications of warheads performances
estimations.

The current paper presents software based on the previously
studied analytical method as a solution to provide the ability to
preliminarily estimations as well as numerical solution of the same
rooted liners velocities. This methodology provides ability to
analyze the adopted design of warhead’s performances by more
precise numerical software like Autodyn.

The research based on the analytical models presented in papers
[1-5], provides crucial information about the EFP performances in a
short time without required comprehensive initial data preparation.
The algorithm presented in further papers provides the possibility to
directly export the adopted geometry of EFP liners integrated with
warheads into Autodyn numerical software, from the software
package Matlab, which considerably decreases preparation time.

The results of numerical method contribute in improving the
accuracy of EFP velocity estimations. This is achieved by an
appropriate augmentation in the number of the grid elements for the
method used.

2. Numerical approach

Numerical approach based on the finite element method is used
in this research in order to be compared with experimental data.

The properties of the adopted simulation model mesh [12-19]
are given in Table 1. The mesh density is determined taking into
account accuracy as well as reasonable simulation run time within
available computer facilities.
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Figure 1a and 1b shows configuration of EFP warhead as well
as appearance of created mesh for each component separately.

The simulation sample volume in numerical approach is
observed as the quarter shown on the figure 1a and 1b.

Presented analysis uses fully Lagrangian solver, where after 35
Ks, detonation products are not influenced into forming processes.
But that average liners final velocity comparative with analytical
modeling corresponds not to the 35 ps instant of forming time then
about 70-150 ps where dynamical process is fully completed
(figures 5 and 6).

A wide range of metal powders (from light alloys through steels
to super-alloys and composites) is currently available for DMLS
process and other new materials are under development. Table 1
lists mechanical properties of selected powder materials.

Table 1: Grid properties of the numerical approach [3]

Type 1 Type 2*
Conditions 1 2 1
Liner 7776 6125 7776] 6125
Explosive 10496 9000 10496 | 9000
Cover 15006 | 12000 - -
Back plate 768 450 768 450
1 - nodes; 2 —elements;

Figure 1b: Geometrical configuration of EFP sample type2
(without cover) and finite elements mesh



The loading forces distribution model is expressed by the
detonation pressure products and is determined according to Jones-
Wilkins-Lee [1] by the equation of state:

w

p=K(1—R(f—V)e(_R1V)+K1 (1—R2—V

JeCRD 25 (1)
where V and E are represented as V = polp , E = poe , po is the

current density, p is the reference density, e is the specific internal

energy and K, Ky, Ry, R, and w are constants for the given explosive

material [1,2].
3. Simulation model

The comparison of these methods is performed on the sample
design fig 2, with accepted, fixed EFP liner form and explosive
charge, with and without metal cover. Adopted explosively driven
projectile model and its elements of geometry, presented in the
paper [2], and design characteristics of testing sample as in the [14]
are shown in Fig. 2. The model does not include the fuze and wave
shaper integrated in the warhead design and influenced on the real
performances modeling.

The properties of explosive and other materials used in
simulations are given in Table 1 [14]. In tested examples, the
initiation point is located on the warhead bottom and lies on axis of
symmetry [14] (Fig. 1).

Type 1

Type 2

i -
- /FE .f:.l

¥

M

Figure 2: Types of testing sample and their basic dimensions: 1 -back
plate, 2 -explosive charge, 3 - liner, 4 - initiation point, 5 —cover.

Table 2: Geometrical parameters for EFP sample models [3]

Design parameter | Type 1 | Type 2*
Length of charge L [mm] 85 85
Caliber D [mm] 57.2 57.2
Thickness of back plate t1 [mm] 5 3
Cover thickness t2 [mm] 5 -
Inner radius R1 [mm] 60.4 71.3
Outer radius R2 [mm] 60.4 71.3
Thickness of liner edge 81 [mm] 15 15
Thickness of liner center 82 [mm] 2.7 2.7
Type initiation p. p.
* -experiment; p. —point initiation

Analytical and numerical approach used Octol as explosive
material with density of 1.82 g/cm3 and detonation velocity 8480
m/s as well as steel as cover and iron as liner material. The
experimental sample was tested on the proving ground as a type 2
[14] in Table 2.

4. Results and discussion

Two types of simulation samples of the liners and explosives
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integrated have been considered through represented modeling in
numerical approach.

Figures 3 and 4 show energy distribution vs. time during
projectile forming. Kinetic energy represents penetration capability
of formed projectiles.

The plastic works, is important for liners’ design and for
selection of appropriate material. Figure 3 and 4 represents
nonlinear and uniform distribution of plastic energy. It means that
liner during formation had proper deformation also influenced on
the velocities distribution. If that curve in initial phase of formation
has no permanent increase, this indicates the liner had the fracture.

Table 3 shows differences in the energy distribution obtained by
the numerical and analytical approach. In table 3 are presented next
values: absolute initial velocity VO [m/s], kinetic energy Ek [J],
axial deformation energy ADE [J], radial deformation energy RDE
[J] and plastic deformation energy/plastic work PW [J].

x 10"
& T T T T T T T 1500
4+ <1000
;
ik =
& =
B —B— Kinetic energy 5
E e Plastic work ;
S o
2r 500
0 . . . . . 1 0
0 01 002 003 0.04 0.05 0.06 0.07 0.08
Time [ms]

Figure 3: Energy distribution during time of the forming of explosively
formed projectile, sample type 1, obtained by numerical method [3]

x10° Numerical method

1000

=
-
.
€ ol 500
L = Kinetic energy
2 i Plastic work
3

0 1 1 1 1 1 1 1 JJ

a 0.02 0.04 0.08 0.08 0.1 012 0.14 0.16
Time [ms]

Figure 4: Energy distribution during time of the forming of explosively
formed projectile, sample-type 2, obtained by numerical method [3]

These parameters are collected as the consequence of
considering problems of deformation energy in the numerical and in
the analytical models. Differences between two types of samples
show that cover of the explosive sample influences as to increase of
kinetic energy of projectile and also the increase of total plastic
deformation work [1,2,10,13,20].

work [J]

Plasti
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Figure 5: Shape of projectile configuration during forming to the final
shape in 70 ps of sample-type 1

Figure 6: Shape of projectile configuration during forming to the final
shape in 150 ps of sample-type 2
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Numerical simulation also reproduces expected shapes of
projectiles at the end of forming process shown in (Figs. 5 and 6).
For the sample type 1 (Fig. 5) projectile is formed with its final
shape after t=70.5 ps at the distance 265.31mm, realizing final
velocity of about 2860 m/s. For the sample type 2 (Fig. 6) these
values are corresponding to the instant t=150 ps, at the distance
418.2 mm and velocity 2435 m/s. That means that sample type 2
has much less coefficient of energy efficiency than covered
warhead charges [10]. The final projectile shape joint with
considered  velocity performances influences two  basic
performances important for EFP warhead design — penetrability and
precision.

5. Conclusion
The next conclusions are presented as the result of this study:

The numerical approach is a well-designed tool for the EFP
velocity and energy modeling and estimations.

Numerical method gives more accurate results regarding
velocity in comparison with analytical methods and these results are
very close to experimental data, with error of les then 1.5%. It
should be noted that numerical method is useful for the shortening
the development time of EFP warheads during design and reduces
the cost of their experimental testing.

The same configuration of liners and explosive charges with
and without metal covers produced different shapes of explosive
formed projectiles. Sample type 1 produced EFP as the plastic solid
shape less adoptable for distance flight, and sample type 2 produced
EFP with more adoptable shape for distance flight regarding
aerodynamical drag.
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Abstract: In this study, the effect of production parameters of B,C + ZrO, composites on density was modelled by using Artificial Neural
Network (ANN). The composites were produced by using powder injection molding method (PIM). In the sintering stage, pressureless
sintering method under argon atmosphere was used. As the production parameters, amount of additional (A, wt.%) and sintering
temperature (T, °C) were defined. The main aim of the study is to obtain the experimental conditions giving maximum density. As a results of
this study, the production parameters of hard sintered materials like B,C + ZrO, could be modelled by using ANN method to optimize and
predict because the prediction error is blow percentage of 10%. Therefore, the research and development time and cost can be reduced by

using this method.

Keywords: POWDER INJECTION MOLDING, ARTIFICIAL NEURAL NETWORK, MODELING

1. Introduction

In the literature, most of article about sintering of boron carbide
is related to fabrication of boron carbide via hot isostatic pressing
and hot pressing method. There are several studies in the literature
about the pressureless sintering of boron carbide with additive or
non-additive. T.K. Roy et al produced boron carbide ceramics with
and without additives (C, TiB,, and ZrO,) by pressureless sintering
method to obtain dense samples for use as neutron absorber in fast
breeder reactors in 2006. They investigated the effect of particle
size and sintering temperature on density and microstructure. The
compacts were fired in the temperature range of 2225-2375 °C
under vacuum [1]. The effect of ZrO,-3 % Y,0; addition on
densification, sintering behavior and mechanical properties of B,C
was studied by H.R. Baharvandi et al in 2006. The adding amount
of Zr0,-3 % Y,0; was 0-30 wt.% and sintering temperature was
between 2050-2150 °C [2]. In the 2007, the B4C-metal boride
composites were derived from B4C/metal oxide mixture by A.
Goldstein et al. The green pellets were sintered from room
temperature to 2180 °C under Ar atmosphere via pressureless
sintering method. In this study, TiO,, ZrO,, V,0s, Zr,03, Y,03 and
LaO3 were used for addition [3].

In this study, B,C + ZrO, composites based part produced by
powder injection molding method were investigated Density
properties of the sintered products were evaluated in sintered
condition. The production parameters were modelled using artificial
neural network method.

2. Materials and Method
Materials

Boron Carbide (B4C) is an important non-metallic hard material
with high melting point (2450 °C), high hardness (25 to 35 GPa-
next only to diamond and cubic boron nitride), high elastic modulus
(450 GPa), high flexural strength (350-500 MPa) and low density
(2.52 g/lcm3) [1, 4]. ZrO2 is the ceramic material with adequate
mechanical properties. In this thesis study, commercially available
B4C powder (ABSCO Co, UK) was used. Additive powder, ZrO2
Stack, Germany) powders were used. For molding the mixing
powders, binder materials and their rates must be defined. The
primary required the binder is to allow flow of the particles into the
cavity. Paraffin Wax (PW), Carnauba Wax (CW), Polypropylene
(PP) and Stearic Acid (SA) were selected for binder system.

Some properties of binder system components are shown in
Table 1.

Table 1: Some properties of the binder system components

Binder Type Density (g/cm®) | Melting Point °C
Paraffin Wax (MERC) 0.9 90
Carnauba Wax (MERC) 0.97 112
Polypropylene (MERC) 0.89 161
Stearic Acid (MERC) 0.85 73
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Method

Powder Injection Molding (PIM) which enables to produce
products with high dimensional accuracy in such a way to have
excellent, fine grain structure and non-anisotropic mechanical
properties [5] is an advanced manufacturing technology. The other
words, PIM method is a new technology and uses the shaping
advantage of injection molding but it is applicable to metals and
ceramics. Complex, precision, and net shape components are
produced by PIM method from metal or ceramic powder. In recent
years, PIM has established it-self as a cost-effective production
technique derived from plastic injection molding, allowing large
scale production of complex part [6]. The product produced by PIM
is expected to have more homogenous microstructure since
hydraulic pressure is filled up uniformly. Also. Fabrication cost
could be eliminated significantly by reducing machining and
recycling use of feedstock [7].

PIM method has four steps: 1) Preparation of feedstock, 2) Injection
of molding, 3) Solvent and thermal debinding, 4) Sintering [8, 9].
The flow chart of PIM method is shown in Figure 1.

The first mold was designed based on Metal Powder Industries
Federation (MPIF) standard 50. The mold was shown in Figure 2.
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Figure 2 Flow chart of powder injection molding method [7]

Figure 3 The mold based on MPIF 50 and 59 standard

As a results of pre-experimental studies of PIM methods, the
optimal binder materials ratio was defined and listed in Table 2.

Table 2 Mixture ratio of binder system

The full factorial experimental design was used as preparation
experimental table. The Input parameters and their levels of
experimental design was shown in Table 3.

_ PWWt | CWwt | PP(wt. | SA(wt
Binder Types %() %)() oA(,) 0/é)
Mixture

Ratio 69 10 20 '
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Factors 1 2 3 4 5 6
A: Amount of Ad. (wt.%) 0 2 4 8 12 16
B: Sint. Temp.(°C) 2000 2100 2200
The total experimental number according to full factorial

experimental design is 18 experiments. The experiment conditions
of each experiment number was prepared. The main powder and
additive powder was mixed using Turbula Mixer with 3
dimensional motion to be obtained homogenous mixing. The next
step, the feedstock was prepared for powder injection molding
procedure. In this step, special custom made device was used. The
mixed powder and binder system materials was mixed under 130 -C
temperature and 200 rev./min mixing speed. The granules were
obtained by hand and the standard samples were injected by custom
made powder injection molding device. In the injection molding
device, molding pressure was 15 bar, clapping pressure 10 bar,
barrel temperature was 160 °C, and Molding speed was 15 sec.
From the injected parts, the binder other than Polypropylene was
achieved debinding in solvent. In this step, to provide uniform
temperature, hot water was circulated continuously around the
container of samples with heptane. Thermal debinding process was
performed in furnace under Ar atmosphere. After the debinding
processes, the samples were sintered using custom made sintering
furnace with graphite resistance under Ar atmosphere.

After the sintering, the samples were cut by means of diamond
cutting disc. The density of each part was measured by Archimedes
Method.

Avrtificial Neural Network

After the experimental studies, the experimental numerical results
were obtained. In the ANN processes, first step the data was
normalized between 0 and 1. Then, the data was divided into
training data set (75%) and testing data set (25%). After this step,
the ANN topology was prepared. In this study, multilayer
perceptron (MLP) of ANN structure was used. In this structure,
there are there layers: input layer, hidden layer and output layer. In
the input layer, the number of processes element (artificial neuron)
corresponds to the input parameters of experiments. The output
layer processes elements correspond to the output parameters of
experiments. In this study, there are 3 artificial neurons in input
layer, and there are 1 artificial neuron in output layer. The number
of hidden layer neurons was found to be between 1 and 50 by trial
and error method under 50 000 epochs. In this study, there are 3
step of ANN procedure, 1) training, 2) testing, and 3) production
step. In the training step, optimal ANN structure was obtained using
mean square error (MSE) performance criterian. The next step,
testing step, the test performance of optimal ANN structure was
tested and evaluated. Final step of ANN procedure, the new
experimental results were predicted using this optimal ANN
structure. The ANN structure of this study was shown in Figure 4.

Amount of
Addition =~ —

Sintering —® Density
Temperature —p»

Figure 4 The ANN structure of this study



3. Results and Discussion

After the experimental studies, the experimental results were
obtained and the relative density was calculated for each
experimental conditions. The experimental results were listed in
Table 3.

Table 3 The experimental results

# A[wt%]  B[C] Y1[%)]
1 0 2000 58
2 0 2100 63
3 0 2200 68
4 2 2000 61
5 2 2100 95
6 2 2200 85
7 4 2000 57
8 4 2100 96
9 4 2200 73
10 8 2000 69
11 8 2100 72
12 8 2200 75
13 12 2000 66
14 12 2100 73
15 12 2200 72
16 16 2000 64
17 16 2100 67
18 16 2200 71

After the applying ANN procedure, the training results was shown
in Figure 5. The optimal ANN structure was define using this
results. In the optimal ANN structure, the number of hidden layer
neurons is 20. This value was obtained at 50 000 iterations. Final
MSE is 0.46.

0s4

e Tralning

------- + 1 5tandard Deviation

Average of Min MSEs

1 Standard Deviation
044

0.42

2 6 W 14 1B 22 26 30 34 38 42 46 50

Hidden 1 PEs

Figure 5: Training results of ANN

In the test steps, the optimal ANN was evaluated by two methods.
In the first method, the testing operations was conducted by using
training data set, the second method, the testing operations was
performed by using test data set. The training data set testing results
was shown in Figure 6. In this operations, the correlation coefficient
is 0.99, and the percentage error is 0.028%.
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Figure 6 results of training data set testing

The second test operations results were shown in Figure. In this
step, the percentage error is %9.36, and correlation coefficient is 0.
95.
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Figure 7 Results of testing data set testing

4, Conclusion

In this study, the production parameters of boron carbide
composites were studied and evaluated. Firstly, the powder
injection molding method was applied. In this step, the main
powder and additive powder was mixed, and then the feedstock was
prepared using binder systems. After the granulation, the standard
samples were injected. The solvent debinding and thermal
debinding processes was applied and then the debinded parts were
sintered using different sintering temperature. The densities of
sintered samples were measured by using Archimedes Methods, and
the theoretical density and relative density values were calculated
related formula. After the experimental studies, the optimal ANN
structure was obtained using traning, and testing operations. In the
testing steps, the percentage error of training data set was 0.029%,
and correlation coefficient 0.99, the percentage error of testing data
set was 9.36% and correlation coefficient is 0.95. The optimal ANN
stricter consist three layer; 1) input layer (3 artificial neurons), 2)
hidden layer (20 artificial neurons), and 3) output layers (1 artificial
neurons). As a results of this study, the artificial neural networks
method was used to modeling the production parameters of hard
sintered materials like boron carbide composites.

5. Acknowledgements

This work is support by Scientific Research Project Program of
Marmara University (Grand: FEN-K-110117-0019).

6. References

[1] Roy, T.K., Subramanian, C., Suri, A.K. (2006) Pressureless
Sintering of Boron Carbide. Ceramic International, 32, 227-233

[2] Baharvandi, H.R., Hadian, A.M., Abdizadeh, A. (2006)
Investigation on Addition of ZrO3-3 mol% Y203 Powder on
Sintering Behaviour and Mechanical Properties of B4C. Journal of
Materials Science, 41(16), 5269-5272

[3] Goldstain, A., Yeshurun, Y., Goldenberg, A. (2007)
B4C/Metal Boride Composites Derived from B4C/Metal Oxide
Mixtures. Journal of the European Ceramic Society, 27, 695-700

[4] Beaudet, T.D., Smith, J.R., Adams, JW. (2015) Surface
energy and relaxation in boron carbide (1011) from first principles.
Solid State Communications, 219, 42-47

[5] Giilsoy, H.0., Ozgin, O., Bilketay, S. (2016) Powder
injection molding of Stellite 6 powder: sintering, microstructural
and mechanical properties. Material Science & Engineering A, 651,
914-924



[6] Bleyan, D., Hausnerova, B., Svoboda, P. (2015) the
development of powder injection molding binders: A quantification
of individual interactions. Powder Technology, 286, 84-89

[7] German, R.M. (1996) Sintering Theory and Practice, Wiley,
San Diego

[8] Baojun, Z., Xuanhui, Q., Ying, T. (2002) Powder injection
molding of WC-8%Co tungsten cemented carbide. International
Journal of Refractory Metals & Hard Materials, 20, 389-394

[9] Nyberg, E., Miller, M., Simmons, K., Weil, K., S. (2005)
Microstructure and mechanical properties of titanium components
fabricated by a new powder injection molding technique. Materials
Science and Engineering C, 25, 336-342

132



IN SILICO MODELING AND EVALUATION OF BASFIA SUCCINICIPRODUCENS
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Abstract: Today's biology has become a data-rich field and the utilization of these data to the deep understanding of function and structure
of biological systems is mandatory. Hence, genome-scale metabolic models (GEMs) are created in order to analyse complex biological
systems and incorporate all the genomic, proteomic and metabolic data available into mathematical models. GEMs can be used for example
to predict metabolic fluxes or redesign the metabolism of microorganisms to create industrially important strains, capable of producing
various natural and non-natural metabolites. The extending concept of bio-based economy is based on the bioconversion of renewable
feedstocks to value added chemicals such as succinic acid or 1,4-butanediol (BDO). Basfia succiniciproducens is a relatively unexplored
succinic acid producing bacterium with advantageous features such as broad substrate utilization or facultative anaerobic metabolism, with
application possibilities in today’s metabolic engineering-based biotechnologies. The purpose of this study was to investigate in silico the
BDO production potential of B. succiniciproducens using formerly designed biosynthetic pathways of BDO starting from different carbon
sources. To our best knowledge, this is the first attempt to analyse the host strain metabolic potential for BDO production from glucose,
glycerol and xylose in this host chassis using a systems biology approach.
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MOJEJIMPOBAHUE IMOJTHOM MIJI-3AJTAYY B CITUPAJIBHOM TOPOUJAJIBHOM
IHOTOKE

SIMULATION OF AFULL MHD-PROBLEM IN A HELICAL TOROIDAL FLOW

Yynusa AnToH BuktopoBud kaHauaat, Gpus. - Mar. Hayk, Hay4HbIil cOTpyIHHK

PE3IOME: Maznumozudpoounamuueckoe OUHAMO, 3aKTI0UAIOUeecsl 8 CAMOSEHEPAYUU MASHUMHO20 NOJA 8 ONPEOeEHHbIX MPEXMEPHBIX
nomoxax npogoosueli cpedvl, 8 HACMOosUjee BPeMsl AGNACMCA 21AGHbIM NPEMeHOeHMOM HA ONUCAHUE MASHUMMHBIX NPOYECCO8, NPOUCXOOSUUX
na Connye u euympu 3emau. OOHaAKo NOTHOCMBIO IMOM IPghexm He UccIed08aH, 8 YACIHOCMU, YPe3BbIYAUHO MPYOHO €20 80CHPOU38edeHUe
6 1abopamopHuwix ycnosusx. B nabopamopuu gusuueckoii cudpoounamurku Mncmumyma mexanuku cnaownvix cpeo Ilepmckoeo
pedepanbHo20 Uccie006amenbCKo2o YyeHmpa npoeooOUmMcs OUHAMO-IKCHEPUMER, OCHOBOU KOMOPO20 AGIAEMCS CO30AHUE CRUPATLHO20
meuenuss HCUOKO20 MEMAnla 6 MopouUOAIbHOM KAHAE C SNeKMpPOnpoSooswumu cmenkamuy. Hyeowuecs yuciennbie SKCnepumenmol
NOKA3bI6AION MEOPEMUYECKyIo 603MONCHOCMb 2eHepayuu MAeHUMHO20 NOJA, OOHAKO OHU 6ce Npednonazaiom KuHeMamuieckutl nooxoo (be3
06pamno20 GIUAHUA MACHUIMHO20 NOJIA HA MeYeHue), M. e. ONUCLIBAIon dhgexm moabKo 6 Hauane 3apodxcoenus nons. Jlanvneiiuiee
OnUCaAHUEe COBMECMHOU I80TIOYUU MACHUMHO20 NOSL U NOJISL CKOPOCTIU HCUOKOCIU HEBOIMONCHO 6e3 peutenus césasanHot ("noanoi")
MASHUMO2UOP OOUHAMUYECKOU 3A0a .

B doknade 6yoym onucanbl no0OXo0bl K peuteHuto NONHOU 3a0a4i 0 2eHepayul MAeHUMHO20 NOA U CHUPANILHO20 NOMOKA HECHCUMAEMOTL
9eKMPONPOGoOsUfetl HCUOKOCHU 8 MOPOUOATLHOM KAHATe U NPUGEOEHbl PE3YIbMambl YUCTEHHO20 MOOenuposanus. I1ockonbKy ounamo —
nopo2osulll dghhexm, ONs Karc0020 meweHus Cyujecmeyem MUHUMAIbHAA UHMEHCUBHOCIb (Onpedeniemas 00bIYHO MASHUMHBIM YUCTIOM
Peiinonvoca), npu komopoii on 603HUKAem. B céepxKkpumuueckux pejicumax amniumyoa MazHumHo20 o CHAYANA 603pacmaen
9KCNOHEHYUANbHO (KuHeMamuyeckoe Ounamo), a 3amem HACmynaem m. H. Hacslujenue — MacHUmHoe noje usmeHsen 2uopooUHamuyecKoe
mak, 4mo cKopocms cenepayuu cmanosumces pasroii 0. B ooxnade 6yoym npedcmasnenvl ycmanosuguiuecs KoOHQpueypayuu MazHumHozo0 u
2UOPOOUHAMUYECKO20 NONell OlIsl HECKOTbKUX HAYANbHbIX napamempos. byoem nokasano cpashenue pe3ynsmamos, noayyeHHbIX ¢ HOMOUbIO
NPAMO20 YUCTIEHHO20 MOOENUPOBAHUS IAMUHAPHO20 MEYEHUS U C NOMOWbIO MOOENUPOBAHUS NYPOYIEeHMHO20 MeueHUsl 8 CB0O0OHOM
euopoounamuueckom nakeme OpenFoam.

KEYWORDS: MHD-DYNAMO, PERM DYNAMO, TOROIDAL FLOW, HELICAL FLOW, HELICITY, DIRECT NUMERICAL
SIMULATION, DYNAMO SATURATION
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MODELLING AND EDUCATION: THE ROLE OF MATHEMATICAL MODELLING
IN THE REALIZATION OF CONTINUITY OF THE STOCHASTIC LINE IN THE
SCHOOL COURSE OF MATHEMATICS

MOJIEJINPOBAHUE 11 OBPA30OBAHME: POJIb MATEMATUYECKOI'O MOJIEJIMPOBAHMS B
PEAJIM3ALIMY HEITPEPBIBHOCTU CTOXACTUUYECKOM JINHMU LLIKOJIbBHOI'O KYPCA
MATEMATUKW!

Iep6ateix Cepreit BuktopoBuy
JIOKTOP MEarornyecKux HayK, IOIEHT, TPOPeKTop Mo yueGHoi padore Enenkoro rocyaapcTBeHHoro yuusepeurtera uM. ML A. Bynuna
399770, Jlunenxast obnacts, r. Enen, yn. Kommynapos, 1.28
+74746720275; shcherserg@mail.ru

Pestome: Tlompebrocmsb 6 UCnONb306aHUY NPAKMUYECKUX MAMEPUANO8 NPU 0OYUeHUU CIMOXACIMUKe ONpedeisiemcs mem, Ymo 603-
HUKHOGEHUe, QOpMUPOBAHUE U PA36UMUE OCHOGHBIX CHIOXACIMUYECKUX NOMAMUL U U0l UMEION CE0UM UCMOYHUKOM YUCMO Yelo8eyecKue
ouwyujeHUs U BOCHPUAMUSL.

THonamus, co30annvle cO8BpeMeHHOU CIOXACMUKOU, NOPOU KAXCYMCA 8ecbMa 0ANEKUMU OM peanbHo20 mupa. OOHAKO UMEHHO C UX
NOMOWBIO MHOOAM YOALOCh NOCMUYL MAlHbL CIMPOEHUs. AMOMHO20 A0pd, NO3HAMb X0O XUMUYECKUX DeaKyull, paccuumams OBUNCEHUE
KoCMuueckux kopabne, co30amv 6ecb mMOm Mup MeXHUKU, HA KOMOPOM OCHOBAHO CO8peMeHHOoe npousgo0cmeo. OOHUM U3 OCHOBHBIX
Memo008 No3Hanus npupoovl asasiemcs onvim. C HOMOWBIO ONBIMOE ObLIU YCMAHOBNEHbl MHO2UEe 3aKOHbI npupodvl. Ho ne ecezoa
yenecoobpasno npogooums onvim. OOHUM U3 Hauboee NIOOOMBOPHLIX MEMOO08 CHOXACMUYECK020 NOZHAHUS OKpYdCcarouel Oelcmeu-
MeNbHOCMU ABNAEMCS MEMOO NOCMPOEHUS MAMEMAMUYECKUX MOOeNel U3YYAeMbIX PealbHbIX 00beKMO8 U 00BEKIMO8, YiIce ONUCAHHbIX 6
Opyaux oonacmsx 3HaHull, ¢ Yevlo ux bojee 2nYO6OK020 UVHEHUs U PEUleHUs 6CEX BOZHUKAIOWUX 6 DMUX PEANbHbIX CUMYAYUax 3a0ay ¢ no-
MOWBIO MAMEMAMUYECKO20 ANNapamd.

Brnrouenue mamemamuiecko2o MoOenuposanus 6 yuebHwliil npoyecc oeiaem e2o 60jee payuoHAIbHbIM U 0OHOBDEMEHHO AKMUBU-
3upyem nosHagamenvHyo deamenbHocms yuawuxci. Credo8amenvHo, Ha YypoKe MAmMeMamuxu 0Cyuwecmeisemcs passumue yuawuxcs. Mo-
OenuposaHe Ompasxcaem meopemudecKuil Cmuib MblieHUs, KOMOPbli COOCUCmMBYem paseumuio Yuaumuxcsa u npuoouaem ux K Hayu4HoMmy
CMUIO MbIWAEHUS, NOIMOMY HOHAMUE MAEMAMUYECKOU MOOeNU U HEKOMOpble 00ujue NOIONCEHUS, CEAAHHbLE C HUM, OOJINCHbL 8 MOU Ul
UHOTI POpMe UNTIOCHPUPOBATNCA HA NPOMANCEHUU 6Ce20 NePpUodd 00YyYeHUs Cmoxacmuke 6 WKoJe.

Hoknao 6ydem nocesawen npobneme peanuzayuu Memooa Mamemamuyecko20 MoOeIUposaHus npu HenpepbleHOM 00YYeHUU HOBO-
MY KOMNOHEHMY UKONbHO20 MAMEMAMUYECK020 00pa308aAHUsA — CINOXACHUKE.

KITIOYEBBIE  C/IOBA:  MATEMATHYECKOE  MOJEJIHPOBAHHE,  OBLJEOBPA30OBATEJIPHAA  ILLIKOJIA,
HEITPEPBIBHOCTBH CTOXACTUYECKOH JINHHH.

Abstract: The need for the use of practical materials when teaching stochastics is defined by the fact that the emergence, formation
and development of the basic stochastic concepts and ideas have the source purely human feelings and perceptions.

The concepts created by the modern stochastics sometimes seem very far from the real world. However with their help people suc-
ceeded to comprehend the mysteries of the structure of an atomic nucleus, to learn the course of the chemical reactions, to calculate the
movement of spaceships, to create all that world of the equipment on which the modern production is founded. One of the main methods of
the knowledge of nature is experience. By means of experiences many laws of nature have been established. But it isn't always expedient to
make experiment. One of the most fruitful methods of stochastic knowledge of the surrounding reality is the method of the creation of the
mathematical models of the studied real the objects or objects which are already described in other fields of knowledge, for the purpose of
their deeper studying and the solution of all arising in these real situations of tasks by means of the mathematical apparatus.

The inclusion of mathematical modelling into the educational process makes it more rational and at the same time it stirs up the
pupils’ cognitive activity. Therefore, at a lesson of mathematics the development of pupils is carried out. Modelling reflects the theoretical
style of thinking which promotes the pupils’ development and acquaints them with the scientific style of thinking therefore the concept of
mathematical model and some related general provisions have to be illustrated in this or that form throughout the entire period of teaching
stochastics at school.

The report will be devoted to the problem of realization of the method of mathematical modelling while teaching continuously a
new component of the school mathematical education — stochastics.

KEYWORDS: MATHEMATICAL MODELLING, COMPREHENSIVE SCHOOL, CONTINUITY OF THE STOCHASTIC LINE.

! YiccnenoBanne BBIMONHEHO npu ¢$puHaHCOBOU moiepkke Poccuiickoro ¢onma GyHraMEeHTAIBHBIX UCCICIOBaHUI (OTACICHHE TY-
MaHHUTapHBIX U 00mIecTBeHHBIX HayK). [Ipoekt 17-36-01004 «Teopernko-MeToquIecKre OCHOBBI Peaan3alid HeMPEePbIBHOCTH U MPEEMCT-
BCHHOCTH B Pa3BUTUH CTOXaCTHIECKOH JIMHHUHU NIKOJILHOTO Kypca MaTeMaTHKH B pycie HeH CHCTEMHO-ISSITeIbHOCTHOTO TTOIX01ay.
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Yepe3 moHATHE MAaTEeMaTH4ECKOW MOJENM pacKpblBaeTcss  00pa3oM, pacCMaTpHBAIOTCS HECKOJBKO Ppa3iMYHBIX MOAENEH H

JIBOWHAS CBSI3b MAaTeMaTHKU C peaidbHbIM MHUpoM. C OfHOM CTOpO-  peliaercs, Kakas M3 HHUX JIy4lle BCEro OTOOpakaeT H3ydaeMbli
HbI, MATEMaTHKa CJIY)KHT IIPAKTHKE [0 U3YYEHHUIO U OCBOCHHIO 00b- nporiecc.

€KTOB OKPY’KaIOLIEro peanbHOr0 MHpa, C APYrol — cama >KHU3Hb, Tperuii mwar 3akiao4aeTcsl B IEPEBOJE NOIYUEHHOH, emé
MIPaKTHKa CIOCOOCTBYIOT JaJbHEHIIEMY Pa3BUTHIO MAaTEMaTHKH. «HedopMansEHOI» MOJEIH B MAaTEMAaTHYECKYIO0 MOJIEIIb, U BKIIFOYAaeT

TpuaepkuBasick MHEHHS aBTOPHTETHBIX Yu€HBIX [1-4], B ce0sI pacCMOTPEHHE CIOBECHOTO OIMCAHMS ATOH MOJIEIH, a TaKXkKe
OCHOBY METOJ]a MaTEeMaTH4YEeCKOT0 MOJEIUPOBAHMS COCTABIIIOT  ITOMCK IOAXOJSIIEr0 MaTeMaTHdeckoro ammapara. Ciexyer oTMe-
CJIeTYIOIIE 3TalbI IIPOIecca MaTeMaTH3aIiH: THUTB, 9TO TO CaMbIH CIIOXKHBIN ATAIl BO BCEM IIPOIECCE MOJECIHPO-

— JTall nepexoja OT CUTYalluH, KOTOPYK Heo0XOAuMO BaHus. [Ipu 5TOM CcTanus nepeBona Taut B cede psij onacHocred. C
paspemunTh, K GOopManbHONH MaTeMaTH4ecKOW MOJENH 3TOH CUTya- OJTHOW CTOPOHBI, caMu MO cebe «HepOopMalbHBIE) MOJEIH YacTo
MY, K 4ETKO MOCTAaBJICHHOH MaTeMaTH4ecKol 3amaue — sram Qop- HEOJIHO3HAYHBI, U MO3TOMY CYIIECTBYET HECKOJBKO CHOCOOOB IIe-
MaJu3aLuy; peBona «HeOopMaIbHOW» MoJenn B MaremaTtnueckyro. C napyroit

— pelIeHHUEe MOCTaBICHHON MaTeMaTH4ecKOW 3ajaud Me- CTOPOHBI, fA3BIK MAaTEMAaTHKU (B 4aCTHOCTH, CTOXACTHKH) JIMLIEH
TOJJaMH, Pa3BUTHIMH B CaMOil MaTeMaTHKe JUIs 3a/1ad JaHHOTO THIIA, JIBYCMBICJICHHOCTEH 1 Oojee TO4eH, 4eM JKUTeHCKuid s3pIk. biaro-
COCTaBIISIET COJEPXKaHHE BTOPOTO dTala — dTala pemieHus 3aJadd  Japsl eMy HCCIeIyeTcsl CKPBITBIA CMBICT pa3iIHuuil B hOpMyIHPOB-
BHYTPH OCTPOCHHOI MaTeMaTHIECKOH MOJIEIH; KaX, KOTOPBIA NMPAaKTHIECKH HEAOCTYIIEH MCCIETOBAHUIO ITOCPEACT-

— HMHTEpIpETaIys ITOJIYYCHHOTO PELICHHs MaTeMaTHde- BOM JKHTEHCKOTO SI3bIKa.

CKOIi 3a/1a4H, IPUMEHEHHS 3TOTO PEIICHHS K HCXOHON CUTYyalluu U Cnenyromuid stanm — IOJy4eHHE MaTeMaTHYeCKOro pe-
COIIOCTABIICHUS €r0 C HElO. 3yJbTaTa, T.C. PEUICHUE 33/1a4l B PaMKaX MaTeMaTHYECKOil TEOpHH.

KopoTko 3TH TpH 3Tana MO>KHO Ha3BaTh: OH sBIIsieTCS PELIAONINM B MaTeMaTHYeCKOM MojeaupoBanuu. Ha

1) MIOCTPOCHUE MAaTeMaTHYECKOH MOJeNy; JTAHHOM 3Tarle MPUMCHSIOTCS BCE U3BECTHBIC YYCHUKY CTOXACTHYC-

2) MOJTy4eHUE MaTEeMaTHUECKUX Pe3yIbTaToB; CKHE METOIBI C LIeJIbI0 (POPMAJIBEHOTO BBIBOJA CIEICTBUH M3 MCXO-

3) MIPUHATHE peneHus (BBEIBOBI B PeaJbHOM MHUPE). HBIX JIOIyIIeHni Moaenu. Ha cTaqun moiydeHns: MaTeMaTH4ecKoro

Cremyer OTMETHTH, YTO HEJOOICHKa Ka)KAOTO W3 pac-  pe3ylbTaTa MMEIOT Jel0 C YUCTBIMH MaTeMaTHUeCKHMH aOCTpak-
CMOTPEHHBIX ITAIlOB MPUBOJMT K CYIIECTBEHHBIM 3aTPYIHEHUSIM B OUSAMH U HUCIIONB3YIOT OIWHAKOBBIE MAaTeMaTHYeCKHE CPEeICTBa.
HCIIONB30BAHUU METO/Ia MaTEMAaTHYECKOTO MO/ICTUPOBAHUSL. JlaHHBIH dTam IpeAcTaBiIseT coOOM NEeNyKTHBHOE SApO Iporecca

Haubonee OTBETCTBEHHBIM SIBIISICTCS TIEPBBIH 3Tam — MO- MaTEeMaTH4YeCKOr0 MOJICIMPOBAHUSL.

CTpOEHHE MaTeMaTH4ecKkoi Mozenu. OHO OCYIIECTBIISETCS JIOTHYe- Ha nocienHeM STane MOJyYCHHBIC B XOJE PEIICHHS BBI-
CKHM ITyTEM Ha OCHOBE TIIyOOKOT0 aHAJIM3a M3Y4aeMOTO SIBJICHUS U BOZIBI IIPOXOAAT Yepe3 eIlé OJIMH MPOLEcC NepeBoia — ¢ SA3bIKa Yuc-
TpeOyeT yMeHHs OIHCaTh SBJIEHHUE Ha SI3bIKC MaTeMaTHKH (B YacT- TOW CTOXaCTHUKH Ha )KUTEHCKUIH SI3BIK.

HOCTH, CTOXacTHKH). B mpomecce mocTpoeHns: MOJeIH MOKHO BBI- [IpumepoM, WILIIOCTPUPYIOLIMM CKa3aHHOE, SIBISIETCS
JICITUTh HECKOJIBKO LIaroB. clenyomas 3a1a4a.

[epBblii mar — nHAYKTUBHEIA. OH 3aKitoyaercst B oToope 3aoaua. Ilpu nocese u nocnedyiouem camoonvlieHuu
HaOIIOCHHUIT, OTHOCSIIMXCS K TOMY HPOLIECCY, KOTOPBIil IPEICTOUT naApmuu CeMAH 20poXa, NOIYYEHHO20 OM CKPEUUBAHUSA PACIEHUN C
B HOCJIEIYIONEM MoOZAenupoBarh. Ha sToM mare opmyaupyercs HCENMBIMU  2NAOKUMU U 3€NEHBIMU  MOPUWUHUCTNBIMU  CEMEHAMU,
mpobieMa, TO eCTh MPUHUMAETCS PEHICHHE OTHOCUTEIBHO TOTO, YTO ovL10 noayueno: 876 pacmenuil ¢ scénmuimu enaoxkumu, 321 — ¢
cllelyeT IPUHUMATh BO BHUMaHHE, a YeM MOYKHO ITpeHeOpedb. arcénmuimu mopuguHucmoimu, 298 — ¢ 3enéuvimu enaokumu u 115 — ¢

Bropoii mar 3akitoyaercst B Iepexoie OT ONpeAeNeHHs 3eNEHBIMU MOPWUHUCTBIMU cemenamu. ModkcHo au cuumams, ymo
Hpo0IeMsl K TIOCTPOCHHIO MOZEINH, IMycTh emé HedopmanbHoil. Ha 63smyle Ol NOCeBA CeMEHA AGIANUCH HOCUMETAMU (HUCBIXY -
JAHHOM 1IIare paccMaTpuBaeTcs psiji HAOOPOB He(POPMAaNbHBIX JI0- HUTL U MOJICHO I OCMABULYIOCS NAPMUIO UCNOIb306aNMb 8 OalbHel-
MYIIEHUH, CIOCOOHBIX OOBSICHUTH OJIHM M T€ K€ JNaHHbIe. TakuMm WUX 2EHEMUYECKUX UCCTe008aAHUAX?

Pewenue. [Tocmpoenue mamemamuuecxoii mooenu. Ilycts f omp. — KOIMYECTBO PACTEHHH ropoXa, MOJTYYEHHBIX B OTBITE M Ha-
I

JIeIEHHBIX ONpeaeEHHBIM pu3HakoM. Toraa:

f3Mn1 — KOJINYECTBO paCTeHHﬁ C XKENTHIMU TJIaAKUMHU CEMCHAMU,
— KOJIM4YECTBO paCTeHI/Iﬁ C KENTHIMHI MOPIIMHUCTBIMU CEMCHAMU,
IMNy
1:3]‘/”13 — KOJINYECTBO paCTeHHﬁ C 3eNEHBIMU TJIaAKUMHU CEMCHAMU,
fQMn 4 - KOJIHNYECTBO paCTeHHﬁ C 3eNEHBIMHA MOPHIMHUCTBIMU CCMCHaMH, rac 00BEM BI)I60pKI/I paBE€H

n=876+321+298 +115=1610.
Torma faMnl :876, faan :321, fSMn3 = 298, f:aMn4 :115

O «auCcTOTE)» JIMHUH MOXKHO CYAWTH JIMIIH TOJBKO B TOM CIydae, €CIIH 0 CKpPEIIMBAaHMS MaTepHal ObLT TOMO3HTOTHBIM IO JBYM
napam ajuieneil. Toraa Bo BTOPOM IOKOJICHUU CIIEAYET OKUAATh paclleliieHue B oTHomeHuH 9:3:3:1, uro cornacyercs ¢ 3-UM 3aKOHOM
I'. Mennens. Takum o6pa3omM, 3aada CBOAUTCS K YCTAHOBIEHHUIO TOTO: TIOJUMHSETCS JIM TOI00HOE paciieruienne 3-My 3akoHy . Menngens
(murnbpuaHOEe CKpelMBaHUE) WIH HET?

BoiaBuraeM runoTessl:

HO ={ImoJy4eHHOe pacuieIuieHne — IUruopuaHoe ¢ pacuieruienneM 9:3:3:1};

Hl ={pacIeruieHNe He SBISCTCS JUTHOPHIHBIM } .

(00BEM BBI-

N 2 1 (fa/vzn- - fmeop- )2
B xauecTBe KpuTepus 3HAUUMOCTH BbIOMpaeM KpuTepuil «xu-kBaapat» [Iupcona: x = z ! !
omn

i=1 fmwpi

Gopxu 71 =1610 > 20) — MaTeMaTH4ecKas MOJENb pacCMaTpUBAEMOI CUTyaluH. 31ech f — NPEeAIoaraeMoe KOJINYeCTBO

meop;

paCTeHI/Iﬁ ropoxa, HaJACIEHHBIX OHpeﬂeHéHHHM MPU3HAKOM U COTIACYIOMUXC C TCOPETUICCKUM PACIIPEACIICHUCM.
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Tonyuenue mamemamuueckux pesyibmamos. Jjisi IpUMEHEHUs JaHHOTO KPUTEPHUs HEOOXOAUMO PAaCcCUUTATh TEOPETHUECKHUE Yac-
TOTBHI (YACTOTHI KOHTPOJIBHON BBIOOPKH), COTTIACYIOLIHECS C AUTHOPUAHBIM CKPEIIBAHUEM.

Takkak 9+3+3+1=16, 10

9 9

meop, =757 = 161610

freo :in =i-1610
P2 16 16

meops = 3 n= 3 -1610 ~ 301,9;
16 16

i1, 1610~1006.
P16 16

905,6;

Q

301,9;

Q

PaccuntaeM SMIIUpUYECKOE 3HAYCHUE KPUTEPHS:

2 2 ’ i
> _(876-9056)" (321-3010)° (298-3019)" (115-1006)" , o

ZSM’Z +
905,6 301,9 301,9 100,6

Uro0bI HallTH KPUTHYECKOE 3HAUCHNE KPUTEPHUs], HEOOXOANMO 3HATh YHCIIO «CTeleHel cBOOOIb U ypOBEHb 3HAUMMOCTH. B naH-

HoOl 3amaye V = 4-1= 3, TaK Kak uMeeM 4 Kiiacca-MHTepBaya M OJJHO orpaHnieHHe (00bEM BEIOOPKH NOJDKEH OBITH paBeH n). B kaue-

CTBE YPOBHS 3HAUNMOCTH BbIOepeM O = 0,05

2
Mo craructiyecko TabnuIe KpUTEPUST HAXOAUM KPUTHIECKOE 3HAUCHHUE: Z = 7,815 .
KPo,05

CTpOI/IM «OChb 3HAYUMOCTH:

30Ha
HE3HAYUMOCTHU

[ ]
2 2 _
Xown = 4,29 ZKPO,OS = 7,815

30Ha
3HAa4YNMOCTHU

v

B nHamem cjiydac Z3Ml’l = 4,29 Tomnajio B 30HY HE3HAYMMOCTHU. B cootBeTcTBUM C MpaBUJIOM NPUHATHUSA PEIICHUSA Mbl OCTaB-

JISIEM TUTIOTE3Y HO 1 OTBEpracm Hl .

Tpunamue pewenus (861600b1 6 peanvrom mupe). Ilpu CKHil KPUTEPHI 1 T.II.) BOCTIPUHAMAIOTCS] KaK HCKYCCTBEHHBIE U HHO-
TIepeBOJie Pe3ynbTara, IMOJIYYeHHOTO B XOA€ MAaTeMaTHYeCKHX BBHI- POHEIE TT0 OTHOIICHHIO KaK K CaMOH MaTeMaTHKe, Tak U K *Ku3HH. He
YHCIICHUH, 3aKII09aeM, 9TO JaHHOE PAcIIeIUIeHHe B ITOJHOH Mepe CIyJaifHO MHOTHE 0Oy4JaeMble HCTIBITHIBAIOT BHYTPEHHEE IICHXOJIOTH-
ynoBieTBopsieT 3-My 3akoHy I'. MeHpens, 1 M0o3TOMY MBI MOXXEM YecKOoe COIPOTHBIICHNE 3ToM Hayke. [oaToMy cToxacTnkKy HeoOX0IuMo
YTBEPXKIATh, YTO B3ATHIE JUIS TIOCEBA CEMEHA SIBIISUTHCH HOCUTEISIMU M3y4aTh HE KaK YMCTO MAaTeMAaTHYECKYIO UCLMILIMHY, & KaK TPHKIa-
«4uCTBIX» JuHHH. TakuM 00pa3oM, OCTaBIIYIOCS MApTHIO CEMsH HYIO IIPHY SIBHOM BOBJICYEHHH ITaNoB (hOpMaTH3aliy 1 HHTEPIPETaLH B
MOXKHO HCIIOJIB30BaTh B JaJbHEHIINX TeHETHYECKHX UCCIEA0BAHH- TIPOLIECC PEIIeHHsT 3aad, TPUYEM TIPOLECC 3TOT JIOJDKEH MITH Herpe-
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Abstract: The paper considers the problem of modeling agent’s choice, which allows explaining made decisions, as well as
predicting possible options. The approach is based on the ideas of a subjectively rational choice. The subjectively rational choice
supposes that a choice motivation is determined by external and internal factors. Internal factors represent the interests of a subject
induced by his needs and ethical system he follows. External factors are induced by accepted obligations. The agent can estimate his
satisfaction with the current goal-seeking state situation. The estimation might lead to changing a structure of interests, so the agent can
choose it. The paper shows that when making decisions the agent uses three sets of alternatives as follows: controlling, structural and
identification. This supposes the existence of three virtual sides, which choose relevant alternatives. The selection rules for such
alternatives depending on subject’s awareness of the situation and the structure Of his interests are formed by finding a compromise.
KEYWORDS: REFLEXIVE CONTROL, DECISION MAKING, MODEL, COMPROMISE.

1 Introduction

Agent's behavior control, when the agent has mentality and will,
has become possible after appearing of decision-making models,
which take into account his subjective understanding of a choice
situation. These models helped estimating control efficiency before
controlling [3]. It should be noted, that a decision-making process
was an uncontrolled factor in a normative decision-making theory.

The development of the idea of subjective rational choice [3]
helped to:

1) explain decision-making by a subject in specific situations;
2) predict possible reactions of the other subject in various
situations (for a decision-maker);

3) solve a problem of active prediction when a control side
creates an appropriate image of the future for a controlee.

A subjective rational choice supposes that the choice motivation
is determined by external and internal factors. Internal factors reflect
subject’s interests, which are induced by his needs and an ethical
system. External factors are connected with obligations. Affective
evaluation of the level of subject’s satisfaction of current choice
situation, as shown in [4], might lead to changing the structure of
subject’s interests, so he is able to choose it. Subject’s preferences in a
selection process reflect his interests, thus we can determine a number
of G alternatives of a preference structure (structural alternatives
according to [1]).

2 Background assumptions

1. Subject’s choice is based on his view of a choice situation.

2. The components of his view reflect various aspects of
understanding choice situation by the subject and create an
information  structure of representations. Many optional
representations will be X.

3. For many surrounding conditions S a set of observed
surrounding conditions meets the conditionS "X =, i.e.
subject’s view might include an objective part, as well as a phantom
one.

4. The subject chooses structural alternatives depending one
valuation of the level of satisfaction of choice situation property
values.

5.  Formation of the view is based on the procedures of
perception, awareness and analysis according to subject’s cognitive
capabilities.

According to the abovementioned assumptions, the subject uses
three sets of alternatives in decision-making: control C (modes of
action), structural G and identification X. Therefore, it is possible to
assume the existence of three virtual sides, which choose
corresponding alternatives. A choice rule for such alternatives
depending on understanding of the surrounding and the structure of
interests by a subject will be called strategies here.

Let us assume that decision-making has several cyclical steps,
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and modes of action are chosen at each step n =1, 2, ... from the set
C depending on the view of surrounding conditions xeX. This is
due to the fact that a joint over conscious (intuitional) and conscious
(formal) analysis of surrounding conditions allow firstly accepting a
vaguely realizable decision in multiple iterations, then more clear
and grounded decision. There are also some restrictions C,cC to
allow the choice of alternatives depending on the vision of
surrounding conditions xeX. Process dynamics in subject’s
surrounding is out of reach for direct perception, therefore its
representations are formed using identification with the idea of
choosing a vision alternative depending on the observed conditions.
Here there are restrictions X=X to allow representations as
identification alternatives depending on the observed conditions
seS.

Proceeding from these assumptions, according to [1], we
introduce the strategy determinations.

A single-valued transformation A : X—C so that A(x)eC,, x€X, is
L) =N s

called a choice strategy on the length horizon n<oc; lim{A1} = AL*

called a choice or control function; an ordered set (Ay, ...

when n—oc is a strategy directed to achieving a local ideal, which
determines subject’s reason for existence.

A single-valued monotone transformation & : S — X so that
E(s)eXs, s€S, is called an identification function; an ordered set (&, ...,

&) = &{‘ is called an identification strategy on the length horizon n<c;
order
{gf, n = 1,2,..}s called an identification strategy on the limited
horizon. Due to the fact, that the subject tends to forming useful
vision, so there is Iim{éf} = & npu N—>cc,

a consecutive

As the sets S and X meet the condition |S| > |X], therefore a
single-valued transformation &: S—X causes separation of the set S on
subsets

a_l(x) =U/seS: g(s)=x}cS, xe X.
Subsets é_l(x) c S, xe X are associated sets, i.e. any
element se g_l(x) uniquely determines appropriate representation

xeX. Therefore, it can be said that subsets a_l(x)c S, xeX

form classes of equivalent representations. It allows using the
methods of the fuzzy sets theory to formalize subject’s
representations, e.g. as described in [4].

A structure alternative ypy € G chosen at the moment n is a
structure choice at n-th step of decision-making; an ordered set

(YR yl)Ey:[' is a structure choice strategy on a decision-

making horizon of the length n<cc; a consecutive order {y{] ,n=1,

2, ..} is a structure choice strategy on the limited horizon. As the



subject tends to the correspondence between its structure of
interests and requirements of the accepted ethical system, so there is

Iim{y{]} = y* when n—oc.

3 A decision-making model with changing preference
structure

According to [4] a selection criteria for a control strategy have
the meaning of a desired specific value of a purposeful condition
based on the result with formalization, which has the formula for
the utility function E@%CxSxX) that depends on the structure
alternative ge G on a parameter. As the control process starts with a

certain situation xeX, then the criterion Epp (Krl] |yf)wi|l also

depend on the situation xe X as from the initial condition. A number

of situation X is finite, so the criterion E@p (Krl] |yf) will be
definitely represented by a vector in the space R* of the dimension

[X|. Its parts will be written asE(pn(kng)(x),XeX.

According to the choice result, the subjects uffers emotionally, so
the quality of the structure choice strategy yf should be described as

a criterion meaning “choice results satisfaction”. Therefore, the
quality of the structure yf is natural to describe by a folding of an

expected utility vector E(pn(knly:rl])einn a certain

composite function u:RX —>R1. Then a strategy quality

criterion might be written as

7
n (] 17]) = u(Epn ] 1v]) € RE.

The subject associates its representation quality with evaluation
of possibilities of achieving desired conditions when controlling
ceC, as well as with the possibility of extending the number of CT
by including efficient alternatives. The paper [6] uses the terms of
the linguistic variable “utility”, which are based on the values

Eop (/12 | y{]), as a representation estimation criterion. In these

conditions utility estimates will depend on control strategies krl] ,
structure choice yf as on postulated conditions. The “utility”

criterion will be labeled as follows wn(aﬂxg,y{]). As

identification starts with a certain state seS, this criterion will
depend on the state seS, assigned as the initial condition. Here the
set of states S is finite, so the identification criterion will be

represented by a vector \yn(éf |x2,y?) in the space R® of the
dimension |S].

In a goal-seeking state situation of the quality of control
strategies and structure choice is described by criteria

Eon (Xg |y£]) eR% and pn(y{] |?»9) er! respectively.  They

have a meaning of specific value by a result and satisfaction with
choice results. The identification strategy quality is described by the

criterionwn(éflkri,y{])eRS, which has a meaning of

representation utility to achieve desired states. The use of
introduced criteria assumes determination of corresponding
information structures or models that allow making an appropriate
choice.

Let us assume the existence of an information structure of
representations |, which reflects subject’s knowledge and
experience on: modes of action (control), his own interests and
preferences, dynamics of surrounding transition into different states.
Therefore, it is likely that there is a structural transformation of this
structure into an information structure, which enables creating a
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specific value criterion E@p (k?_ |yf) and a domain model. Let us

call such transformation a “specific value transformation”, and the
induced information structure will be called “information structure
of a specific value of a goal-seeking state situation by a result” and
designated as U= U(l).

In a similar way, if there is a structural transformation of the
structure | into an information structure, which enables creating an

identification criterion yp (E_,f | kg , yf) and identification

procedure models, then we will call such transformation
“identification transformation” and designate it as R, an induced
information structure will be called “identification information
structure” and designated as R= R(1).

Subject’s representation about a goal-seeking state situation is
subjective and qualitative, based on observations and analysis of the
surrounding transition process affected by control ceC into various
states seS. Let us indicate the rule of such transition using

q%(S|SxC) from SxCinto S. Actually, the subject for

estimation of possible result value uses the model Q9 (X | X xC)
from X xC into X constructed by identification strategy results
g{‘ . When constructing we take in to account control strategies kg ,

a structure choice yf , or it is defined by such strategies. It means

that a transformation of the operational function g9 (S| SxC) into
function of subject’s understanding of the surrounding processes
QY (X | X xY)is possible only in the aposterior mode depending

on used strategies (xrl‘,yf,gf). Such transformation and

construction of the desired specific value criterion Epp (A | yf) is
possible when “utility” information structures are formed
successively depending on used strategies. This condition is written
as Unp :U(kr]]_,yf,&{])(l), n=12,...As this condition is
necessary for forming the desired utility criterion and a domain
model, so it should be pointed out every time it is used. Note that
the criterion E(pn(kg |y]r_') tacitly depends on the identification

strategy éf due to introduction an induced structure U, into the

choice model. As it was stated above, the criterion

Hp (}/5_1 |7»9) e R of the structure choice quality is determined by

a criterion folding Eon (X?_ |‘E:T) eRX. Generality of

information structure of their formation allows writing
Eon(M] 1&7)
iy (Eon (&L 14)
U, =ud v et .

To construct identification criterion we need to use a specific
function, which would have a meaning of “utility”. For this purpose
it is necessary to construct verbal estimates on the values of a

function E@?(Sx X xY). A required transformation exists and

might be performed in the aprior mode (i.e. before choosing
decisions). Such transformation is determined by the subject as
regard to a fuzzy measure, which might be constructed when the

defined function isq9(S|SxC) fromSxCinto S. As its

analogue has a form of Q9(X | X xC) in subject’s mind, and he

can define it in a unique manner in the information structure I,
therefore, there is no need in additional transformations.
“Representation utility” function construction depletes a necessary
structural transformation. We will call it identification structural



transformation and define as R. The induced information structure
will be called “Representation utility” information structure and
defined as R = R(l).

Taking into account these reasons an identification criterion is
written as follows:

ni;,n _n
UM YR
R=R(l)

The induced definitions and constructions show that quality
criteria for strategies are different and interdependent. Therefore the
choice problem has game meaning and is reduced to searching as
table compromise between aiming at maximizing desired specific

value of a goal-seeking state by a result and minimizing possible
loss due to wrong actions. Such compromise is called balance.

It should be noted that the information structure
Unp =U(7\T,yf,§£])(l), which is a base for the criterion

Hpy(Eon (y:[] IKQ)) , must be formed consequently depending on

used strategies. Thus, required balances will be interdependent not
only at each step n = 1, 2, ... of forming decisions, but they will
also depend on the decisions chosen at the previous steps.
Considering this fact, it is natural to call balances dynamic.

0 0 O
The triple of strategies {k?_,y?,&f }. which meet the

conditions

0 0 0
Ep, (M1 |v1) = Eo, (M7 [v7) VAL,
(0] 0 0

o (1 (A1) > pn (v] |A) V1,
(o] (0] [
U, =UT,v,60)(0)
0 0 (o] (0] (o]
wo (&1 1v1AL) 2 (&1 11 M) V&L,
R=R(I),n=12,

are called dynamic balances.

According to the abovementioned assumptions, the number of
cycles that form decisions is unlimited. Therefore, dynamic
balances must be meaningful, including the situation when n—oc.

For this purpose, it is natural to require fulfillment of the
following additional conditions:

1) when n—o strategy quality criteria must tend to specific
limits;
2)  such limits cannot depend on the initial conditions.

As criteria are not assigned in an explicit form, then realization
of these properties is not explicit. It requires as signing necessary
properties and then indicating criteria in the explicit form, which
satisfies these properties.

According to the induced assumptions, quality criteria of

stationary strategies A",y",E" when n—oc have limits. Therefore

o] 0]

the triple of stationary strategies (1,7, ) is called stationary
balances if there are limits that meet the conditions:

o

140

(o] o) o)
O [77) 2 0 (W [v7), VA"
[o] 0 [o]
(Y™ IA") 2 g (v A7), vy ™
(o] (o] (o]

U=UQ"y",87)1)

YET X" y7) 2 w(E” [V ", vE™,
R=R(I)

As a result, the content of the choice modeling problem consists
in finding a compromise between aiming at achieving a maximal
desired specific value by a result and minimal loss from wrong
representations taking into account their mutual dependence.
According to the equilibrium solution principle, compromise must
be “un improvable” equally by all parts of interests.

When achieving such compromise it is fair to say that subject’s
interests are materialized with “the best result”. Provided that
dynamic balances meet the requirements of asymptotic stationary, it
is also fair to say that subject’s interests are materialized with “the
best result” on the unlimited horizon, including n—cc. It follows that
dynamic balances determine the meaning and the method of
interests materializing with “the best result”. Thus, dynamic
balances naturally determine internal aim when making decisions.

4 Information structures in decision-making

The formal descriptions introduced determine not only the
conditions of decision-making, but also proper a priori information
carriers. Together, they form a set of the following formal
properties:

S is an environment state set; A(S) is a priori possibility
distribution for a state set; X is a situation set; XSﬂX e X %)

stands for the limitations determining the presence of the “right”
ideas as diagnostics alternatives depending on seS states; C is a

control alternative set; CX < C means control alternative
feasibility limitation depending on xeX situations; G is a structural

alternative set; q g (S|SxC) is atransitional function of Sx C'to

S; E(pg (Cx(Sx X)) stands for the utility function representing a

priori preferences for ceC alternatives depending on seS states,
xeX situations and ge G structural alternatives.

This set defines an a priori information structure which is to be
set according to decision-making rules.

The peculiarity of conditions of an information structure is that
it is supposed to include a task of both states and situations, the
choice of control actions depending on situations which, being
qualitative characteristics, representing relationship to a state, are
inaccessible for direct observation and need preventive
maintenance.

Under these conditions, the regularity of situation dynamics
cannot be set a priori. Therefore, decision-making rules suggest
posing the laws of dynamics states only, defined by the

qg (S| SxC) transition function from SxC to S. In this sense,
information given a priori is minimal.

In the conditions of a priori information deficiency, the
minimum structure can be incomplete. Then it is necessary to
introduce plausible assumptions (in the form of hypothesis setl")
which would allow formulating a problem definition as some
approach of the initial task [2]. Let us assume, for example, that in

the basic information structure transfer function qg (S|SxC)is
not given, but there is set of hypotheses " of it. Then technically it

can be assumed that transfer function g @.7) (S| Sx X) depends

on some y parameter getting values from given set I, but the true
value of the parameter is unknown.



It is obvious that it will also demand the choice of the, in a
sense, “best” hypothesis of a transitional function. At the same time
expanded information structure completeness can be observed only
according to final results of the problem research.

5 Game approach to formalization of the choice
problem

Assumptions of the choice specify the existence of two aspects
of an agent's interests, one of which is determined by the bias in the
management of a desirable object evolution, and the other - by the
choice of a preference structure. The purposeful control concept
defines the third aspect of interests associated with the need for the
diagnostics of the situation depending on the observed condition. In
compliance with these three aspects three sets of alternatives are to
be assigned: set C— action modes, set G - structural alternatives and
set X - diagnostic alternatives. It is also assumed to assign the

utility function E(pg (CxSxX) and the transient function

q 9 (S|SxC)of SxCtoS. Assigning these objects suggests the

possibility of forming the qualitative mode choice criterion as
postulated by the situational control concept that makes sense of
expected utility and the purposeful state situation model choice
quality criterion that concerns the risk. These criteria are obviously
different and in a way interdependent. The natural presumption is
that in order to choose structural alternatives the corresponding
quality criterion may be introduced. It differs from the rest of the
criteria and in some way is dependent on the choice of other
alternatives. It is commonly known that in similar conditions the
problem of mode choice has a gaming intension [2]. Then each set
of alternatives can be formally linked with a party concerned (a
player), whose interests are related to the choice of alternatives
from the corresponding set of alternatives according to their
individual quality criterion. Within a set of alternatives every party
has the freedom of choice. Since interests of each party represent a
certain component of agent’s interests, parties are to comply with
the common to them agent’s interests, when selecting alternatives.
Therefore the problem of mode choice acquires a gaming content in
relation to corporate interests [6], and the subject of interest plays
the role of a center. He can accept the proposed trade-off alternative
if it is hardly possible to improve it without infringing at least one
component of interests. The compromise that meets this
requirement will be called a "corporate stable equilibrium.”
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Conclusions

The paper considers a decision-making model for an agent, who
can form internal aim and uses subjective representations on a
choice situation.

It is shown that the aim of choice is to maximize a specific
value of the choice situation by a result. The choice result is
determined by agent’s representations on the choice situation and
on his own interests. When making a decision the agent uses three
sets of alternatives: controlling C (mode so faction), structural G
and identification X. Therefore, it is possible to assume the
existence of three virtual sides, which make a choice of
corresponding alternatives that are balanced strategies.
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On the banks of the Rhine for many centuries was towering
beautiful castle. The spiders, which dwelt in the cellars of the castle,
tightened all its aisles with cobwebs. Once a strong gust of wind
destroyed the thinnest threads of the web, and the spiders began to
recover the gaps: they believed that the lock was kept on their web!

M. Klain [10]

Abstract. The article suggests the consideration of data analysis ideology in the context of knowledge creation process and the
technological patterns of social development. The problems of singularity (human misunderstanding of data processing results) associated
with increase in data variety, volume and further intellectualization of the corresponding technologies for their processing are proposed to
be solved by creating new formalization techniques that allow retransmission.

KEY WORDS: DATA ANALYSIS, TECHNOLOGICAL PARADI

GM, ANALYTICS, KNOWLEDGE, MACHINE LEARNING, BIG DATA

AND THE INTERNET OF THINGS, MEGATRENDS, AMICABLE INTELLIGENCE OF THE HUMAN LEVEL, FORMALIZATION,

CONSTRUCT, SCRIP

1.Introduction. Data analysis (applied statistics) as development
of statistics ideology, probability theory and mathematical statistics
intensively developed over the last two centuries is naturally
considered in the context of the socio-economic development of
society with regard to solution of management and decision-making
problems [16-18]. In this case, it seems interesting as a context to
lead the ideology of technological paradigm!, suggested by D.S.
Lvov, S.Yu. Glazyev, G.G. Fetisov and essentially relied on larger
cycles by N.D. Kondratiev (the phase of new ideas emergence -
lasts about 10 years, the phase of paradigm growth - does about 40
years, the maturity phase lasts about 10 years more) [4, 5, 12].
Using the data analysis as an example, it is easy enough to trace the
tendencies of the decision-making support ideology that are based
on empirical observations characteristic for one or another way
(Table 1)

2. Data analysis — contextual approach.

In postindustrial society, the cognitive revolution, which began in
the 1950s and 1960s, manifested itself. They can talk about two
periods of its development. | cognitive revolution, where a person
is a carrier and a generator of knowledge, and a computer, the
Internet and software are tools based on the machine learning
ideology (the artificial intelligence implementation in a weak

version - machine intelligence). Il cognitive revolution - new
knowledge is generated by the computer (the artificial intelligence
formation).

The first scientific paradigms had a material basis, which is very
important for the social adaptation of man in the real world.
Cognitive paradigm, based on machine intelligence (and in the long
term amicable artificial intelligence of the human level - AIHL
(DIYCH-in Russian), called the fourth industrial revolution, is
focused on accelerating all processes by integration at the expense
of information technology and the Internet of all things, the basic
megatrends of modern society (physical, digital and biological) [1,
19, 22-24].

The purpose of data analysis is to obtain new knowledge about the
studied system using observations or differently to convolve
(compress) existing information for solving applied problems of

analysis and explaining the features of the studied system
functioning , management, forecasting (predication) and decision-
making.
The main difference between applied statistics (data analysis) from
mathematical statistics is the consideration of not only probabilistic
but also geometric and logical nature of data, as well as the
obtaining of convolutions by both formal algorithmic methods
(classical methods of multidimensional statistical analysis - MSA)
and not formal ones (machine learning and adapted methods of
MSA).
According to E. Toffler's studies, nowadays, power in society is
based on three basic elements: strength, money and knowledge. [21]
Moreover, knowledge becomes a universal tool that can replace all
others. This is why Russell Ackoff's definition, which characterizes
the process of the knowledge formation, acquires a special meaning,
which in our formulation is expressed in the following way [2]
Facts — Iformation — Data — Knowledge — Understanding —
Wisdom.
One of the forms of knowledge representation contributing to
thinking formation and worldview of human has always been
mathematics, which allowed to form a chain of thinking levels
(recognition - reproduction of model situations - atypical situations
analysis - creativity). The most important stage in the process of
knowledge formation is understanding - a person easily perceives
and uses in practice what is understandable. From the point of view
of data analysis, the stages of the knowledge formation can be
disclosed in the following way [2, 6]:
. facts — events, that have already happened;
. information — facts characteristic;
. data — facts, described quantitatively or qualitatively,
presented in the form of tables «object — property (feature)» or
«question - answer»;
. knowledge — rules «If ..., so ...», which can be used in
decision-making;
. understanding — presentation about functional
features of studied object, managing possibilities,foresight
(predication) and decision-making;
. wisdom — ability to use the reached understanding in future.
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Table 1 -
development

Data analysis in context of socio-economical

Techno Main Data processing way
logical way| formalization form
(approach
|
mechanizat
ion
1770-1830 Mathematical
1l analysis Descriptive statistics,
steam (data — realization differential and integral
engines, results of calculus
railways | mathematical laws
1830-1880| of natural sciences)
1l
electricity,
metallurgy
1880-1930
v Probability theory Selective method,
oil, mass and mathematical Convolution of
production,|  statistics (data — information. Formalistic
nuclear random processes algorithmic approaches,
power realization, which solving problems: Data
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In order to use methods of applied statistics, the data must be
measured with qualitative or quantitative scales. The measurement
process is accompanied by problems: heterogeneity, quality,

limitations, subjectivity of perception and thinking. Moreover,
person is limited in perception of the surrounding world. As it is
known, it is characterized by the number of J. Miller (1956) (7 + 2)
- according to it, there is a need to compress large volumes of
information and representation in the form of (preferably
understandable) models. This goal is devoted to the work of
decision support systems that allow solving tasks: descriptive
statistics (OLAP cubes), classification and diminution of
dimensions, search for dependencies, prediction, etc. implemented
in KDD class systems and Data Mining.

The implementation of machine learning methods does not
allow us to realize the "understanding” stage in  R.Akoff's
knowledge formation process and shows the practical application of
Braimean's uncertainty principle, which is an analogue of
Heisenberg's uncertainty principle in data analysis context:

«accuracy x interpretability =
= Braimean’s constant».

The famous futurist E. Toffler talks about three waves in the
development of society: agrarian, industrial, informational, which
their traditional education systems conformed to [19]. For several
decades, we have witnessed the transformation of education
traditional system for an industrial society. Data analysis has
always evolved in the direction of meeting the needs of society. If
there was enough descriptive statistics in the agrarian society, in
industrial - analytical statistics, the postindustrial society and the
expected information extended the applied statistics with machine
learning methods using both structured and unstructured data (Data
Mining, Text Mining, Web Mining, Social Mining , Big Data and
the Internet of things), thus, the demand for data analysis methods is
determined by the level of development of the society, for example,
business intelligence technologies that have long been used in
Moscow and St. Petersburg, are developing in the regions only in
recent years, becoming one of the costly business articles (Table 1).
The development of the digital sector of the economy is being
discussed in the world, therefore, it becomes necessary to
systematically comprehend the possibilities, limitations and
prospects for data analysis at the present stage of society
development.

3. Megatrends. Today's data processing methods are based on
the ideology of probability, statistics, data analysis and, among
other tasks, allow solving the problem of finding "megatrends"
(conditional coordinate system) at different levels of society at a
new level that allows explaining many phenomena in the socio-
economic space. The number of "megatrends” for a society is the
same as for a person (7 + 2) and corresponds to one of the theories
claiming the theory of "great unification" in physics - superstring
theory, which requires about 10 measurements. At present, one of
the obvious "megatrends" explaining the transformation of the
education system is that "the transition to an information society
requires getting rid of the outdated educational system that trained
cadres for the industrial society." Analysis of printed sources
allows us today to talk about the following "megatrends” of our
society, conditioned by the digital revolution and carrying a
disruptive influence (a form of natural selection in biology),
"tearing" the homogeneous aggregate (usually) into two extreme
variants and not contributing to the average state, which explains
the appearance in the socio-economic systems of power law
distribution laws, such as the Pareto or Zipf law (for example, the
result of such an impact can be considered the stratification of
society: rich and poor, "golden" Billion and others, etc.) [1, 2, 8, 9,
19-24] :

1) Mankind today lives in a consumer society and
gradually loses the distinction between the real and the
virtual.

2) Priority in life is obtained by "physical" people, without
moral and moral obligations.

3) The society increasingly depends on information
technology (3D-printing, development of 4D-printing



technology, the production of any services and goods in
online mode).

Information technology is becoming one of the subjects
of everyday life of modern man (unmanned vehicles,
robotics, new materials).

People pay and receive money for virtual actions that
do not give a sense of physical incarnation, which
negatively affects the human psyche.

New approaches to interaction and cooperation at all
levels of the society are being developed. For example,
"distributed databases" are block chains that represent a
data store that is available for verification to anyone (for
example, Bitcoin).

Particular attention is paid to Big Data concepts and the
"Internet of all things" in the study of social networks,
industry, business.

The growing opportunities for biological engineering
require the development of a normative, ethical and
legal framework.
The transition to an information society requires
transforming an outdated education system that trained
personnel for an industrial society by selecting a goal at
the state level (for example, harmonious development of
a person) instead of replenishing a certain labor market
(or "human cloud").

10) The actual sector of the economy, based on the "human

cloud", is becoming relevant.

Modern information technologies for data analysis (web mining
and text mining, etc.) make it possible to find an alternative to
classical content analysis when searching for "megatrends”
including without human participation (scraping web-sites).

“Megatrends” change over time and the past (“megatrends")
"twists" along the new ones, relying on the general direction
(mainstream) of the 21st century - a digital revolution that, like the
communist movement 100 years ago, will change the landscape of
the planet. Perhaps right now there is a tectonic gap between the
"golden billion" and the rest of the world's population, although the
maturing changes are not universal even for developed countries.
For example, the politics of the consumer society is unacceptable in
the Arab world and can have a different form (as in India and
China). In Russia there is a centro-peripheral model of socio-
economic space (N. Zubarevich) [8]:
post industrial Russia (federal cities with a million
population with postindustrial economy),
industrial Russia (industrial cities with a population of up to
250 thousand people),
rural periphery
agrarian Russia (the main part of the country and residents
of settlements with a population of less than 20 thousand
people) ,
patriarchal republics, based on their own values (the North
Caucasus, Southern Siberia).

And all four of Russia perceive different future changes and
react differently.

At different levels of the hierarchy of society, there are their
own tendencies to change the world, so at the state level (in most
countries) first of all one can distinguish: bitcoin, crypto-currencies,
cyberwar, fakes.

4)

5)

6)

7)

8)

9)

4. The problem of translation of knowledge. Current
trends in the development of analytics are directly related to the
achievements of human intellect, which cause a futurist (fear of the
future). Mankind is preoccupied with its own ideas about the power
of computers and the alleged consequences of the emergence of
artificial intelligence (Al). Many scientists expect the emergence of
the point of "singularity" - the moment when the possibilities and
results of the activity of artificial intelligence systems in the narrow
sense (understood as the realization of the ideology of machine
learning) will surpass the possibilities of human understanding [1,
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9]. In addition, artificial intelligence is expected to reach the human
level. The only thing people hope for is that they will be a friendly
human intellect (AIHL).

Intelligence of information systems is achieved today through
the use of the Internet (the Internet of things), the ideology of
machine learning, and computational capabilities. Thus, we are not
talking about the presence of consciousness, but it is possible that
the opportunity will come of “creating the effect of consciousness"
through the effect of replacing the computational abilities. Then
only the initial education of unconditional friendliness to man will
pass the point of singularity.

In fact, we are talking about machine intelligence, which, due to
the processing power, can generate new knowledge in the form of
patterns and (or) constructs that can not be explained by humans on
the basis of available information (including using Big Data and the
Internet of all things). The traditional sequence of the process of
forming knowledge according to R. Akoff (Facts - Information -
Data - Knowledge - Understanding - Wisdom) will be broken. For
if traditionally for a person of "knowledge™ are products (rules) "if
..., then ..." that allow to realize the stage of "understanding”, then
the question arises about the need for a new round of development
of mathematics and information technologies oriented to "not ...
exclusion "of man from the processes of management and decision-
making in the socio-economic space, since the knowledge obtained
by the AIHL can go beyond the boundaries of human understanding
(the rules” if ..., then ... ™). Data analysis today is a way of
compressing large volumes of information to support decision-
making processes, which allows to identify patterns in data and to
present them in the form of: graphs, tables, formulas, various
dependencies obtained using machine learning methods. It is
assumed that at the point of singularity, knowledge will go beyond
these limits.

The problem of understanding the intellectual systems of the
future is similar to the problems of the middle of the last century,
when the possibilities of interaction with computers were formed
through programming languages, which today number more than
8000.

We believe that in order to solve the problem of
"retransmission" of knowledge to a person, the potential capabilities
of the AIHL must presuppose the possibility of synthesizing a
number of subject areas (SA) into which new knowledge can be
projected. The lexicographic ordering of the SA will allow to
identify and rank the consequences of applying new knowledge in
different areas.

Thus, it becomes urgent to develop an understandable ideology
of the description of the SA. As a possible example, consider,
following the work of L.S. Bolotova [3], the method of situational
analysis and design of the design of the SA model, on the basis of
the set-theoretical (relational) approach, in the form of a complex of
invariant constructs as applied to the description of the SA for the
new knowledge.

4.1. The domain model. The synthesized object (system)
should be created under the condition of the existence of an external
environment that is characterized by a certain subject area (SA) - a
part of the real world within the given context (industrial,
agricultural, financial, computer, etc. corresponding to the direction
of knowledge). Each subject area has its own language, which can
be formalized using binary relations [3]. Usually, a system is
understood as the set of a related set of objects. Most often, two
sides of connectivity are considered: as a fact of the existence of a
relationship between individual elements of the system - realizing
the cognitive conceptual aspect (cognitive maps); as a description
of the process of the corresponding connectivity of elements - a
functional, information or behavioural aspect (semantic networks,
frames, products, methods of situational modelling).  Both
approaches are considered rather rarely.

Modelling SA of an arbitrary nature is connected, first of all,
with the analysis of the categories describing it. A category is
understood as a construct or otherwise some abstract container, with
some objects entering into it, and others not (this is the postulate of



our thinking for more than two millennia). It is assumed that the
categories that a person operates on can be arranged in the
following hierarchy: the higher level - the base level - the lower
level. The base level is the level at which most of our knowledge is
structured. It gives an opportunity to perceive geometric
visualization of the conceptual structure of an object.

4.2. Algebraic models of SA. At present, algebraic language
and style of thinking are the standard approach to the representation
of data and knowledge in information systems. The question of the
possibility of a correct description of the model of the subject
domain associated with the person (observer) in the form of a
system of objects with certain relations can be investigated only by
means external to this system (that is, in some other theory), as
follows from K. Gedel's theorem on incompleteness of formal
arithmetic (to which almost all mathematical theories can be
reduced).

D. Hilbert describes the interpretation of the formalization of
mathematical theory, as well as the method that makes the formal
system the subject of the study of mathematical discipline -
metamathematics or the theory of evidence [11].

The introduction of a system of S objects according to the
ideology of metamathematics, assuming the existence of a non-
empty set of objects between which certain relations are established,
can proceed from two methods characterizing two main trends in
modern mathematics - constructivism (modern predecessor of
which is A. Poincaré and which was basic in ancient science, for
example , in Euclid) and formalism, which implies a complete
abstraction from the meaning.

In an axiomatic method, the axioms underlying the formal
approach are used as assumptions about the system of S objects.
Then we examine the consequences of the axioms, which form a
theory with respect to the system of S objects under consideration.

A constructive (genetic) method involves constructing objects
in a certain order. S. Klini characterized this approach as a method
of substantive or material axiomatics. To describe the system from
the point of view of the observer observing the system from the
outside, a "formal system object" is introduced-the meta-set of the
research system S, which allows describing systems based on
logical and mathematical methods [13].

The presence of experts with exact, technological, effective
thinking, free "from traditions and cognitive prejudices”, which will
interact with AIHL, is postulated. To do this, special (psychological)
work with experts and subjects of the problem of creating a new
object is supposed, accustoming them to operate with their
""constructs".

The basic representation of the construct is the meta-set

S<Xas: Xa: Xao: U Xaci >l

where X,s — (action subject), X, — (action), X5, — (action object),
UX,, — (action components). All elements of meta-set have
(property):

Xas= Xas (Ps1s -+» Pst)s Xa= Xa(Pat, «-- paq)x Xao = Xao (Pots -+
Pot)s Xac; = Xac,Pac,1s +++» Pac;n), the results of relations of which
among themselves within the framework of our task realize TER
(technological, technical, operational, economic, environmental
requirements for the subject area, which are based on the normative
provisions defined by the person).

A logical representation of a construct implies two components:

1) functional — @ , regarded to the purposes of building a new
object and described as a union of binary relations (R)

D =Ry (Xas'Xa) U Rqo (Xa'Xao);

2) providing, (achievement of the goal) — Q,

Q = Rgs (Xys 'Xa)URaci(Xa IXac,v)'
K=oUQ.

Each construct K is a kind of domain concept that is open to
expansion and modification, which is intended for reusable use in
designing, obtaining production rules, and so on.

Combining all constructs:

U = UK;

gives us the universum U, a structure called a polyhedron in

topology, describing an SA of arbitrary nature.
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Figure 1 — Construct model — Subject area extract [3]

Penw

The universum is a generalized model of a specific subject area,
which can be represented as a basis for concepts (ontologies)
designed for reusable, multipurpose use in various applications and
relationships between them that implement production rules [14].
Consideration of ontologies with selection functions and
mechanisms for their implementation allows us to talk about a
knowledge base that potentially allows the formation of products
(rules) that are understandable to man [15].

5. Conclusions. The problems of human interaction and the
human-level friendly intellect require the creation of means for
"retransmitting” to a person new knowledge obtained by advanced
methods of data analysis (structured, weakly structured,
unstructured). At the author's level of vision, developments are
required that allow translating, obtained knowledge (patterns,
constructs, etc.) into an "understandable" kind of person, for
example, projecting into several mutually complementary subject
areas, which can be realized (AIHL) described by the method of
situational analysis and design of the design of the SA model.
Within the framework of the domain model - the creation of a new
object (or description of the situation) is reduced to operations over
the relations between constructs and their elements. Thus, one of
the variants of "passing the point of singularity” is the formation of
knowledge bases related to a certain subject area and an assessment
of the consequences of the implementation of new knowledge
through the use of scenarios based on the SA model.

The emergence of a new scientific paradigm in science and
society forms a new space in which the previous includes (due to) a
new generalization, the postulates (principles) change and shrink,
with an increase in the coverage of the phenomena described (the
scaling effect of socio-economic space) [7], which is realized in an
explicit form using the example of data analysis. The further
development of intelligent information systems leads to the
automation of the work of analysts and other professionals, the
emergence of new knowledge and the ability to present them for
adequate human perception, and the need to create ethics councils,
to address employment and social issues is already generally
recognized. To preserve one's identity in the future information
society, a person needs to solve many problems: preserve human
culture, universal values, find for himself and implement new
means of formalization (adapt or develop new mathematics for
translation of knowledge obtained by the AIHL), etc. Everyone
should understand that it is he who builds the future world and how
he will solve it.
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Abstract: The integral assessment of environmental quality and quality of life of the population of 9 regions of the Arctic zone of the
Russian Federation in the period from 2003 to 2015 is considered. To build integrated indicators, we used: summary indicators, randomized
summary indicators, and "ASPID methodology" (analysis and synthesis of indicators in the information deficit). When calculating weights,
incomplete, inaccurate, non-numeric information was taken into account) about the criteria and priorities of the evaluation. To assess the
quality of the environment, 8 parameters were used. To assess the quality of life of the population, the state of three subsystems was taken
into account: ecological (8 parameters), economic (5 parameters), social (5 parameters). The choice of criteria was made taking into
account the information available on the website of the Federal Service of State Statistics of the Russian Federation, in the collections
"Regions of Russia" and in state reports "On the state of the environment ..." To assess the quality of the environment in the regions and the
quality of life of the population of the regions, five quality classes were introduced (I - high, Il - above average, Il - average, IV - below
average, V - low). In constructing integral indicators, the sum of the normalized values of the indicators within subsystems (blocks) and
between them was used as a synthesizing function, taking into account the equilibrium or nonequilibrium setting of priorities. When
assessing the quality of the environment, all regions fall into the third class (middle - the right border of the class) with a slight temporal
change. In evaluating the quality of life, three groups of regions were identified. In the first group, the quality of life for the period under
review improved by 10 percent or more. The second group includes regions with an improvement in the quality of life by 5-10%, the third
group includes regions with an improvement in the quality of life up to 5%. For the same time interval, the quality of life of the APR regions
was compared with the regions of Central Russia (Tver Region). The forecast scenarios of a possible change in the quality of the
environment and the quality of life of the population in the regions are considered. The studies were carried out with the support of the
RFBR grant No. 16-05-00715-a.

Keywords: INTEGRATED ASSESSMENT, QUALITY OF ENVIRONMENT, QUALITY OF LIFE, ARCTIC REGIONS

sustainability of these levels of well-being depends on our ability to
pass on to future generations the accumulated assets which are
The relevancy of the work is accounted for by the necessity to significant for our life (natural, physical, human, social). Therefore
develop the theory and practice of the evaluation of the state of it is important to discriminate between evaluation of the current
complex systems in nature and society, their non-additive  well-being and evaluation of its sustainability in time” [1, p.2].
(emergent) properties, and the system simulation of natural and It is in this connection that the resolutions can be mentioned
social transformation of eco-, geo-, and socio-systems. The recent ~ which were passed by the UN General Assembly on 25 September
recommendations in the sphere of global, regional, economic, and 2015 “Transforming our world: Agenda of sustainable development
social development are specified in the works of the commission of ~ for the period until 2030” and “Report of the interdepartmental
Stiglitz — Sen — Fitoussi (see www.stiglitz-sen-fitoussi.fr) [1]. The group of experts for indicators of objective fulfillment in the sphere
Commission is more known as the Stiglitz Commission, was set up ~ of sustainable development” at the UN forty-seventh session 8-
in February 2008 at the initiative of the President of the French 11 March 2016 [2,3].
Republic under the guidance of the Nobel prize winner in The specific feature of the modern stage is not only the
economics Joseph Stiglitz, with participation of the Nobel prize  validation of the representative criteria or groups of criteria for the
winner Amartya Sen. The commission was authorized to identify ~ evaluation of the state of natural and socio-ecological-economic
the suitability of using the existing national indicators of  systems, but also the development of models of analysis and
development and progress, including such indicator as gross synthesis of indicators taking into account the use of incomplete,
domestic product (GDP). It was necessary to validate the economic inaccurate, non-numerical information on the evaluation criteria and
development and social progress parameters, to study what  priorities [4].
additional information could be required to form a more adequate The article discusses evaluation of the state of socio-ecological-
picture, to discuss how to present this information correctly, and to economic systems (SEES) and quality of life of people of the RF
check the feasibility of the suggested tools of measurement. The regions. The state of SEES is believed to be the characteristic of the
Commission submitted its first report on 14 September 2009 and system at a certain moment of time. The focus is on the comparative
called upon national statistics authorities under the aegis of evaluation of the quality of life in the regions of the Arctic zone of
international ones to focus their efforts on the development of new the RF (AZR) from 2003 to 2015.
indicators of social progress for more adequate assessment of The key point of our publications on the integral evaluation of
quality of people’s life in countries and regions. To arrange its the state of eco-, geo-, socio-systems and their emergent properties
activities, the Commission was broken into three working groups [6-10] is the following conclusion: in the multi-criteria evaluation
which studied respectively the traditional GDP evaluation issues,  of the state of the systems with an indicator approach the
life quality and sustainability issues. The working groups submitted incomparability of the obtained assessments is revealed when
recommendations for each of these spheres [1], which have come to according to one criterion (indicator) or a group of criteria the
be known as 12 recommendations for the fundamental amendment system is referred to one class, and according to another (others) it
of the state statistics basics in France and the entire world. is referred to another (other) class (-es). Thus, with the indicator
The main conclusions of the report E/CN.3/2011/1 of the UN evaluations of SEES states uncertainties arise in the treatment of the
National Institute of Statistics and Economic Studies in 2011  obtained results. The authors have to write on what number of
(section B. Basic conclusions of the report) state that “well-being criteria a system can be referred to each of the classes, and more
includes both economic resources such as income, and non- frequently, without introducing classes, the results are just ranked
economic aspects of people’s life (what they do and what they can ~ for each of the indicators, determining the place of SEES in
do, how they feel, in what natural environment they live)*. The  question in the list of similar national or regional systems. In the
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same way the SEES state is evaluated by each of the indicators
recommended by them or national statistics authorities. The
indicators are not generalized, and if they are, it is on the additive
(grade) basis, without taking into account the priority of indicators
or their trustworthiness. Then, it is often noted that the objective
information of national statistics authorities is unsuitable for
evaluation, because it does not contain a number of indicators
already tested abroad or recommended recently. At that, the
indicators taking into account the perception by people of their
position in society, i.e. subjective indicators, are often used as the
basic ones. We noted that in order to take such indicators into
account, it is logical to use non-numerical (ordinal), inaccurate
(interval), incomplete information (so-called nnn-information)
which is necessary to take into account both for specifying the
indicators and for determining the evaluation priorities. It was
recommended to use multi-criteria and multi-level evaluation
accounting for simulation of evaluation priorities inside levels
(subsystems) and between them on the basis of “nnn-information”.
The levels can include groups of criteria based on the data of
national statistics authorities, as well as subjective data obtained in
the statistical polls of the people. The following is recommended as
the methods: a method of consolidated indicators (MCI), a method
of randomized consolidated indicators (MRCI) and its modern
version named by the author “ASPID methodology”, the
methodology of analysis and synthesis of indicators in the
information deficit [4]. In all cases a possible change in the
priorities for evaluation inside the groups and between them is taken
into account.

2. Experimental procedure

The modern foreign level of research is characterized by the
developed methods of analysis of target indicators used to
characterize the state of complex systems (mostly economic or
socio-systems and their subsystems) and, to a less degree, their
emergent properties. The present time is characterized by
accumulation of methodological and practical experience in the
research of the state of complex systems in nature and society and
their separate subsystems. The method of making up a “web
diagram” (“rose diagram” in Russian publications) is often used
which units in a single picture the information on a great number of
indicators [5]. As a result, there is an analog of the natural
Hutchinson niche or socio-ecological-economic niche visually
characterizing the aggregate of the conditions of existence of the
system. In case of transformation system its visual image, a niche, is
also transformed and its GIS-image reflects the result of impact on
the system (its area (volume) is changed, the system acquires a new,
predominant vector of development which is revealed and
visualized graphically).

The other approach [5] uses the method of building a composite
indicator that is a union of the aggregate of the used parameters into
a single composite indicator (composite sustainability indicator -
CSl) in which the parameters are taken into account with their
weights reflecting the priority of each of them (Fig.1).

Economic indicators

integrated
indicator

| The weighting of the pter Wy |

Fig.1 The structure of the integrated stability indicator (by
Noam Lior, 2015)
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Thus, the building of an integral indicator is implemented at one
level of convolution of indicators as a sum or product of the
characteristics taken with their weights. At that, the author does not
consider peripheral issues of the rating of indicators taking into
account the type of connection and its non-linearity; simulation of
priorities (weighting factors) of the characteristics; creation of the
effect of hierarchy on account of introduction of multi-level
convolutions; investigation with the use of integral indicators of
emergent properties of the systems (stability, well-being etc.).

In our case the building of classification models containing
several levels of investigation and convolutions of indicators (Fig.2)
is implemented. This figure represents one of the models that we
used to evaluate the quality of life in the RF regions [6,7]. These
works and Fig.2 give the units, the parameters of each unit and the
results of evaluation of the quality of the environment and the
quality of life of people of the arctic regions of the Russian
Federation. All indicators were sampled from the data of the Rosstat
website (“Regions of Russia” collections) for the period from 2003
to 2015. The basic objective of the investigations was to perform a
convolution of indicators at the first and second levels and the
identification of the situations in which SEES cannot retain its
properties and mode parameters with a certain hypothetic influence
on it in separate subsystems and the system as a whole [6].
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stationary sourtes (ths tonsl

2
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st of frosh water [min cublc meters)

S e e 4+ purme of circulit bsequently wilized water
ntegral indicator of the * ‘W:::-::) culating and sabsequently utilzed wal
m'”f the Semiogheal — forest regenevation (ths hectane);

subsystem fersilizer application per cre hectars of agricutural crops
/ - I agricul entities [tors),
. 7 tarminated drain waters into surface water

~| bt fmin cubic meten)
B genweration of production and consumption waste (ihs

i tang),

| Contolidated

Indicstorofthe |/ 1 popuiarion umbers (assessmant by end of year; the
state of SEES or its / persans);
Tz Integrslindicator of the ¥ 2 numer of unemployed (ihs persons);
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il
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2 numier of registered crimes per 100,000 poophe;
3 umber of visiti of museurms per 1000 people;
4
5

Wntegral indicator of the -

state of the social
subsystem — mumber of haspitsl beds total, ths;

5 numier of preschool educational institutions

Fig. 2 Building a model for integral assessment of the SEES
state, quality of the environment, and quality of life of the region’s
population[6].

The integral indicator Q; was constructed so that it depended not
only on the rated values of the initial characteristics g;, but also on
their priorities determined by the weights p; the sum of which
should equal 1.0 (0< p; <1). As an expression for the integral
indicator, the linear convolution was used in the form of: Q;

n
= Z gi pi, n is the number of the evaluation criteria. The state of

i=1
the system and the quality of life of people of the region were
evaluated for 5 classes (I — high; Il — above average; Il — average;

IV — below average; V - low). The proximity of the integral
indicator to 0.0 evidenced high quality of life of people, the
proximity to 1-0 evidenced low quality.

In [6,7] we investigated a change in the quality of life in 9
regions of the arctic zone of the Russian Federation (AZR) for 10-
12 years, and the results of the experiments in a hypothetic change
of the situations in each of the units and in all units simultaneously
were described. As a result, the integral indicators of the quality of
life of people for 8 scenarios for the first (inside the subsystems)
and the second (between the subsystems) levels of the convolution
of the indicators was calculated. The results of the evaluation of the
quality of the environment and the quality of life were compared for
2003 and 2013. In these models the liner rating functions were used
in the rating of the indicators with the equal weight of the
evaluation parameters inside the three subsystems (ecological,
economic, social) and between them. In the experiments with loads
the results of the options with 30% and two-time deterioration of



the situation inside and between the units against the background of
2013 were described.

In general, the subsystem of social conditions was found to be
the most sensitive subsystem. The maximum increase in the effect
of impact of both on separate subsystems and on the socio-
ecological-economic system as a whole (summary evaluation). With

3. Results and discussion

In [7] the main drawback of the experiments with a hypothetical
change in the situations in the regions was noted. It consisted in the
fact that under real conditions it is not logical to expect a
simultaneous change in the load by 30%, 50%, two times, etc.
inside one of the units or in all the subsystems simultaneously. Each
parameter chosen as a representative criterion will have its rates and
direction of the changes. The situation is complicated by the
different rates and direction of such changes that may be noted in
different regions. Therefore, in the next stage of the investigations it
was necessary to study the temporal change of each of 18 criteria
and obtain the trends of these changes for the regions. Fig.3
(a,b,c,d) shows the examples of such changes for four parameters of
the environmental quality subsystem (ecological unit) for the
Republic of Komi for 2003-2013.
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a) Contaminants emitted into atmosphere from stationary sources
(ths tons/year)
Fig.3 Tendency of changes in certain parameters of the evaluation
of the quality of the environment for the Republic of Komi for 2003-
2013.
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b) Entrapment of atmospheric contaminants emitted by stationary
sources (ths tons/year)
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low negative changes the ecological and economic parameters
provided roughly the same change both at the first level of the
convolution and on the second one. It was also noted that after 30%
deterioration of the situation the summary evaluation was mostly
affected by the economic factors.

c)
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c) Use of fresh water (million cubic meters)
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d) Fertilizer application per one hectare of sowed crops in
agricultural crops in agricultural entities (tons)

Analysis of the trends of change of separate characteristics, as
was expected, showed that the rates and the direction of their
change are different. Thus, for the ecological unit for the region of
the Republic of Komi for 5 parameters out of 8 in 2014 a decrease
in the indicators in percent compared to 2013 (indicator No. is given
in Fig.2) was expected by: 1-9,5; 2-8,3; 4-0,5; 5-5,5; 6-6,0. For the
rest of the parameters an increase in the indicators compared to
2013 was obtained by: 3-3,1; 7-1,9; 8-54,9. Thus, the maximum
increase in respect of 2013 is noted for parameter No.8, generation
of production and consumption waste, by 54.9%, the minimum
decrease is noted for parameter No.4, the volume of the recycled
and successively utilized water, by 0.5%.

The forecast change of the integral indicator of the ecological
unit for 2014 with the quality of the weights yielded the value of the
integral indicator Q;=0,49, which allowed the quality of the
environment to be referred to quality class 111 with the width of the
class interval 0.37-0.56. The statistical reporting data (Rosstat
website, “Regions of Russia” collections) for 2014 and 2015
confirmed the forecast calculations of the integral indicators for
these years. The integral indicators of the quality of life of people in
the AZR regions for the period from 2003 to 2015 (the second level
of the convolution of the indicators) are given in Table 1. The scale
of an integral indicator of the second level of convolution for equal
priorities at the first and second levels: | — high (0-0.16); 1l — above
average (0.16-0.36); 11l — average (0.36-0.56); IV — below average
(0.56-0.79); V — low (0.79-1).

As a result, we note that in 8 regions there is a tendency for
improvement of the quality of life of people. In Murmask region,
the Republic of Komi, Khanty-Mansiysk Autonomous Okrug
Yugra, Republic of Sakha (Yakutia) there is an improvement of the



quality of life of people by 7-10%. In Arkhangelsk region, Nenets
Autonomous Okrug, Chukotka Autonomous Okrug, Yamalo-Nenets
Autonomous Okrug the improvement of the quality of life of people
is by 10-12%. The unchanged is the quality of life in Taymyr
Dolgano Nenets Autonomous Okrug in the period from 2003 to
2005 (Table 1).

To compare the quality of life of the Arctic regions of the RF
with the regions of the central part of the Russian Federation, the

quality of life of people in Tver region for 2003 and 2013 was
examined. By the value of the integral indicator the quality of life of
people in Tver region from 2003 (0.64) to 2013 (0.57) was
improved by 11%. This indicates the close rates of changes in the
quality of life in the regions being compared.

Table 1: Integral indicators of quality of life of people in the regions of the arctic zone of the RF for the period from 2003 to 2015 (the

second level of the convolution of indicators).

Region / Year 2003 2005 2010 2013 2015

Arkhangelsk region 0,65 (IV) 0,64 (IV) 0,61 (IV) 0,58 (I1-1V) | 057 (Il -1V)
Murmansk region 0,65 (1V) 0,65 (1V) 0,61 (1V) 0,58 (111 - 1V) 0,60 (1V)
Nenets Autonomous Okrug 0,66 (1V) 0,62 (1V) 0,59 (1V) 0,63 (1V) 0,55 (1)
s | ossv : : :
Chukotka Autonomous Okrug 0,63 (1V) 0,61 (1V) 0,60 (1V) 0,57 (111 - 1V) 0,55 (1)
Republic of Sakha (Yakutia) 0,62 (1V) 0,61 (1V) 0,59 (1V) 0,55 (111) 0,56 (111 - 1V)
'Yamalo-Nenets Autonomous Okrug 0,63 (1V) 0,65 (1V) 0,60 (1V) 0,57 (111 - 1V) 0,55 (1)
Republic of Komi 0,67 (IV) 0,67 (IV) 0,62 (IV) 0,60 (V) 0,61 (IV)
533?;3"'\"&”“)’5'( Autonomous Okrug | 4 55 (1) 0,64 (IV) 0,60 (IV) 0,54 (Il 0,55 (I11)

Note. 1. The table gives the value of integral indicator; in brackets the class of quality of life; 2 — for Taymyr (Dolgano-Nenets Autonomous
Okrug) the data prior to 2005 are given, for by the results of the referendum held on 17 April 2005, from 1 January 2007 Taymyr (Dolgano-
Nenets) Autonomous Okrug was abolished, and the municipal Taymyr Dolgano-Nenets Autonomous region was made part of Krasnoyarsk

Territory as an administrative-territorial unit with a special status.

4, Conclusions

To conclude, we will note the advantages of using the examined
approach for evaluation of integrative properties of complex natural
and social systems and the quality of life of people. When building
classification models, the investigator introduces the classes of
states of the systems and the quality of life; uses the axiological
approach and axiometry (ecological qualimetry), validates the type
of an integral indicator, solves the problem of rating initial data
taking into account the type of communication (direct, reverse) and
its non-linearity, takes into account nnn-information on evaluation
priorities; works with evaluation scales of the necessary and
sufficient evaluation criteria, though may also use qualitative scales
for evaluation; can introduce several levels of convolution of
indicators, specifies or simulates weights (priorities) of evaluation
inside groups, subsystems (levels) between them and can change
them when necessary.

The use of models in GIS environment allows territories to be
divided or zoned by values of integral indicators; the temporal
dynamics and spatial differences of integral indicators to be traced,
a conclusion on the ability of the systems to safeguard or change the
class of state (quality) in time to be drawn. The flexibility of the
model algorithms allows a hierarchical system of multi-level
evaluation of the state of systems when there is an uncertainty at
each level of hierarchy to be organized, and the mapping of integral
indicators, division and zoning of territories on this base determines
new capacities of the evaluation of states of regions and quality of
life of their population.
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Abstract: The article describes conceptual models of learning and teaching as a managed cybernetic system to achieve the knowledge
and skills required by the standards. In the article, the learning process is examined as a system for building a knowledge system of a learner
actively which is managed and directed by the tutor or teacher to achieve specified learning goal. The information received by the learner
has a multimedia nature. The recipient receives the information through various channels (sensors), sight, hearing, smell, taste and touch.
The received information arrives in the short-term memory where it is processed - confronted with the previous knowledge in long-term
memory of the individual. New information and knowledge can reinforce and extend the recipient's long-term knowledge system if they are
consistent logically. If there is a conflict between new information and old knowledge and information - the conflict needs to be solved. The
solution can be the clarification of the knowledge system, correction of misconceptions so they are in line with objective reality and relevant
knowledge about the subject of learning. It means, learning is not a constant storage of isolated information and information units in
memory, but their transformation into active knowledge which is connected to logical structures and forms the knowledge system of the
learner. The actual knowledge system enables an individual to solve non-standard problems not only in everyday life but also in science and
technology and in various research areas from which the necessary, suitable and useable knowledge (expert) system is built.

Keywords: MODEL OF LEARNING, MODEL OF MULTIMEDIA LEARNING, CYBERNETIC MODEL OF LEARNING,
COGNITIVE PEDAGOGICAL AND PSYCHOLOGICAL MODEL OF LEARNING

1. Introduction

Based on the theory of cognitive learning, learning is a complex
process of acquiring knowledge and improving the cognitive
abilities of a person. The aim of general education is the wisdom —
so the learner becomes a wise man to be able to successfully
integrate into other people’s society, to share the achievements,
material and spiritual values of human society, and to be able to
contribute to their development, preserve and transfer them.

The success of human society consists of the fact that it can
effectively transfer its knowledge to other generations which are
able to further develop it. The continuity in the learning of humanity
is ensured by education. A wise society creates a stimulating
environment for individuals to learn and to ensure their future
development. It creates an access to information sources, provides
help, motivation and positive patterns. Education is a lifetime
process and it can take various forms. It can be organized and
institutionalized which means to take place in specially designed
institution (e.g. school) or to take place outside the educational
institution during everyday life consciously or unconsciously. The
institution confirms formal education obtained at a school with a
certificate of education. Knowledge, skills and other personal
qualities, which society considers to be significant, are informal
evidence of the education of an individual. A person, who wants to
use the achievements of human society, must be aware of them.
Therefore, the acquisition of knowledge is one of the main aims of
education. It is obvious that the knowledge of the individual cannot
contain everything. A person chooses what he/she wants and needs
to learn. His/her choices are influenced by affects, surroundings and
life situations in which he/she is involved.

It is necessary to realize that the knowledge is not transferred to
a student, but it is created by thinking. Each information and
knowledge acquired by a learner must be transformed into a
knowledge by the learner — incorporating them into the learner’s
own knowledge system. In order for education to be successful, the
cognitive abilities and thinking of the learners must be developed by
the teachers. It depends on the learners to what depth and quality
the knowledge will be achieved, in what way an individual will be
able to use it in his/her life, and whether he/she will be able to
contribute to its creative development.

Teaching in the school environment will be considered as a
controlled learning that aims to achieve the prescribed standard of
knowledge. Each individual builds his/her knowledge system for
his/her whole life. The knowledge system of an individual is not an
encyclopaedia of isolated information units, but a system of
knowledge linked to relations expressing the context into one
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organic whole. In school education, there is a selection of
knowledge that a student should master, contained in a curriculum
which is created by experts in education in each country. The role
of a school is to create a stimulating environment in which the
student is motivated to accept this selection of knowledge [14].
School education is the most effective form of education since it
focuses on fulfilling the prescribed standards.

2. The Cybernetic Model of Education

It is possible to present the model of the educational system
using a control system where the real system is the learner himself,
in fact his knowledge system. The process which we manage is
student’s learning, that means building of the knowledge system of
the learner who is supposed to achieve standards in each of the
parameters or the prescribed level of the profile of the graduate.

The motivation, the work of the teacher, the acquisition and
processing of information (a process of learning) changes the real
object. The ideal system which is compared to the real system is
expressed by the standards. In case that the learner does not reach
the prescribed level of knowledge, based on the difference in
knowledge, it is necessary to apply the feedback regulator
represented by the teacher, by the influence of the environment and
the surroundings, by acquiring new knowledge from different
sources, that means learner’s process of learning. The feedback
regulator does not respond to the positive difference, the situation
when the learner knows more than it is prescribed by the standards.
However, this may have a positive effect on the activities of the
learner and may increase the motivation to self-study [13], [14].

Questions,
tasks, problems...

Model of ideal
student

Comparative
and evaluative
algorithms

Student

Environment of the

learner, various sources Teacher

of information...

Fig. 1 Cybernetic model of school education



3. The model of multimedia teaching and learning

Learner perceives information and knowledge by several
senses. Information is mostly gathered by sight - eyesight.
According to Fredmann, almost 83% of information we sense with
eyesight. Even our research, as well as other researches approved
this hypothesis. Graphical information in form of a picture, an
animation, a graph etc. can be considered as concentrated form of
presenting particular knowledge. Hearing is second mostly used
sense for gathering information with 11%. Other senses, such as
touch or taste are not as important as sight and hearing. Researches
show that we are able to remember only 20% of what we have
heard or read, 30% of what we have seen. We are able to remember
almost 70% of all information by integration of previous activities
with feedback. To be able to remember 80% and more information
it is necessary to effectively use gathered information and transfer it
into personal system of knowledge. This will help with deduction of
new knowledge [03], [04], [16].

Sight
83%
e %
0]
1% @ s @11%
Taste Hearing
1.5% 3.5%
Touch Smell

Fig. 2 How do we get information and knowledge

20%
30%

- Read or heard information
_ Seen information

70% | RS et dback

80% |IIREHSfeedback oW experience

Fig. 3 How much we remember from the acquired knowledge

This theory and experimental results are in accordance with
Niemierk’s and Bloom’s taxonomies of educational goals [09], [13].

General taxonomy of cognitive objectives describes 7 levels of
how to handle a topic - gathering knowledge. 1 Knowledge, 2.
Comprehension, 3. Application, 4. Analysis, 5. Synthesis, 6.
Evaluation, 7. Imagination.

Niemierko’s taxonomy of cognitive educational goals consists
of four levels and is used especially for technical and exact
sciences. Level of knowledge: 1. remembering; 2. understanding.
Level of competences: 3. Specific transfer - application of acquired
knowledge according presented tasks, in standard situations; 4.
Non-specific transfer — an application in new and non-specific —
real problem situations.

Niemierko’s taxonomy of cognitive aims can be transformed
into the knowledge requirements of the learner. The learner knows:

1) To list, to reproduce, to repeat, to name;

2) To explain, to describe, to give examples, to say/express
with his/her own words;

3) To apply, to calculate, to demonstrate, to quantify;

4) To compare, to judge, to defend, to justify, to draw
conclusions, to generalize, etc.

Bloom's Taxonomy (created in 1956) in order to promote higher
forms of thinking in education, such as analysing and evaluating
concept, process, procedures and principles, rather than just
remembering facts (rote learning) [02]. It contains 6 linear
consecutive cognitive levels: Evaluation, Synthesis, Analysis,
Application, Comprehension and Knowledge. The cognitive domain
involves knowledge and the development of intellectual skills. This

includes the recall or recognition of specific facts, procedural
patterns, and concepts that serve in the development of intellectual
abilities and skills. This six major categories of cognitive processes,
starting from the simplest evaluation to the most complex
knowledge (see the Fig. 4) for an in-depth coverage of each
category. The categories can be thought of as degrees of difficulties.
That is, the first ones must normally be mastered before the next
one can take place.

The original Bloom’s taxonomy was revised after 45 years [01].
The order of synthesis and evaluation categories was exchanged.
The synthesis has been replaced by the “create” category, which is
not understood as a rebuilding of individual elements, but includes a
creative element along with the evaluation (the usage of critical
thinking). The category of comprehension was renamed to
understanding. The cognitive dimensions are expressed in the verb
form, while the knowledge dimensions are in the form of a noun
(substantive). Bloom's Taxonomy is mostly used when designing or
modelling educational, training, and learning processes

Knowledge

Bloom’s Revised
Taxonomy Bloom’s Taxonomy
[ Evaluation ] [ Creating ]
><<
[ Synthesis ] [ Evaluating ]
[ Analysis ] — [ Analyzing ]
[ Application ] — [ Applying ]
[ Comprehension ] — [ Understanding ]
( ) —— )

[ Remembering

Fig. 4 Bloom's original and revised taxonomy

The chart (Fig. 4) compares the original taxonomy with the
revised one changing the names in the six categories from noun to
verb forms.

Revised Bloom’s taxonomy recedes from the hierarchical order
of the categories from the lowest to the highest. Overlapping may
occur mainly during the educational activities, e.g. the learner
sometimes evaluates even though he/she had not analysed the
subject matter, or he/she creates new knowledge on the basis of
partial knowledge. However, all dimensions should be shown.
Table 1 provides examples of possible student activities for each of
the component of the knowledge and cognitive dimension. Insertion
the objective into the table is not always so easy and unequivocal.
The formulation of the educational objectives and their taxonomic
classification helps the teacher to choose the teaching methods
(methods and forms of teaching) as well as it helps him/her in
assessment, which is appropriate to the nature of the objectives [09].
The activity of the teacher and the learner should correspond to the
chosen educational objective. Today, Bloom’s taxonomy is easily
understood and probably the most often applied one.

Table 1: examples of possible student activities for each of the
component of the knowledge and cognitive dimension

The Reme Under Applyi Analyzi Evalua | Creating
Knowledge mberin | standi ng ng ting
Dimension g ng
Factual List Summ Sort, Order Choose | Combine
Knowledge arize classif
y
Conceptual Descri Interpr | Experi Explain, | Estimat | Plan,
Knowledge be et, ment compare | e,deter outline
recogn mine
ize
Procedural Organi | Predict | Calcul Differen | Conclu | Compos
Knowledge ze ate, tiate, de e, design
solve depict
Meta- Appro Proces Constr | Create Perfor Actualiz
Cognitive priate S uct m, e,improv
Knowledge Use express | e
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The effectiveness of learning is closely related to the participants'
activity. Already, Edgar Dale (1900-1985), an American
educational researcher, has found this in conjunction with
developing the "Cone of Experiences" [05], which shows the
effectiveness of the different teaching methods. From this we can
see that the best methods are based on being more reliant on learner
activity (Fig. 5). For this reason, today's most popular educational
methods are all focused on activities of learners such as Inquiry-
Based Learning, Problem-Based learning or Project-Based
Learning. At the top of the pyramid are the less-active methods,
where we listen and read the learning materials. In order for the
educational environment to be effective, action, interaction and
creativity should be introduced into education. This methods are
located at the bottom of the cone [03], [04], [05], [06], [15].

People generally remember...

{learn activities)

People are able to...

(learning outcomes]

10% of what they read

20% of what they hear

30% of what they see

50% of what they
see and hear

70% of what they
say and write

Analyre
- Defire
Create
Evaluate

Simulate, Model, or Experience a Lesson

90% of what
they do

Design/Perform a Presentation — "De the Real Thing”

Fig. 5 Cone of Experiences

4. The Model of Knowledge System Creation

The teacher in the educational process affects the learner with
the intention of achieving educational goals. Teaching is considered
to be an optimal way of getting necessary knowledge. In
implementing the learning model, it is important to apply both the
taxonomy of objectives as well as the effectiveness of the various
sources of knowledge and information that are acquired through
different channels and the existence of different learning methods
and styles. An important part of the learning model is the
presentation of knowledge and information which are the subject
of learning. This subsystem is part of the model of the (ideal)
teacher. Learning material should be presented with the appropriate
pedagogical transformation, in a multimedia structured form, with
the respect to the student’s mental level and his/her active
involvement in the learning process. Another model of the
subsystem of the teacher is the management of the learning
process. It is necessary to identify learners, their learning style,
their current level of knowledge, etc. to optimally manage the
process of learning in order to individualize the learning process
and shorten the time that is necessary to process gained information
and knowledge. Incorporating new knowledge into the learning
system of the learner means confronting new knowledge with
knowledge in one’s own knowledge system. In the case that the new
knowledge is in accordance with the existing ones, the knowledge is
deepened, and its durability is increased [16], [19]. If a conflict
arises in assessing and processing new information and knowledge
with the old ones, it needs to be solved. Thus, the individual
constantly builds and improves their own knowledge system not
only by consciously searching for new information and by checking
and using it in practice, but also by the influence of the environment
where the learner lives and in contact and communication with
others. The objective of building the knowledge system is to make
the individual wise, to change the quantity into the quality, so that
understood (passive) information and knowledge become active,
and therefore the individual is convinced of their relevance.

The knowledge system of an individual is not an isolated
information and knowledge, but a system of knowledge -
knowledge which is interconnected by relations that express the
connection between knowledge. The knowledge system contains
knowledge that is useful for solving everyday life problems,
problems in professional life, employment problems and the
problems of society we live in.

The learner analyses the acquired information, confronts them
with knowledge of his/her own knowledge system, tests them by
active usage, and incorporates them into his/her own knowledge
system by synthesis, in other words the new information become
knowledge. (See the Fig. 5.) It is according the rule of learning
where the ultimate goal is a wise learner. ,,From information and
knowledge to wisdom*.

In the Fig. 5 can be seen how the learner processes information
and knowledge that is presented in different forms and how he/she
creates his/her own knowledge system.
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tools and materials
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(visual information)
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Fig. 6 Model of knowledge system creation

5. The Knowledge System Building

In constructing the graphical model of building the knowledge
system, we proceeded from the cognitive theory of multimedia
learning of Mayer. Mayer, based on his research, developed the
Cognitive Theory of Multimedia Learning, based on 12 principles,
which should be taken into account when developing multimedia
teaching materials. These principles were grouped into three main
categories [08].

. Reducing processing of information not covered (Coherence
Principle; Signalling Principle; Redundancy Principle; Spatial
Contiguity Principle; Temporal Contiguity Principle).
Control the processing of relevant information (Segmenting
Principle; Pre-training Principle; Modality Principle).

To promote constructive processing
(Multimedia Principle; Personalization
Principle; Image Principle).

Il. of information

Principle; Voice

In the Fig. 5 is illustrated how a knowledge system is built and
it is also easy to see how the human brain processes several types of
information.

On the basis of the results of Mayer’s research, the basic
principles of multimedia learning have been developed. Those
results are confirmed by our research results in the area of the usage
of the multimedia learning aids for programming in forms of
animation-simulation models, which we have accomplished during
the past years at J. Selye University in Koméarno as well as at
Trnava University in Trnava. The animations were developed in
HTMLS5 using JavaScript technologies. We also used the Create]S
libraries (www.createjs.com) for animating the objects.

Our research results have shown that when the explanation of
teaching material is in textual form, it is important to give students
enough time to read and comprehend it. According to the principles
of Mayer’s multimedia learning, it is not recommended to show the
text and animate the objects on the screen at the same time. It is
better to let students start the animation themselves after reading
and understanding the explanation. Another possible solution could
be to use narration during the animation instead of textual
explanation [16], [17], [18], [19].


http://www.createjs.com/

The results of several experiments emphasized that the
animations may be used more efficiently when they are not
displayed alone, but when they are part of a learning environment.
This environment could be an electronic textbook with hypertext
structure, enriched with embedded animations, diagrams, and
examples [19].

The limited scope of the article does not allow detailed analysis
of the individual subsystems of the model. We plan to publish this
analysis in the next article about the modelling of the learning
process.

6. Conclusion

The model of learning — building of the knowledge system of
the learner can be implemented in various ways. It might be built as
a learning expert system [12], a virtual “second life” university or as
a learning environment created with the support of LMS and CMS,
where the presentation of knowledge can have a different form, e.g.
multimedia interactive animation-simulation model of the studied
phenomenon, or dynamic process [10], [11]. The management and
optimisation of the learning process should be realised on the basis
of the logical hyper-structure of the knowledge of the studied
object, which is the subject of the education. In that case the logical
hyper-structure of the knowledge contributes to the systematisation
of the knowledge and to the correct improvement and building of
the knowledge system of the learner. These kinds of education
systems must be implemented in a such way that their utilization
reduces the time needed to understand new knowledge, to process
them and to convert them into active knowledge, that are useful and
easily accessible in the long-term memory of the learner. They help
him/her solve various problems, not only in the professional field,
but also in everyday life. If we want educational software systems,
which support learning, to deliver the expected effect, we must
respect the rules of creating and building a knowledge system and
the pedagogical, psychological and didactic rules of learning.
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Abstract: The hypothese concerning encoding of information in the peripheral part of the human's auricular analyzer are presented. A brief
critical analysis of contemporary trends in theoretical concepts concerning principles of work of the cochlea of the inner ear are conducted .
Prerequisites for the construction of an alternative theory of coding of information in it are formulated in order to optimize the design and
software of cochlear implants. The principle of constructing an imitation model of the generation of electric signals formed in the cochlea of

the inner ear are proposed.
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1. Introduction

Hearing plays an important role in the development of speech,
intelligence and formation of the human's psyche. The information
which is received through hearing, is not less important than the
information which is perceived by sight. Loss of functions of
hearing by a human largely limits his/her communication and leads
to serious psychological and moral problems. Therefore, the task of
full or partial, but socially adequate, recovery of hearing is an
urgent one. To solve this problem hearing aids, as well as cochlear
implants, are used in modern medicine. The task of hearing aids is
simple and consists in shaping the frequency response of the
amplifier to compensate for a decrease in the sensitivity of the
patient's auditory system in a certain range of frequency. Implants
of cochlea are constructed on the principle of separating the audio
signal into several signals in separate frequency bands, followed by
further direct electrical stimulation of the auditory nerve by each of
them. They are used in case of violation of the peripheral part of the
auditory analyzer, more specifically - of the patient's inner ear.
Nowadays medicine has made significant progress in the use of
cochlear implantation. Surgical techniques of their implantation are
well established. However, there are certain difficulties related,
mainly, with the perception of signals from the implant. These
difficulties are caused by principles of implants' work, which are
based on a fairly rough analysis of the audio signal's spectrum and
selection of several frequency channels, each of which excites a
certain portion of the auditory nerve. This ideology of the cochlear
implantation is based on the current understanding of work of the
peripheral part of the auditory analyzer, which is based on theory of
Békésy [1], concerning the running wave on the basilar membrane
(BM), and on "frequency-place” principle. There is enough
experimental data that can be interpreted as a confirmation of this
theory. However, there are also experimental data which contradict
it [2]. One can say that today there is no consistent view on the
functioning of the cochlea of the inner ear and representation of the
audio signal in the structures, which stimulate the auditory nerve.
Therefore, in this paper, a brief critical analysis of contemporary
trends in the theoretical concepts of the peripheral part of the
auditory analyzer is given and prerequisites are formulated for the
construction of an alternative hypothesis on the coding of
information in auditory analyzer . Creation of the experimentally
proved theory on the basis of this hypothesis will provide an
opportunity for further critical rethinking of principles of the
cochlear implants' design in order to improve the adaptation of
patients with deafness caused by damage of the inner ear's cochlea.

2. Preconditions for resolving the problem

One of the known effects, inexplicable from the standpoint of the
theory of "frequency-place” is the binaural effect. Evaluation of the
time difference of arrival of the same wave's phases to both ears
may occur, evidently, only in the brain centers, that means that the
periodic nature of the sound process should somehow appear in the
neural processes of the cortex. Meanwhile, the theory of
"frequency-place”, as the theory of "peripheral analyzer" refers
assessment of sound solely to the excitation of nerves in the given
area of the cochlea. This leads to the emergence of new theories of
hearing. One of such theories is the theory of G. Fletcher [3].
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According to this theory,it is not individual strings of basic
membrane respond to the audio waves, but peri - and endolymph of
the cochlea do this. Plate of the stapes transmits sound vibrations of
the cochlea’s fluid to the BM, at that the maximum of amplitude of
these oscillations at higher tones lies closer to the base of the
cochlea, at lower ones - closer to its top. Nerve fibers which end in
the main membrane, including the organ of Corti (according to
some authors) resonate only at frequencies above 60 - 80 Hz. There
are no fibers, which receive more lower frequency on the main
membrane. Nevertheless, feeling of heights up to 20 Hz is formed
in the brain. It appeares like the combination of high tone
harmonies. Thus, from the Fletcher hypothesis's viewpoint,
perception of the low tones' pitch is explained by perception of the
whole complex of harmonic overtones, and not only by perception
of the frequency of the main tone, as it was usually taken so far.
And as content of overtones to a large extent is dependent on the
intensity of the sound, then it becomes clear a close relationship
between the three subjective qualities of the sound - its height,
volume and timbre. All these elements, each of them individually,
are dependent on the frequency, strength and composition of the
sound's overtones. According to the Fletcher's hypothesis, resonant
properties are inherent to the mechanical system of the cochlea as a
whole, not just to the main membrane's fibers. Under the influence
of a certain pitch, not only fibers, which resonate with this
frequency, oscillate, but the entire membrane as well, and also this
or that amount of fluids in cochlea. High tones force to drive only a
small mass of liquid near the base of the cochlea, low ones - are
fixed closer to helicotrema. Fletcher also overcomes the main
difficulty of the resonance theory associated with explanation of a
large range of volume. He believes that the volume is determined by
the total number of nerve impulses, coming to the brain from all the
excited nerve fibers of the basal membrane. Fletcher's theory, in
general, does not deny existence of "frequency-place" theory and it
can be attributed to the theories of "peripheral analyzer".

Theories of "central analyzer" or so-called "telephone theory", form
another group of theories [4]. According to these theories, audio
vibrations are converted by cochlea into synchronous waves in the
nerve and transmitted to the brain, where their analysis and
perception of level of tone takes place. J. Ewald's theory, which was
proposed in the late of 19th century, also belongs to this group of
theories. According to this theory, under effect of the sound,
standing waves are formed in the cochlea with a length which is
determined by the frequency of the sound. The level of the tone is
determined by the perception of the shape of the pattern of the
standing waves. The feeling of a certain tone corresponds to the
excitation of one part of the nerve fibers, and the feeling of a
different tone corresponds to the excitation of an another part.
Analysis of sound is performed not in the cochlea but in the central
areas of the cortex. Ewald succeded to build a model of BM, with
the size which approximately corresponded to the real ones. In his
experiments the entire membrane began to vibrate when it was
excited by the sound. The "audio picture” appeares in the form of
standing waves with the length, which is as smaller, as the sound is
higher. Despite the successful explanation of some embarrassing
particulars, Ewald's theory (as well as other theories of "the central
analyzer") hardly corresponds to the latest physiological researches



of the nerve impulses' nature. In the [3] the dual point of view is
expressed, namely, the explanation of the perception of high tones
is given in the sense of "peripheral analyzer" and of low ones - from
the perspective of “the central analyzer.

American researchers, who first-ever implanted microelectrodes in
cat's cochlea, registered electrical potentials which arised in the
cochlea [5]. Based on their observations, they created an
electrophysiological theory of hearing. According to this theory,
every hair of hair cells of organ of Corti is similar to the
piezoelectric crystal. As it is known, these crystals have an
interesting property - upright they are neutral, but when they are
bent even a little bit then electric charge appears immediately. In
case of fluctuations of BM, hair cells, naturally, begin to oscillate
also. But the tectorial membrane pushes on top of the hair, they
bend, causing an electrical charge. Thus, under the influence of the
deformation of receptor cells' hairs in sync with the sound's
vibrations, the electrical energy is released, and biological currents
appear. These biological currents stimulate the thinnest endings of
branches of auditory nerve, which criss-crosses the hair cells.
Through this nerve and conductive pathways of medulla oblongata
excitation is transferred to the cortex of the temporal lobes of the
brain, where the analysis and synthesis of audio stimuli takes place.

Thus, at the moment it is common to speak about the duality of the
mechanisms of perception of the pitch: in the high-frequency range
the most acceptable is the principle of "place", in the area of lower
frequencies - a modified principle of "bursts". Despite the long
history of the discussions on the principles of the functioning of the
auditory system as a whole and its peripheral parts in particular, and
the availability of a huge number of researches related to the study
of the perception of pitch, it is obvious that the mechanism of
coding the information in the peripheral part of the auditory
analyzer is not completely elucidated and requires further intensive
research.

3. Formulation of a hypothesis for model development
From the perspective of physics, dynamic range of 125 dB is a
unique parameter of the human auditory system. Thus, the
maximum amplitude of the audio signal at the system’s input
(eardrum) differs from the minimal amplitude in trillion times. Such
value of the dynamic’s range leads to suggestion that there is not
only one, but several mechanisms of perception of the sound in the
peripheral part of the auditory analyzer, which is consistent with the
views of a number of scientists. For example, it is known [6], that
the subcutaneous plate of stirrup at high intensity of the input’s
signal, close to the maximum intensity, moves from the
translational vibrations to the vibrational-rotational ones, thus
preventing the entire system of middle and inner ear from the
mechanical damage. Then this is logical to assume the existence of
several reactions to sounds, which are differrent not only by
frequency, but also by intensity. Thus, it is interesting to compare
processes of formation of auditory images in the cochlea of the
inner ear at maximum and minimum levels of input signals.

Taking into account the assumption that there are several
mechanisms of the inner ear’s functioning while converting sounds
of different intensity into the electrical activity of the auditory
nerve, let us consider the mechanical processes in the cochlea when
it is exposed to weak (low intensity) beeps.

As it was mentioned above, Békésy G. substantiated hypothesis,
called the "theory of running waves", which states that the
vibrations are distributed through BM in the form of running waves
having a maximum of the envelope at a certain point of membrane,
whose place varies depending on frequency of the acting signal . A
number of authors who used different methods for registration of
membrane’s oscillations, experimentally confirmed the basic
provisions of G. Békésy’s hypothesis [7 - 10]. However, direct
observations of BM’s vibrations, executed by G. Békésy, were
carried out at a power of the sound of 90 - 120 dB. Using an
extrapolation of the existing experimental data it is possible to
calculate that the amplitude of BM’s movement in the place of the
running wave's envelope’s maximum is about 102 sm [1, 7]. This
value is much smaller than the amplitude of the thermal motion of
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the molecules of cochlea fluids. Furthermore, in order to have any
fluctuations of BM, the pressure of sound’s signal must overcome
cochlea's elasticity and its inertia of rest. And, obviously, because of
its stiffness, it will not respond to such a small amount of energy.
So, it can be postulated that BM is stationary at low intensities of
the sound’s signal. And this gives a basis to suppose the absence of
influence of BM’s mechanics on the analysis of the sound’s
information at small acoustic signals. At the same time, the
presence of a running wave can say about ability of the cochlea's
structures to absorb the excess of energy at high levels of the sound.
This assumption, as well as high sensitivity of acoustic analyzer,
give reasons to look for other mechanisms of perception of the
sound in the cochlea, especially at low levels of intensity of acoustic
signals. In a number of works [8, 9], where the amplitude-frequency
characteristics of the BM’s vibrations were investigated, it turned
out that they are less selective than it was expected based on the
values of differential threshold of frequency. This allowed to
suppose the presence of so-called "the second filter”, which is
located, according to the researchers’ viewpoint, at the junction of
the tectorial membrane - wax cells of the organ of Corti or hair cells
- the fibers of the auditory nerve ¥ [11 - 13], although such a filter
was not detected experimentally [11]. Also in the work [14] the
hypothesis is suggested concerning the existence of molecular
resonance mechanism, which is localized in the tectorial membrane.
Due to different speeds of sound’s movement in the perilymph and
in the tectorial membrane, concentration of the acoustic energy
takes place in the latter, resulting in the conversion of mechanical
energy into biochemical one through resonance and movement of
ions, which cover complex of the tectorial membrane - the hair cells
of organ of Corti. There is a hypothesis, according to which the
flanking sprouts of Deiters cells and cuticular region of the hair cell
form a pair, called "Auron" by the authors, that makes primary
frequency analysis of sounds using resonant oscillations (hypothesis
of “auron resonance”). A number of authors [4, 15] express the
opinion that the frequency analysis in the cochlea is carried out by
means of resonant vibrations of the hair cells and the tectorial
membrane. These assumptions are confirmed by correlation
between the lengths of hair cells’ stereocilia and characteristic
frequencies [4, 15]. Thus, modern researches have led to the need
for a thorough study of the "thin" structures of the organ of Corti.
Imagine the possible mechanism of the cochlea’s mechanical part
under the influence of weak acoustic signals (0-20 dB above
threshold). In this case, taking into account the above mentioned
extrapolation, let us assume that BM is immovable. If we are adhere
to the concept of a mechanical nature of transformation of sound’s
vibrations into receptors’ potentials of the hair cells, it is necessary
to find in the structure of the organ of Corti those oscillating
elements, that have to "feel" the impact of such a small incentive.
To do this, we consider a schematic cross-sectional view of the
organ of Corti in a single turn of the cochlea (Figure 1). The figure
shows that the hair cells are connected with the tectorial membrane
(this is confirmed experimentally by [1]), and the latter, in turn, is
fixed in such a way that it can form a very sensitive lever system in
vertical direction regarding to the BM’s plane. The schematic
connection of the covering membrane with hair cells is shown in
Figure 2, at that it is assumed that the hair cells have their own
elasticity (coefficients K;). When the mechanical structure of the
cochlea’s membrane was studied, it was found that the tectorial
membrane really moved easily in the direction which is
perpendicular regarding to BM [1].

In the experiments described in the works of [16], it is shown that
the stereocilia of hair cells are rather hard. It can be assumed that
they alone or in a bundle together with the mass of the coating
membrane form sensitive, and perhaps the resonance system. In the
[4, 15], for example, the possibility of resonance in such a system is
shown. This is confirmed also by the structure of the coating
membrane: it consists of thin transverse fibers, which generally
have a radial direction along the axis of the cochlea, and there is a
transparent gluing substance between the the fibers [17]. Reissner's
membrane is a very thin film of the same elasticity over the entire
length. At that, its elasticity is small in comparison with the



elasticity of BM, through which transmission of oscillations passes
freely. Its role is to separate endo- and perilymph and it seems, that
id does not participate in the analysis of vibrations.

Based on the above mentioned facts, one can imagine a process of
the membranes’ vibrations in the cochlea un terms of action of
acoustic signals with low levels of sound’s pressure as follows:
sound’s pressure is transferred to a tectorial membrane through the
perilymph, endolymph and Reissner membrane. Because of its
structure, tectorial membrane responds to minimum pressure by
substantial displacement in a plane, which is perpendicular to the
BM, as compared with the displacement of MB (or its absence) at
the samelevels of input signals. The mass of the tectorial membrane
and elasticity of the hair cells can form the sensitive system, which
reacts to this movement. Moreover, taking into account the structure
of the tectorial membrane, it can be assumed, that together with the
hair cells, it forms the whole system of sensitive elements , which,
in principle, can work as unbound tuned resonators. Taking into
account calculations contained in [4, 15], their amplitude and
frequency characteristics will be sharper than the same
specifications for MB. BM in this case remains stationary and does
not participate in the analysis of signals with such levels. It is
obvious, that while increasing the sound’s level, starting from some
particular magnitude of the acoustic signal, vibrations of the BM
become relevant and can not be ignored anymore. In this case the
nature of excitation of hair cells, which determines the information
transmitted by the auditory nerve, is to be altered.

This situation can be considered in more details. Under the
influence of a weak signal BM is stationary. Sound’s pressure,
according to the laws of physics, is transmitted through the
perilymph in all directions. At that, if the forward movement of the
stapes is very slow (very low frequency), a column of liquid should
overflow from channel to channel through helicotrema without
creating significant pressure on the side walls. In this case, hair cells
do not respond to the signal. By increasing the speed of movement
of the stapes (increasing the frequency of the signal) perilymph does
not have time to go through an opening with a limited area
(gelikotrema) and the radial component of pressure arises, which
affects the complex " tectorial membrane - hair cells", generating an
electric signal (it is possible that the area of helicotrema defines the
lower boundary of perception of the signal). This pressure should be
distributed over the entire length of the channel, that corresponds to
the assumptions of the "telephone theory™

Thus, when the input signal has low intensity, the dotted excitation
response of hair cells is possible. However, considering the fact,
that pressure in liquid circulates in all directions simultaneously,
and that the helicotrema restricts the flow of the perilymph from
channel to channel, one may assume the simultaneous stimulation
of hair cells in the area of a certain length.

The increase in signal intensity leads to the excitation of BM’s
vibrations and the appearance of a running wave on it. A running
wave should lead to the displacement of structures of organ of Corti
and irritation of hair cells throughout its whole length, not just at the
point of its maximum amplitude. So, it is possible to propose a
hypothesis about the formation of a some spatio-temporal pattern,
which represents the excitation of the auditory nerve. At that, taking
into account the form of envelope of a running wave, the excitation
should reflect the reaction of hair cells in three spatial coordinates,
as well as changes in the spatial "images" in time. Thus the spatial-
temporal signal, having four coordinates: length, width, depth and
time, is formed. Obviously, in such way principle of "frequency-
place" and elements of the telephone theory are combined.
Considering the mechanisms of forming the excitation in the
cochlea of the auditory analyzer, the question must arise about the
nature of the signal applied to the input of the system in
experimental studies. Usually it is a pure tone, which represents a
sine wave with a certain amplitude and frequency. It is believed that
the "frequency-place™ principle works in this case. When the
composite signal is supplied, then since the Helmholtz times in
most studies it is suggested that the ear analyzes in this or that way
its spectrum, represented as a set of sinusoids. However,
representation of the composite signal as a set of sine and cosine,
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which is widely used in electronics and acoustics, is a comfortable
way, but not the only one. For example, according to the
approximation theorem of Weierstrass any complex function can be
approximately described by a polynomial of degree n, i.e. as a sum
of exponential functions with different coefficients of [18]. And
taking into account the fact that in the natural environment you can
hardly meet pure tones, the natural response of the auditory system
is the analysis of complex sounds. It is doubtful the possibility of
the membrane of the cochlea of the inner ear to decompose non-
periodic audio signal in Fourier series. Thus, it is not necessarily
that the inner ear works as a spectrum analyzer, allocating and
fixing the harmonic components of the audio signal. Hence the
assumption arises (which supports the expressed above hypothesis)
that the audio signal is not decomposed in the inner ear into
components, but is perceived as a whole. Of course, the principle of
"frequency-place” can not be denied, as it was confirmed
experimentally. However, its confirmation was received when
exposed to high intensity signals.

4. Computer model of signal formation in the cochlea
These assumptions should be confirmed by experimental
verification. At the same time, it should be noted that the
experimental study of structures (and particularly of "thin"
structures) of the inner ear’s cochlea in real objects are very labour-
consuming and not very informative, even when using modern
technology and equipment. Therefore simulation is one of the main
methods of investigation of the inner ear. Unfortunately, among a
large number and variety of existing models of cochlea, there are
just a few of them which take into account not only the behavior of
the BM, but also of other membranes, but even at that case they are
used only with the aim to clarify its vibrational characteristics.
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Fig. 1. Structure of the imitation model of the inner ear function

Taking into account complexity of the structure of the inner ear's
cochlea, simulation modeling is conveniently chosen as a method of
constructing of the model, since this technique was developed for
studying of complex systems. Organization of hydromechanical part
of the cochlea is complex, not linear and poorly researched.
However, its response to the sound signal causes the excitation of
hair cells, both internal and external. This excitation forms a
common electrical signal, which is transmitted to the upper parts of



the brain along the auditory nerve. Based on the proposed
hypothesis of the formation of some spatio-temporal pattern of
oscillations in the cochlea, it is possible to model different variants
of hair cells' excitation, and, accordingly, of their reaction as an
aggregated electrical signal. This electrical signal can be registered
in a real experiment. Comparing signals which were simulated by
the model with the experimentally recorded ones, one can select the
most similar ones and thereby make a conclusion about the real
mechanisms of the inner ear's functioning. A simplified diagram of
the model of the formation of an electrical signal of the hair cells'
reaction to an external signal is shown in Fig. 1. Inner and outer hair
cells are denoted by multicolored squares. In this variant, each cell
(which can be regarded as a sensor) generates a single pulse
regardless of the parameters of the input signal. All pulses which
were generated at a given moment of time are summed in the
summation block. Thus, a signal is generated, which is similar to
that one, which can be registered in a real experiment.

The fragment of output results of modeling of hair cells' excitation
under influence of the input signal which was generated by means
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Fig. 2. The computer simulation result of the formation of an
electrical signal at the "exit" of the cochlea of the inner ear

of the generator of random numbers is presented in Fig. 2. As it can
be seen from Fig. 2, the resulting signal is similar to the microphone
potential which was measured in a real experiment. Thus, one can
see the prospects of developing of this approach for modeling of
the auditory function. One can draw a conclusion about the
principles of coding of information in the peripheral part of the
human auditory system by analyzing the mechanisms of functioning
of the inner ear's cochlea from the point of view of existing theories
and developing models of signals that stimulate hair cells and
comparing the results of modeling with the results of the
experiment. Moreover, it seems expedient to select tests of
subjective and objective researches of hearing, on the basis of
which it is possible to create an adequate model of inner ear's
functioning both in conditions of norm and pathology. This will
deepen our knowledge of coding of auditory information and
optimize design and software of cochlear implants on their basis. In
case of confirmation of mechanisms of the inner ear's functioning in
framework of the above mentioned hypothesis, the design of
cochlear implants must be based on other ideas about coding of
signals in the peripheral part of the auditory analyzer other than
decomposition of the input signal into several frequency ranges.

5. Conclusion

1. The hypothesis of stimulation of hair cells of the inner ear's
cochlea is proposed, in which the formation of a spatio-temporal
picture of excitation as a reaction to an external sound signal is
suggested. This hypothesis makes it possible to explain the
sensitivity of the auditory analyzer at low intensities of input signal
and, on the whole, does not contradict to the existing ideas about
mechanisms of hearing's perception.

2. An imitation model of formation of an electrical signal of the
hair cells' reaction to an external signal is proposed, in which each

159

cell generates a pulse and all pulses are summed in the summation
block. In this way the electric reaction of a cochlea is simulated,
which is similar to that one, which can be recorded in a real
experiment.

3. It seems appropriate to conduct tests of subjective and objective
researches of hearing for the analysis of modeling results on the
basis of which the adequacy of the proposed hypothesis of
functioning of the inner ear can be confirmed in conditions of norm
and pathology. This will allow to deep knowledge about coding of
auditory information and optimize on this basis design and software
of cochlear implants.
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GENERATION OF AN ATLAS-BASED FINITE ELEMENT MODEL OF THE
HEART FOR CARDIAC SIMULATION
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Abstract: In this paper an algorithm for creating an atlas-based finite element heart model for cardiac simulation is described. This
model is used to simulate the propagation of electrical impulses of the heart. An important feature of this model is that it contains conductive
paths and fibrous tissue, which makes it possible to make more realistic calculations of the propagation of electrical signals. The model
created from anatomical segments of the heart surface is defined by a polygonal mesh. The algorithm presented in the article offers a means
to create models of various accuracy.

Keywords: HEART MODEL, CARDIAC SYSTEM, RECONSTRUCTION, RAY CASTING, FE-MODEL, TETRAHEDRAL MESH.

1. Introduction

In order to simulate an accurate electrical system of the human
heart, it is necessary to have a detailed heart model containing
different types of tissues: the direction of the muscle tissue,
conducting fibers, fibrous rings, etc.

Nowadays there is a number of finite element models (FE
models) of heart for modeling electricity signals. For example, in
some systems of heart electrical modeling, the rabbit heart model is
used [R. Bordasa, 2011] [Arevalo HJ, 2016]. The rabbit heart model
was constructed from a high resolution MRI dataset, with the use of
an intensity based level-set filter.

The first developed 3D models of cardiac anatomy were
simplistic models based on geometric shapes, this approach is still
in use for applications where the anatomical validity is not
important for the purpose of the model [Colli Franzone P, 1998]
[Sermesant M, 2006]. Currently, researches use simple geometric
shapes and make parameterized models based on segmented heart
images [P. Lamata et al, 2014].

Fig. 1 The outer surface of the heart and inner tissues.

3. Algorithm of model generation

In many articles, studies are based on models built on the . . .
segmentation of CT [Deng D, 2012] [Aslanidi OV, 2013] or MRI Th_e al_gorlthm co_n5|sts of several _parts: FE model genera_tl_on;
[Plotkowiak M, 2008] [Lopez-Perez & Sebastian, 2015] scans. classification of atriums and ventricles; removal of cavities;
Models of this type very anatomically accurate, but usually they ~ Cardiovascular system classification.

describe only one heartbeat phase, rather than the whole cycle. Step 1. Generation of the FE model.
~ Our algorithm enables automatic marking of vertex the type of Generation of a three-dimensional finite element mesh is
tissues after the grid generation, because manual marking of |apour-intensive process, that is why there are few high-quality
hundreds of thousands and more tetrahedrons makes no sense. open-source 3D mesh generators. We used Netgen for mesh
generation, because Netgen is an open-source framework with
2. Source data LGPL v2 license, it is well-tested, and has its own user community.

Netgen uses the outer surface of the heart in stl format, and yields a

As the initial data, anatomical segments of heart surface from - .
s the al data, anatomical seg S OF hiear’ surlace 1o FE model consisting of tetrahedrons (Figure 2).

Plastic boy anatomy (Plastic boy store) were used. We have several
types of meshes (Figure 1):

the outer surface of the heart;
left atrium;
left ventricle;
right atrium;
right ventricle;
mitral valve;
tricuspid valve; . LR
atrioventricular node; %ﬁg 7
sinoatrial node;
His bundle;
Bachmann bundle;
e  Signal ways.

We use the heart surface polygonal model to generate a
tetrahedral FE model. We can vary the total number of vertices and
tetrahedrons in the FE model.

; ?‘f_'eh' 2

Fig. 2 Generated FE-model
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Step 2. Removing tetrahedrons of atria and ventricles cavities.

After the first step we have the FE model, which consists of
tetrahedrons inside atria and ventricles cavities and we delete them.
To remove them we need to mark vertices for deleting. We mark
vertices located inside tissue meshes (Figure 1) via the ray casting
algorithm (J. D. Foley, 1990). A two-dimensional version of the
algorithm is shown in Figure 3.

Fig 3 Even-rule algorithm (2D schema). If the point is on the inside of
the polygon then it will intersect the edge an odd number of times, and
outside otherwise.

We start the ray from a tested vertex in any fixed direction and
calculate the number of intersections with heart tissue shells. If the
point is outside of the shell the ray will intersect it an even number
of times. If the point is inside the shape then the ray will intersect
the edge an odd number of times.

Having tested vertices with all shapes, we can delete
tetrahedrons consisting of marked vertices. After deleting we
obtain the model shown in Figure 4.

Fig. 4 FE-model with removed cavities

Step 3. Marking up the electrical conduction system of the
heart.

To mark up the cardiac conduction system we use the ray
casting algorithm for checking whether the point is inside or outside
the shell again. As a result we have a model with marked atriums,
ventricles and cardiac conduction system.

4, Parallel realization

The brunt of the calculation is marking points according to
tissue type. We calculate it with the ray casting algorithm. This
algorithm is good for parallel calculations, because we can test a lot
of points with the same shell together. Parallel realization of the ray
casting algorithm: we divide all vertices into blocks whose size
equals size of the GPU thread block and perform calculations for
blocks independently; inside the block, the ray casting algorithm is
performed for all vertices simultaneously.

o [[TTTITLITT] | N
blocksize =512\ s
hlocksize = 512 4 hY - -

! A o //
¥ 4 P s
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Fig. 5 Data parallelization scheme for the ray casting algorithm. SM -
Streaming Microprocessor

Parallelization scheme is shown in Figure 5. All vertices are
divided into blocks of the same size. On a GeForce GTX 680
(GK104), the optimal block size was found to be 512 threads.
Scheduler allocates vertex blocks for processing on Streaming
Multiprocessors automatically.

As the maximum length of the tetrahedron edge decreases, the
number of vertices and tetrahedrons and the time for their
processing increase exponentially (Figure 6), and it takes more than
more than 6 hours for sequential algorithm to process 2 million
vertices.

100000000
" )
§ / — Vertices
']
g 10000000 == Tetrahedrons
T
S 1000000
™
]
e
€ 100000
z 0 o) o oo
= ia '3 o ol'o
‘6 3 wn B -:Un
-

Maximal length of tetrahedron edge

Fig. 6 Ratio between the length of tetrahedron edge and the number of
elements. Y axis has logarithmic scale

We used CUDA for the parallel version. To measure the
performance, a computer with the following characteristics was
used: CPU Intel Core-i7 3820 3.6 GHz and GPU Nvidia GTX 680
4Gb 1006 MHz 1536 cores. The results are shown in the table
below. Algorithms were tested on a mesh consisted of 2389529
vertices and 13690149 tetrahedrons.

Table 1: Speed-up of the ray casting algorithm with CUDA

Type of shape Count of CPU CUDA Speed-up
triangles msec msec
AV 328 30995 100 310
SAV 590 54228 165 328
SA 792 82990 223 372
B 830 74979 221 339
F 2454 222461 606 367
RA 2646 247647 645 383
RV 3026 329501 771 427
His 4216 449535 1044 430
LA 5686 473853 1318 359
LV 7180 714429 1735 411
Total 27748 26800618 6828 392




We can see from the table that the speed-up when using the
CUDA realization of the algorithm compared to the serial version is
about 400x. Accelerating structures will increase the speed of the
algorithm even more.

5. Conclusions

Having completed all the steps of the algorithm, we obtain a
model of the heart, consisting of elements that belong to one of 10
types of tissue, to simulate the propagation of electrical heart
signals along conductive paths of the cardiac system. With an
optimized algorithm we can easily update our mesh after each tissue
model correction, because the updating process takes some minutes
rather than hours as is the case with sequential algorithms.
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ILLUSTRATION OF MODEL CREATION ON EXAMPLE OF APPROXIMATIONS TO
THE STEADY STATE CURRENT OF CHEMICAL CYCLIC PROCESSES
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Abstract: An approach for creation of biophysically based models for the steady state current of cyclic processes is investigated. When the
process (like chemical reactions) can be described by a system of linear ordinary differential equations, an analytic expression for its steady
state exists. The analytic expression is especially simple for the current of single cycle processes. In biologic context, concentrations of many
substances change in a very restricted (patho)physiological range. This allows neglecting some terms of the analytic expression and thus
obtaining biophysically based models that are both simple and adequate for description of currents produced by enzymes, pumps or
transporters. The approximations obtained could be reduced to the existing empirical models. A clear way of expanding a specific empirical
model for obtaining the desired quality and range of validity is also represented. The described approach is general and can be useful for
creating biophysically based models of other types of processes.

KEYWORDS: MATHEMATICAL MODEL, CYCLIC PROCESSES, STEADY STATE CURRENT, ENZYME, TRANSPORTER, PUMP

1. Introduction Ipmp = P, [KO[;‘jiko % @)
To construct an empirical model of some process one has to fit the [Ko] 1

parameters of a predefined function to some available experimental PP = Po oo @” *

data [1]. One could construct many functions that are close to each frat]

other for some range of data. The choice of a suitable function is . 1 @)
complex and requires taking into account specific information. The 1401245~ KT 40,0365 e~ KT

range of possibilities spans from a lucky guess to a detailed study of
the underlying processes. A comparison of various alternative  \here P, is the maximal current, ¢ = l(e% — 1), [Ko], [Nai] and
models may illustrate the advantages and the drawbacks of different 7
approaches. The purpose of this paper is to illustrate important
aspects of model creation on the example of the most studied
chemical cyclic process — the Na+/K+ ATPase (NKA).

[Nao] are external potassium, internal and external sodium
concentrations, respectively; pko and pnai are corresponding
affinities; V is membrane potential; F and R are the Faraday and
universal gas constants, T is the absolute temperature.

2. Analysis of existing NKA models 22 ODE models
2.1. Empirical models

An approach to modeling the processes that is alternative to creation
Cyclic processes are abundant in biologic environment. Actions of of empirical models is based on studying and description of the
enzymes, transporters, pumps are all cyclic process. All of them underlying chemical reactions. The chemical reactions are usually
collect some resources, perform the appropriate actions, release the  described as series of transitions between (often unknown) states.
products and then they are ready to start again thus forming a cycle. | et us denote the probability of the i-th state by [T;]. Each transition
Typically, one is interested in the cumulative effect of many cycles.  petween the states i and j, is described by a rate constant — a;;. This

As a result, the steady state current or at least the average turning  results in a system of linear ordinary differential equations (ODE)
rate is used to characterize the cycle. The first great success was  that potentially fully describes the reaction — eq. (4).

description of the steady state enzyme reaction rate — v, as a

function of substrate concentration — [S], performed by Michaelis drd _ Soa; [T] (4)
and Menten (1913) [2] and represented by eq. (1). at S
To perform direct numerical integration one must provide all the

_d[P] _ [S]*Vmax . L.
V="4 T Isl+km ) rate constants that describe transitions between the states.

where Vmax is the maximal reaction rate, [P] is the product For cyclic processes it is beneficial to distinguish forward rate
concentration, 1/Km is the substrate’s affinity. constants (o;;) and backward rate constants (B;;). For NKA, there
are at least 30 rate constants (15 forward and 15 backward ones)
The Michaelis — Menten relation becomes a basis for many  [13]. However, only some of them have been estimated [14-18].
empirical models of protein kinetics. The models of DiFrancesco The most common approach used in this case is the reduction of the
and Noble [3] eq. (2) and of Luo and Rudy [4] eq. (3) are those for number of states in the cycle [13, 19, 20]. Initially, Chapman et al.
NKA. The Luo and Rudy model has become the standard model of  [21] constructed a 6-state cycle; however, even in this case, some of
choice for NKA [5-12]. Empirical equations like eq. (2) and (3) are  the 12 rate constants had to be guessed [21]. Later, a complete set of
simple, easy to use and to calculate. Unfortunately it is not clear rate constants was obtained for a 4-state NKA cycle only [13, 19,
when the approximation is valid, and how to modify the equation to 22].
expand the range of validity.
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The rate constants have a close relation with the thermodynamic
force that drives the reaction [23, 24]. For the rate constants that
form a complete cycle one could write:

91,2023-%n—-1n%,1 _ eXp(Y/RT) — eX (5)

l31,2"}’2,3 "'anl,n l'}’n,l

where Y is the total, associated with the transported substances free
energy. Further for clarity we would redefine X=Y/RT and would
name X as total (driving) force.

To compensate simplifications, the reduction of the number of
states in the cycle should be accompanied by more complex
expressions used to define individual rate constants. Attempts were
made to increase complexity of the 4-state NKA model as the

simplified models faced problems to reflect inter-tissue and inter-
species differences [19, 20].

2.3. Analytic models

In the steady state conditions a system of differential equations is
transformed into a system of algebraic ones. This allows an exact
analytic description of the steady state [23-25]. Some models are
based on this observation [26-29].

The steady state current for a cyclic process looks like rational
function with two terms above and n? terms below the line, where —
n is the number of the cycle states. For a 3 — state cycle system the
solution is like eq. (6):

1,202,303~ 5B, 385 1

Ist =

The general solution for an n-state cycle [23, 24] is a direct
expansion of eq. (6):

01,202,300 —1,n0n, 1By 3By 3By 1 4Py 1

Ist =

(ﬂz,s o3,1+03,1By ;4B 5B, 3>+(u3,1ﬂ1,z+ﬂ1,2l32,3+[32,3 [33,1)"'(111,2&2,3 +az,3B3 4 +l33,1l31,2)

(6)

Where, Ist as well as the rate constants have dimension of s*.

(u2,3...un,1,n an 1 +u3,4...un,1[31'2+(n—2) other terms in a group )+(n—1) other groups

U]

Unfortunately the rate constants in eq. (7) are still mainly unknown.
The first approach to this problem is to reduce the number of states
in the cycle to 2-6 and then to solve the system of ODE analytically.
So obtained approximation is further transferred into an analytical
function of concentrations and potential [26-28].

Another approach to the problem is also possible [29]. Instead of
decreasing the number of states and complicating the individual rate
constants, one could do just the opposite. That is to simplify
individual rate constants by using the maximal number of states the
transporter can occupy. Then, according to the mass action law,

those rate constants would have a linear dependence on
concentrations:
a = a[Sh] B = BiSn] ©)

where o’y and B’, do not depend on concentrations, [Sby] is
concentration of the k-th binding substance, [Sr] is concentration of
the I-th released substance.

Eq. (8) could transform the terms under the line in eqg. (7) into a
multidimensional polynomial. Then, combining equations (5, 8 and
7) one could obtain for the current:

eX—1

Ist = Yo ©)

Z [Sr1] )

= asoi (SD
A=a(+27g 7+ 2 7T

_ by ([SD [Sby]
B=b(1+276 ™+ 25 sp)
where a; by have dimension of seconds, [S] represents
concentrations of all the substances, as([S]), as([S]), bsu([S]) and
bsi([S]) have dimension of concentration, X is the driving force
[29]. For NKA the driving force would be:

X =S g (L) 3y (o) 4 21 (Bed) 4 3zna - 2210 (10)

RT [ADP ][P][H] [Naj] [Ki]

We see that many different models for a single underlying process
could be created.

3. Discussion and recommendations

The steady state current depends on the driving force X, and
concentrations of the related substances (eq. 9). Specific
approximations would be appropriate in various conditions.

The processes where the driving force is close to zero would be
reversible processes, where current could change direction. For
them small changes in concentrations could cause large relative
changes in the driving force X (eq. 10) and thus in the current. As a
result, the effect of the driving force on the current could be
significant for reversible processes and should be explicitly present
in the model.

For irreversible processes the size of the driving force is significant
(IX|>>0). Then the effect of the driving force on the current would
be small (eq. 9). As a result it is often neglected like in the cases of
empirical models described above (eg. 2, 3).

The driving force calculation should not be a problem. An explicit
presence of the driving force in eq. (9) guarantees that the direction
of the current would always be correct. So models that explicitly
represent the effect of the driving force would have potentially
larger range of validity.

In biologic environment, the concentrations of many substances
change in very restricted ranges. This could be combined with the
observation that the reaction rate in the Michaelis — Menten relation
(eq. 1) has a weak sensitivity to the substrate concentration. The
rate is 0.1Vmax when [S] = Km/9, and it is 0.9Vmax when [S] =



9Km. In other words an 81-fold increase in substrate concentration
is required for increasing the rate from 10% to 90% of the limit
[30]. So by neglecting the affinities to substances whose
concentrations vary significantly less than 81 times, only a small
error would be introduced in a model for the steady state current
(eq. 9). If only substances, whose concentrations vary within narrow
ranges, are used in the cycle, the current could often be described by
a single parameter — its maximal turning rate. This is usually treated
as an oversimplification. Therefore, in such cases, the models like
those described by eq. (2) and eq. (3) are used, where contributions
of the most significant terms are present and contribution of all
other terms is neglected.

Concentration of some other substances could vary much more
significantly (like 81-fold or similar). That could be intracellular
Ca*", pH or other signaling molecules. If that substance is part of
the cycle, good reasons should be present to neglect its affinity.
That affinity may have complex dependence on concentrations [29].

The processes in the cycle that we have studied so far may have
nothing common with the regulation of the cycle. For example, in
skeletal muscles, changes in concentration of cyclic adenosine
mono phosphate (CAMP) activates the related kinase that in turn,
modifies NKA to augment NKA current [31, 32]. Thus to obtain a
realistic model, one may need to consider several cycles with
possible ligand or voltage gated transitions between them.

A proper system of differential equations could potentially fully
describe the chemical processes under study when the necessary
states and rate constants are available. However obtaining the states
and rate constants could be problematic. When all the substances
have rather stable concentrations, the steady state current would be
almost equal to its maximal turning rate. Finding many rate
constants from what is essentially a single current value is an
impossible task. To make situation even more complex external
regulation by some signaling molecules or by membrane voltage is
likely to be present in that case. To take information on the rate
constants, one must perform measurements of the steady state
current and of the concentrations of all of the involved substances
with great precision. So obtaining rate constants to construct
quantitative ODE model may be a very tricky task that is not always
possible.

In such complicated cases, when creating quantitative ODE model
is not possible, analytic approach that lead to eq. (9) provides a
valuable alternative. Thus equation (9), turns out to be a more
universal candidate for a quantitative model than a system of ODE.
Nevertheless a system of ODE is a great starting point for an
analysis of the underlying process [29].

4, Conclusion

Life is more complex than the steady state current of cyclic
processes. Models for many processes have to be created. However
creation of a useful quantitative model is not an easy task. Different
types of models reveal different aspects of the underlying processes.
Cyclic chemical processes are sufficiently well studied to illustrate
many important aspects of model creation. | hope that the analysis
represented here would be helpful in creation of new models.
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APPLICATION OF FUZZY MODELING TO PREDICT THE DISEASE OF STAFF
FROM EXPOSURE TO WORKING CONDITIONS

Klimova I. V., Smirnov Yu. G.
Department of Informatics, Computer Technologies and Engineering Graphics - Ukhta State Technical University, the Russian Federation

bgd4@mail.ru, ysmirnov@ugtu.net

Abstract: A fuzzy model for determining the morbidity rate of employees of a refinery with diseases of the respiratory
organs is analyzed on the basis of an analysis of the concentrations of pollutants in all occupational environments using a
mathematical apparatus of fuzzy sets. The results of visualization of the developed fuzzy model in the MATLAB Fuzzy Logic

Toolbox medium are presented.
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1. Introduction

Fuzzy modeling is the most promising direction for scientific
research in the field of analysis, forecasting and modeling of
various processes. This is especially important for assessing
occupational risks for the health of personnel, where there is
insufficient data on the connection of certain diseases with working
conditions. The existing assessment of working conditions makes it
possible to determine the "verbal™ level of risk on the basis of the
established class of working conditions. At the same time, the range
of production factors under consideration is constantly narrowing,
excluding even the receipt of additional payments for harmful
working conditions. Thus, with the invariance of working
conditions, the class of working conditions is reduced only by
changing the methodology by which labor conditions are evaluated.

The purpose of this work is to assess the applicability of
existing models and methods of fuzzy logic to modeling the impact
of harmful substances on the health of personnel of "RN -
Komsomolsk Oil Refinery".

The object of the study is the personnel of the plant exposed to
harmful substances in three environments for the period from 2004
to 2010. The subject of the study is inhalation non-carcinogenic
risks for the health of the personnel of the oil refinery.

2. Problem discussion

Consider the problem of constructing the dependence of the
morbidity of diseases of the respiratory organs of the personnel of
the oil refinery on the indices of the non-carcinogenic hazard of
chemicals and suspended substances. The nosological group of
"respiratory diseases" was chosen on the basis of an earlier analysis
of the impact substances and the peculiarities of their effect in three
environments: industrial-technological, industrial and urban [1].

The production technological environment is the most polluted
- it is the territory of technological workshops and installations. The
production environment is a less polluted environment within
administrative buildings, as well as the rest of the plant's territory.
The urban environment in turn is a combination of household and
environmental environments in the city of Komsomolsk-on-Amur.
Such a division into environments is made with the aim of
clarifying the concentrations of harmful substances, and,
accordingly, a more detailed assessment of the health risks of
workers [1].

A total of 66 substances participated in the analysis. Figure 1
shows the quantitative ratio of substances affecting personnel. Of
them, substances affecting the respiratory system - 30 items, 7 has a
primary effect on the respiratory system (Figure 2) [2].

All harmful substances that affect the respiratory system can be
divided into two groups: due to their specific effects: chemical
substances and suspended substances. Therefore, the model of the
dependence of the morbidity of personnel with respiratory diseases
on two parameters will be constructed: the index of non-
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carcinogenic hazard for chemical substances and the index of non-
carcinogenic hazard for suspended substances.
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Fig. 1. Ratio of substances affecting critical bodies / systems
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Fig. 2. Ratio of substances according to their primary effect on critical
organs / systems

Indices of non-carcinogenic hazards are quantitative estimates
of the amount of harmful substances affecting the worker's body
throughout the day in three environments and are calculated first for
each substance (1) and then for the group of effects on the particular
organ or system as a whole (2):



(1) HQi=AC/RfC,
(2) HI=ZX HOQi,

where HQi are the hazard ratios for the individual components of
the mixture of agents; HI - index of non-carcinogenic hazard for a
critical organ or system; AC - average concentration of substance,
mg/m?; RfC - reference (safe) concentration, mg/m® [1].

It is worth noting that the average concentration of each
substance involved in the calculation was averaged over 24 hours,
depending on each type of medium, the concentration of the
substance in it, and the time of exposure to the worker.

After the HI indices for respiratory organs were calculated at
each workplace, the data were averaged over 29 occupational
groups. The main criteria for the formation of groups of personnel:
belonging to the facility or shop and the value of the received non-
carcinogenic risk HI.

The minimum values of the indices were Hlyin chem = 23.87 and
Hlmin qust = 2.56, which exceeds the permissible value Hl,om = 1.
The maximum values of the indices were Hl .y chem = 1621.58 and
Hlmax dust = 5.01.

Next, consider such an output parameter as the state of health of
personnel, which is a reflection of a complex set of phenomena in
the environment. The process of its formation is influenced by a
number of industrial, socio-economic, as well as biological,
anthropogenic, natural climatic and other factors that together
determine the ecological environment in which the person is during
the day, food and water. Most of the harmful substances a person
receives with inhaled air, this is about 80% of all intake doses.

Anticipate the corresponding incidence rate of personnel with
respiratory diseases is quite difficult, especially with the seasonality
of this phenomenon. In this connection, it is expedient to use
linguistic variables, that is, variables whose values are not numbers,
but words in natural or formal language.

The data on the morbidity of the personnel of the plant on the
nosological form of "respiratory disease™ from 2004 to 2010 were
broken down into the allocated 29 occupational groups, and then
averaged over 7 years and included the number of cases per 1000
workers and the number of days of incapacity for work 1000
working. Further, data are used only for the number of cases of
diseases: the minimum value is 125 diseases, the maximum is 495.

Comparison of calculated HI indices and morbidity leads to the
receipt of 29 points, which are difficult to describe with the help of
the equations of dependence, but nevertheless, a directly
proportional relationship is clearly visible: the greater the hazard
index, the greater the response.

For the transition to fuzzy logic, an additional conversion of the
input parameters (HI indices) was performed. Since all indices
exceeded the allowable value, an attempt was made to select a so-
called "acceptable™ value that would guarantee minimal deviations
in the state of health.

For this purpose, an additional criterion "severity of disease
progression” was introduced and a corresponding group was chosen
whose indices are accepted for an "acceptable™ new standard. This
made it possible to obtain new ranges of values of Hlg,, € [0.12,
8.05] and Hlg,g € [1,0, 1,96].

3. Methodology

The modeling process can be presented in large form in the
following sequence of actions:

1) awareness of the problem;

2) highlight the main factors that determine the problem, which
should serve as output parameters of the model;

3) highlighting the defining input variables of the model;

4) the actual development of a mathematical model;

5) identification of the model (parametric or structural-
parametric);

6) conducting numerical experiments with the model and, if
necessary, statistical processing of the obtained data;
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7) determining the composition of the quality parameters that
characterize the problem being solved (using simulation data and a
priori information);

8) formalization of particular quality criteria based on quality
parameters;

9) determination of parameters characterizing the relative
importance of particular criteria for solving a common problem;

10) formalization of the generalized quality criterion for solving
a problem on the basis of aggregation of particular criteria, taking
into account their relative importance;

11) solving the problem of choosing the best alternative or
multi-criteria optimization, depending on the type of problem being
solved.

In essence, it is some detail of the generally accepted scheme:
the formulation of the problem — model building and identification
— optimization.

The development of fuzzy models of sanitary and toxicological
safety of the personnel of industrial enterprises makes it possible to
obtain a numerical estimate of occupational risk. The mathematical
apparatus of fuzzy logic is usually used in those cases when the
available quantitative information is insufficient, or it is not
complete enough to obtain reliable statistically significant
conclusions [3-7].

Along with classical analytical methods, it is advisable to use
the fuzzy set device implemented in particular in the MATLAB
computer simulation system [8], which allows developing a fuzzy-
multiple model for the estimation, analysis and visualization of
professional risk indicators.

Since there is a need to take into account the multitude of
indicators that are dissimilar in physical nature and dimensions, it is
advisable to bring them to a dimensionless form by rationing, for
example, as follows:

(3) s = Si —Smin 1

Smax ~Smin

where s; is a normed index; Spax Smin - the maximum and minimum
value of the criterion in the sample according to the normed
indicator.

The system of fuzzy inference in the general case includes the
following stages:

1. Phasing (reduction to fuzziness). At this stage, the exact set
of input data is converted into a fuzzy set, which is determined
using membership functions.

2. Construction of the base of rules for fuzzy products.

3. Composition using aggregation methods.

4. Dephasing (reduction to clarity). At the stage of dephasing,
the fuzzy system's executive module, on the basis of many fuzzy
conclusions, forms an unambiguous decision with respect to the
input variables.

Let us consider in more detail the initial stage on which phasing
is carried out. Denote by d the input variable "suspended matter",
which reflects the dustiness of the company's air environment. The
corresponding term-set will be denoted by:

T1 = {low, medium, high} = {D1, D2, D3}.

The second input variable x - "chemical substances” - reflects
the chemical contamination of the air environment. It corresponds
to the analogous term set:

T2 = {low, medium, high} = {X1, X2, X3}.

The output variable y (the level of morbidity of workers) is also
comparable to the analogous term set:

T3 = {low, medium, high} = {Y1, Y2, Y3}.

The next stage is the construction of a database of rules for
fuzzy products. Most often, the Mamdani model is used as a model
of fuzzy inference, the feature of which is the fact that its rules of
inference contain fuzzy meanings in its consecutive clauses. In our
case this is the membership function of the term-set T3.

In the chosen notation, we give for example some of these rules:

IFdISX1AND x ISD1 THENy IS Y1

IFdISX2 AND x ISD1 THEN y IS Y2

IFdISX3 AND x ISD1 THEN y IS Y3



As a tool for implementing this approach, it is convenient to use
the Fuzzy Logic Toolbox extension of the MATLAB computer
mathematics environment, which allows creating fuzzy inference
and fuzzy classification systems. The main interactive tool of the
Fuzzy Logic Toolbox is the FIS inference editor, which contains
tools for the functional mapping of input and output variables [8].

4, The discussion of the results

The stages of the simulation are illustrated in Figures 3-7 below.
Figure 3 shows a view of a software window with a schematic
model.
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File Edit View
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\ /
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And method min w || Current Variable
Or method . +| || Name dust
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o o = Range [0 1.96]
Defuzzification e = Help Close | ‘

Ready ‘

Fig. 3. Software window view

Figure 4 shows the graphs of the membership functions for the
input terms "dust" (d), “"chemical" (x) and output "sick" (y) of
linguistic variables.
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Fig. 4. Type of membership functions in the FIS editor of the Fuzzy Logic
Toolbox extension package: "dust" and “chemical" - for indicators of non-
carcinogenic risk for suspended and chemical substances, respectively;
"sick" - for the number of cases of respiratory diseases per 1000 workers
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Figure 5 shows a fragment of the window for determining the
base of production rules for fuzzy inference.
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Fig. 5. The form of the product rules definition window in the FIS editor

Figure 6 shows the view of the fuzzy output viewer in the
Mamdani model for the problem under consideration. Here, the
aggregation of fuzzy rules is shown for two input variables, "sick"
and "chemical”. This uses a logical product, which corresponds to
the operation min. Aggregation of implication concerning rules is
carried out by logical summation, which corresponds to the
operation max.
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Fig.6. View of Mamdani's fuzzy output viewer

Since the max operator is used as an aggregation operator, and
the min operator is used as an implication operator, the procedure
for obtaining a fuzzy output value is a composition of max-min.

After receiving a fuzzy output (y), it is necessary to go to the
phase of dephasing, which has the corresponding clear value y,.
(4). As a method of dephasing, we used the method of the center of
gravity:

(4) Your = Xiz1yi b(¥i)/ Xi=1 b,
where x (;) is the membership function of the i-th rule, and n is the
number of fuzzy products rules.

Finally, Figure 7 shows the surface of the fuzzy output for the
developed fuzzy model. This type serves for a general assessment
of the adequacy of the constructed fuzzy model, and also allows
analyzing the influence of the values of input variables on the value
of the output variable.



sick

dust

chem

Fig. 7. The surface of fuzzy output for the developed fuzzy model
5. Conclusion

1. There are 29 professional groups of plant personnel, the data
on which are converted into 2 input parameters d (suspended
substances), x (chemical substances) and 1 output parameter y (the
incidence of personnel with respiratory diseases).

2. A fuzzy model of the influence of pollutants of two groups on
the health of personnel based on the Mamdani model, namely, on
the respiratory system, has been developed and mathematically
described.

3. A variant of phasing the three identified parameters based on
an acceptable risk to staff health is suggested as "low", "medium",
"high".

4. In the interactive mode, the fuzzy output system of the solved
task is developed and visualized using the graphical tools of the
Fuzzy Logic Toolbox extension package of the computer
mathematics environment MATLAB.

5. It has been revealed that all personnel of the plant are
exposed to a sufficiently large exposure to non-carcinogenic risk,
the likelihood of harmful effects on the worker (respiratory
diseases) increases in proportion to the increase in the coefficient of
non-carcinogenic HI hazard.

6. The developed model can be easily supplemented by new
indicators of air pollution or other production factors (linguistic
variables) and new output parameters (fuzzy inference rules).
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Abstract: The purpose of this study is a method of exact reconstruction in the Radon problem, which consists in refusal of the approximate
transformation kernel usage. A comparison of the methods that are currently used in tomosynthesis was conducted. Model experiments were
performed; the results of the application of the proposed method in real tomography studies in tomography are given.

The traditional methods of Radon transformation [1] do not paper, we suggest alternative method aiming to get rid of this defect
make it possible to accurately reconstruct the initial distribution by changing the order of integration using re-grouping the integrand
function due to the divergence of the integral expression. In this functions in the result of transformation:

I|Q|dead
(2r)

Here f(x,y) is the desired density distribution in the layer, F(X,a) is the projections made under angle a, and X is the coordinate in the
detector. Usual way to use (1) is introduce function (filter)

F(X,a)exp(—iQ(X —xsina + ycosa)) . )

Q . 1%
G =] 50 | | - exp(-iQz) = [[Qlcos(Qz)dz, @
%
which describes the connection between f(x,y) and F(X,a):
f(x,y):JdadXF(X,a)G(X—xsina+ycosa). ®)
The main problem here is that the integral (2) contains a singularity expression (1) diverges within the limits. As a result of taking the
and, therefore, approximate functions [2] are used instead of it, integral in this way, we eventually have to obtain the distribution
which reflect the main features of the function (2), but lead to an function equivalent to the original one.
approximate recovery. Let’s consider the case where the initial distribution function is the

In this paper, we propose to change the order of integration delta function, which is determined by the following expression
to avoid this problem. In this case none of the integrals into this

fly) = poa®s(x = x0)(y = ¥o) (4)
which corresponds to the projection:

F(X, a) = pya8(x, sina) — y, cos{a) — X) (5)

Whatever divergences arise in the integral expression (1), we shall not get it to the form containing the kernel of the Radon transformations
(2) in explicit form, but immediately substitute the expression (5) into it. Thus, the relation (1), taking into account the integration limits, can
be written in the form:

flx,y) = {p;u;z f+m QdQ f da f+oo dX & (x, sin(a) — y, cos(a) — X) *

e—iQxeiQ{xsin(a)—ycos(a)) (6)

Now integrating
this expression first with dX, getting rid of the delta functions. As a result, we get:

2 + 00 T

p 0 (%0} sin @) (

F(x,y) = (201?)2 f QdQ f da eiQUx—xo)sin(@)—(y —yo)cos(a)) 7
— 0 o]

Now we return to other integration variables to avoid divergence and make integration possible in a different order. It is logical to go over to

the variables {Ex* 'i‘::f }' for this we write the Jacobian of the transition:
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3(Q,a)  dk,dk,

dQda = | = dk,dk =—7 8
Qda k, = Q cos () 5 3l k) 0 (8)
taking this into account, expression (7) can be written as follows:
2 +co <o
Pl = ~ (v ~
flx,y) = _f elkx(x—Xa) d [ f e~ tky(V=vo) df_ . (9)
(2m)* J_, ) 0 g

It is easy to see that the two integrals in the expression are just the Fourier representation of the delta function, similar to the representation:

) = (2 -ioG-x)
Sx—x)=] ¢
Thus, we get:

2
Poa
(2m)?
Hence, we get the answer:

(x,v) = poa® 8(x —x0) 8y —v,)

We can see that this function completely identical to the function
(4) introduced by us, moreover, we had no need to enter
redefinitions anywhere, since all the transitions were initially equal.
As a result, we showed that the delta distribution function can be
accurately reconstructed by the proposed method.

flx,y) = 2 8(x —xy) 2w 8(y — y,)

After the prove above that the delta function can be
accurately reconstructed, natural to assume that any other function
can also be reconstructed without loss of precision. We can prove it

foy) =Gy

now the integration over adQ will be performed last.

To converge this integral, we recall the linear distribution

FX, @) = f FGoy)dl,

fG.y) through the delta function as follows:

Floy) = [ f dxdy 6 — DS — PDFEF),

Then we use the following presentations

F(X o) = fdx dy &§(xsin(a) — ycos(a) — X) f(x,y)

dl = dx dy 8§ (x sin(a) — y cos{a) — X)
Putting this into (13) we get:

(x,y) =

Integrating by dx dy we get:

[e0] ki +co
f |Q|dQ f daf e—iQX eiQx sin(m:)—iQy(:05(-5[)1];'(‘)(J a)dX.
0 0 ]

(10)

(11)

(12)

by taking into account that any distribution function can be
represented as a continuous set of delta functions, and all the
resulting interim expressions are additive quantities, which gives
the right to put the sum or integral sign before the reconstructed
distribution function.

This explanation can be considered as self-explanatory.
Nevertheless, we strictly prove this statement without referring to
the result already obtained. To do this, we return to the previously
obtained formula (1) and change the order of integration:

(13)

(14)

and represent

(15)

(16)

(17)

1 o T +wo ‘ . . —
(ZH)ZJ’ |Q|de daf dy e~10X 6,:@9«31n(a)—1@ycos(oz)J-j’ffdf{b,7
0 0 — o

* 8(x — )8y — ¥)f (& P)dx dy §(x sin(a) — y cos{a) — X)

(18)

1 @ T + o0 . . . .
f(X,y) — WJ- |Q|dQJ- daf dx e—lQX ethsm(o:)—tocos(a:) jj- dfdf/f(f,j})
1} i} —ca

x 6(Zsin(a) — § cos(a) — X),

then integrate over dX and get:

(19)



f(ny) =

o T
[ |Q|de da eistin(a)—ichos(a)f[e—iQfsin(a’)HQflcos(af)f(f’j;)dxd? (20)
0 0

- (2m)?
Now we make the transition to new variables completely analogous to the transition (8), so we easily receive from (7) the expression:

F0) = s [ dleudk, etsoeinos [ [ p(z, gyazay 30)

i
Let’s consider the representation of the delta function again:
dQ
§ax—xy) = fz—e‘“?("‘xl) (31)
T

Applying it we get:
fy) = [ [ azaysec- sty - 9@ (32)

Comparing this result, we can see that this expression in fully Mannigfaltigkeiten™, Berichte (iber die Verhandlungen der
equivalent to the expression (15). Koniglich-S&chsischen Akademie der Wissenschaften zu Leipzig,
Finally, we conclude that the proposed method absolutely allows Mathematisch-Physische Klasse [Reports on the proceedings of the
reconstructing the initial distribution, regardless of what function it Royal Saxonian Academy of Sciences at Leipzig, mathematical and
describes. Let us highlight, that this proof doesn’t contain any physical section], Leipzig: Teubner (69): 262—

reference to the result of the reconstruction of the delta-like 277; Translation: Radon, J.; Parks, P.C. (translator) (1986), "On
distribution function, so the proof done in the previous section can the determination of functions from their integral values along

be considered as a particular case. certain manifolds”, IEEE Transactions on Medical Imaging, 5 (4):
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STOCHASTIC COMPUTER SIMULATION OF THE IONIC DIFFUSION
THROUGH BIOLOGICAL TISSUES UNDER THE EFFECT OF DIRECT ELECTRIC
FIELD
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Abstract: The effect of the exposure of biological tissues to external electric fields is still a potent source of controversy. This work
addresses the diffusion of ions under the effect of an of an external DC electric field. This was done by studying the diffusion coefficient D as
an indicating parameter for such effects. The work was based on a stochastic computer simulation in which the tissue was considered as a
matrix containing the elements under study. The size of the matrix was up to 30,000 x 30,000. A two-dimensional honey comb cellular
pattern was simulated such that it allowed six maximum possible element-to-element communications. The effect of vacancy concentration
and annealing time were tested firstly in the absence of electric field. Then different values of the electric field were applied. Moreover,
different vacancy concentrations were studied under the effect of the electric field. The results showed that the ionic penetration increases
proportionally with the strength of the electric field as well as the percentage of the available vacancies in the host medium.

Keywords: IONIC DIFFUSION, BIOLOGICAL TISSUES, STOCHASTIC SIMULATIONS

1. Introduction

Many theoretical efforts have been devoted to studying
diffusion in different media. Electric fields enhance the diffusion of
charge carriers in disordered materials. It was shown that the
diffusion coefficient in one-dimensional hopping depends linearly
on the electric field, while in three dimensions the dependence is
quadratic [1].

Diffusion takes place in biological tissues as well. The effective
diffusion coefficient, D¢, Of salt into a biological tissue due to the
application of an electric field at different temperatures showed an
increase of ion transport [2]. The effective diffusion coefficients of
K+ and Cl- ions are appreciably reduced in narrowing the channel
in the cell membrane when subjected to an external field. The extent
of the reduction is similar for both the anionic and cationic species
[3].

Diffusion in the extracellular space (ECS) is constrained by the
volume fraction, hence a modified diffusion equation was proposed
to govern the transport behavior of many molecules in the brain [4].

Liu and Shi [5] developed two-dimensional and three-
dimensional FEM model to study the transport of ionic species in an
externally applied electric field. They found that more chlorides are
driven out of samples with increasing direct current density and
treatment time.

In the present work we introduce a stochastic model to follow
and determine the diffusion coefficient of an ionic tracer through a
biological tissue. Hence, the effect of the application of an external
DC field on the diffusion and the penetration depth of these ions in
biological tissue is studied.

2. Computer Model

The present model simulates the ionic diffusion under the
following assumptions: A part of the biological tissue is represented
as a 2D matrix of sizes up to 30,000 x 30,000 elements. Each
element represents either a host particle, a vacancy or a tracer ion.
The diffusants (tracers), are considered as positive ions.

At zero time, the diffusants occupy the first row of the matrix
and are in a continuous flow; each particle that leaves the surface
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into the matrix is replaced by another one. The rest of the matrix is
either occupied by the host elements (biological cells) or with
vacancies that are randomly distributed throughout the matrix. The
characteristics of each element are represented by one byte which
contains information of the type (host, vacancy or tracer), spatial
location and the time elapsed since diffusion starts. The biological
tissue could be simply modeled as a close-packed spherical array of
cells as shown in Fig. 1.

O

Fig. 1. The six neighbors’ structure in a hexagonal matrix
modelling a biological tissue. The middle black element is the
tracer with six neighboring vacancies represented by red circles.

Since the diffusion process follows a random walk procedure, in
the present model the tracer ion diffuses through the vacancies
available in the nearest sites such that the jump follows a random
choice of the accessible vacancies. The effect of the electric field is
represented as a controlled bias in the jump direction. The field
direction affects the randomization process of jumping so that along
the direction of the field there is a higher probability than other
directions. Fig. 2 shows a visualization of the system under
consideration, for both cases of free diffusion and the diffusion
under the effect of a DC electric field.



DC Electric field

TEREEEY

Tracer layer
R Y

@ (b)

Fig. 2. The diffusion process (a) in the absence of external field
and (b) under the effect of DC electric field. The traces are
represented by the larger circles.

Hence the concentration c(x,t) of the ions/tracer after a
certain time t and a location x is obtained from the following

—X2
c(x,t) = constant X eaDt

The mean squared radius of the diffusion pattern is represented
by:

N
R?
2 —
<R >_Z ‘I
i=1

where N is the number of jumps and Ri_is the individual
displacement.
The diffusion coefficient D can be calculated from the

slope of < R? > versus the annealing time t:
p=<R*> /s

The concentration is calculated by sectioning the matrix
to a certain number of rows and calculating the number of the tracer
ions in each section.  As the thickness of the layers becomes
smaller, the accuracy of the penetration profile which describes the
diffusion increases. Plotting the logarithm of the concentration c(x,t)
against x2 for different time steps and different vacancy
concentrations is used to obtain the diffusion coefficient D

according the equation

Slope = _1/4-Dt'

The annealing time is taken as the total number of iterations
which is varied up to 500,000 time steps. The vacancies are
randomly distributed, and their concentration is varied from 5% to
80%.
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3. Results
Firstly, the diffusion pattern is investigated in the absence of an
external field and assuming that all the sites are vacant. Figs. 3 and
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4 show the relation of the mean squared displacement, <R?>, and
the diffusion coefficient, D, as a function of time.

Fig. 3. Variation of the mean squared radius and time steps in
the case of free diffusion.
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Fig. 4. The diffusion coefficient with time steps.

In both figures, the classical pattern of the random walk
diffusion in the absence of external field is preserved. The diffusion
coefficient increases linearly with annealing time. The penetration
depth < R? > of the tracers is studied in the presence of randomly
distributed vacancies of different ratios in a biological tissue. Fig. 5
shows the increase in the penetration distances of the tracers with
annealing time at a vacancy concentration of 50%. In this figure the
time steps are increased up to 1.2 millions so that the asymptotic
level of the curve is obtained; at this level the penetration distance is
about to reach the boundaries of the matrix.
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Fig. 5. The variation of penetration distance (arbitrary units)
with the annealing time.

Fig. 6 show the mean penetration distance with vacancy
concentration. It is obvious that at low vacancy percentage up to
20% , the tracers hardly invade the host matrix. Then, < R? >
increases almost linearly.  Similar behavior is observed when the
diffusion coefficient is plotted versus the vacancy concentration.

Fig. 7 illustrates this relation in absence of external field and for a
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Fig. 6. The variation of the penetration with vacancy
concentration.
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Fig. 7. The variation diffusion coefficient with vacancy
concentration.

The diffusion of positive ions in a biological host under the
effect of DC electric field is then examined for different field
strengths, different annealing times and varying vacancy
concentrations. Considering the matrix having a 90% vacancy and
the DC electric field, EF, is increasing gradually (EF=0 % , 10%,
and 70%), the diffusion pattern of the tracer in the host matrix is

illustrated in Fig. 8. We infer that the concentration of the diffused
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Fig. 8. Penetration profiles for ions in a 90% vacant matrix
under the effect of direct electric field for different strengths,
namely, EF=0 %, 10%, and 70% and for constant annealing time.
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4. Discussion and Conclusion

In the present work we have considered the profile of ionic
diffusion in a biological tissue under the effect of DC electric
fields. Initially, in the absence of an electric field and the vacancies
occupy 0-30% of the host tissue, we found that the penetration of
diffusing ions and the diffusion coefficient doesn’t increase much.
As the percentage of vacancies increases more than 30%, the
penetration of the diffusing ions and the diffusion coefficient
increase linearly with the vacancies concentration.

Preliminary results showed that when the matrix is 50% vacant,
as the EF increases the penetration increases up to a point after
which it decreases again. This happens because there is no much
space for the movement of the ions, they are hindered by the matrix
structure. As the percentage of vacancies increases the penetration
of the diffusants ions increases. This increase is accelerated with the
applications of an external field EF. The positive ions have more
space and more probability to jump forwarded aided by the applied
field.

In conclusion the present work introduces a stochastic model
that tackles the problem of ionic diffusion in a biological tissue.
Emphasis is given to the effect of both the existence of different
percentage of vacancies available for random jumps and the effect

of an external DC field of different strengths.
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